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1 Introduction and notations

In this paper, we shall assume that readers are familiar with the standard notations of
Nevanlinna value distribution theory (see [1-3]). The theory of complex linear equations
has been developed since 1960s. Many authors have investigated the second-order linear

differential equation

f"+AQR)f =0, (1.1)

where A(z) is an entire function or a meromorphic function of finite order or finite iterated
order, and have obtained many results about the interaction between the solutions and the
coefficient of (1.1) (see [4—7]). What about the case when A(z) is an entire function of [p, g]-
order or more general growth? In the following, we will introduce some notations about
[p, q]-order, where p and g are two positive integers and satisfy p > g > 1 throughout this
paper (see [8-11]). Firstly, for » € [0, +00), we define exp, = ¢” and exp,,; 7 = exp(exp; 1),
i € N, and for all sufficiently large r, we define log; = logr and log;,; r = log(log; r), i € N.

Especially, we have exp,r = r = log, r and exp_; = log; r. Secondly, we denote the linear

dt

measure and the logarithmic measure of a set E C (1,+00) by mE = [, dt and mE = [, .

Definition 1.1 ([10]) If f(z) is a meromorphic function, the [p, g]-order of f(z) is defined
by

—— log, T(r,f)

Olp,q) (f) = lim

(1.2)
r—00 logq r
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Especially, if f(z) is an entire function, then the [p, g]-order of f(z) is defined by (see [8, 9,
11, 12])

— log, T(r,f) — log, M(r.f)
()= T D)y W 0T 13)
g4 84
Remark 1.1 We use oy1,1(f) = o (f) and 07,11 (f) = 0,,(f) to denote the order and the iterated
order of a function f(z).

Definition 1.2 ([10, 13]) The growth index (or the finiteness degree) of the iterated order

of a meromorphic function f(z) is defined by

0 if f is rational,
i(f) = { min{n € N:g,(f) < oo} iff is transcendental and o,,(f) < 0o for some n € N,
00 if with 0,,(f) = co for all m € N.

Remark 1.2 By Definition 1.2, we can similarly give the definition of the growth index

of the iterated exponent of convergence of the zero-sequence of a meromorphic function

/(@) by i2(f, 0).

Definition 1.3 ([10, 11]) The [p,q] exponent of convergence of the (distinct) zero-
sequence of a meromorphic function f(z) is respectively defined by

__log, n(r,y) __ log N(r,1)
= 7= p 7
Mpq) () = lim Tlog,r Jlim Tlog,r (1.4)
__log,7(r,3) __ log,N(r, 1)
Alp,q(f) = lim —11:) /7 _ Tim —f e (1.5)
r—00 gqr r—00 ()gqr

Definition 1.4 ([10]) The [p,q] exponent of convergence of the (distinct) pole-sequence
of a meromorphic function f(z) is respectively defined by

1 _ log_wu(r,
KW]G) _ Tim =0 nf ), (1.6)
r— 00 l()gqr
_ 1\ — log,n(r,f)
Mpall = ) = lim Lf. (1.7)
’ r—o0 logqr

Remark 1.3 We use Ap,1(f) = A(f), Ajp(f) = A,(f) and )L[M](fl) = )L(},), )L[pyl](fl) = Ap(fl) to
denote the (iterated) exponent of convergence of the zero-sequence and pole-sequence of

a meromorphic function f(z).

Recently, some authors have investigated the exponent of convergence of the zero-
sequence and pole-sequence of the solutions of second-order linear differential equations
(see [13-15]) and have obtained the following results.

Theorem A ([5]) Let A be a transcendental meromorphic function of order o (A), where
0 <0 (A) < 00, and assume that M(A) < o (A). Then, if f # 0 is a meromorphic solution of


http://www.advancesindifferenceequations.com/content/2014/1/200

Shen et al. Advances in Difference Equations 2014, 2014:200 Page 3 of 14
http://www.advancesindifferenceequations.com/content/2014/1/200

(1.1), we have

_ smax{X(f),XG)}.

Theorem B ([13]) Let A(z) be an entire function with i(A) = p € N,. Let fi, f> be two linearly
independent solutions of (1.1) and denote F = fif,. Then i, (F,0) <p +1 and

}\p+1(F: 0)= Up+1(F) = maX{)an(fl, 0), }\p+1(f21 0)} = O'p(A)'
Ifi,(F,0) < p, then i, (f,0) = p+1 holds for all solutions of type = c1fi + cofa, Where ci1cy # 0.

Theorem C ([13]) Let A(z) be an entire function with 0 < i(A) = p < 00, let f be any non-
trivial solution of (1.1), and assume XP(A, 0) <0,(A) #0. Then Apa(f,0) < 0,(A) < Au(f,0).

Theorem D ([13]) Let A(z) be an entire function with i(A) = p and 0,(A) = 0 < 0. Let fi
and f, be two linearly independent solutions of (1.1) such that max{},(f;,0),1,(f2,0)} < o.
Let T1(z) # O be any entire function for which either i(T1) < p or i(I1) = p and 0,(IT) < 0.
Then any two linearly independent solutions g, and g, of the differential equation y’ +
(A(2) + T1(2))y = 0 satisfy max{i,(g1), 1,(g2)} > o0.

Theorem E ([14]) Let A be a meromorphic function with i(A) = p € N,, and assume that

XP(A) < 0,(A). Then, if f is a nonzero meromorphic solution of (1.1), we have

op(A) < max{xp(f),xp(}) }

In the special case where either §(0co,f) > 0 or the poles of f are of uniformly bounded mul-

tiplicities, we can conclude that

maX{kpu(f),/\le) } <o,(f) < {E(f)%(}) }

In [16], Chyzhykov and his co-authors introduced the definition of ¢-order of f (z), where
f(2z) is a meromorphic function in the unit disc and used it to investigate the interaction
between the analytic coefficients and solutions of

fo +Ak_1(z)f(k’1) +--+Ag(2)f =0
in the unit disc, where the definition of ¢-order of f(z) is given as follows.

Definition 1.5 ([16]) Let ¢ : [0,1) — (0, +00) be a non-decreasing unbounded function,
the g-order of a meromorphic function f(z) in the unit disc is defined by

o, ) = T log* T'(r,f)

r—>1- log QD(V) (1.8)

On the basis of Definition 1.5, it is natural for us to give the [p,q] — ¢ order of a mero-

morphic function f(z) in the complex plane.
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Definition 1.6 Let ¢ : [0, +00) — (0, +00) be a non-decreasing unbounded function, the

[p,q] — ¢ order and [p, q] — ¢ lower order of a meromorphic function f(z) are respectively

defined by
= log, T(r.f)
Olpa)(f, ) = lim 710’; R (1.9)
q
log, T'(r,f)
Iipq)(fr9) = lim —2—"— (1.10)

r—oo log, o(r)

Similar to Definition 1.6, we can also define the [p,g] — ¢ exponent of convergence of

the (distinct) zero-sequence of a meromorphic function f(z).

Definition 1.7 The [p,q] — ¢ exponent of convergence of the (distinct) zero-sequence of

a meromorphic function f(z) is respectively defined by

log, n(r, 1)
kpa)(fr ) = Tim lo‘;—(rf; (L11)
q
log, 7(r, 1)
Mg (F> ) = Tim el i (L12)

=% Tog, ¢(7)

Proposition 1.1 If fi(2), f2(z) are meromorphic functions satisfying opq(fi, @) = a,
Olp.q (2, ¢) = b, then

(i) oppg(fi +/2,9) < max{a, b}, opq (fi - 2o, ¢) < max{a, b};

(ii) Ifa # b, opq(fi + fo, 0) = max{a, b}, opq (fi - f2, ) = max{a, b}.

In this paper, we add two conditions on ¢(r) as follows: ¢(r) : [0, +00) — (0, +00) isa non-

log,,17 e log, ¢(ar)
P*l — q —
Tog, 97 =0, (ii) lim,_, oy 90 =

for some « > 1. Throughout this paper, we assume that go(r) always satisfies the above two

decreasing unbounded function and satisfies (i) lim,_, o
conditions without special instruction.

Proposition 1.2 Let ¢(r) satisfy the above two conditions (i)-(ii).
(i) Iff(2) is an entire function, then

— logp T(r,f) i log,,; M(r.f)
o log, ¢(r)  r>oc  log, o(r)

log T(r.f) ~ log,.  M(r,f)
g (f>@) = lim lp = lim —2=
r—oo 108, ¢ o(r) r—00 10gq‘ﬂ(7)

opalfr9) =

(i) Iff(z) is a meromorphic function, then

s logpn(r,f) . logpN(r,})

ral:9)= B0 Tog 0t AR Tog, 9)
_ log, n(r, % ) log, N(r, %)

Mpal(f1 ) = P i
R log, ¢(r) — r>o log, ¢(r)
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Proof (i) By the inequality T'(r,f) < log* M(r,f) < 2L T(R,f) (0 < r <R), set R = ar (a > 1),

= R-r
we have
o+l
T(r,f) <log" M(r,f) < —lT(ar,f). (1.13)
a [
By (1.13) and lim,_, o, l;’fg w(p(z; 1, it is easy to see that conclusion (i) holds.
1
(ii) Without loss of generality, assume that f(0) # 0, then N(r fo tf dt. Since
1 1 rn(t ;) 1 r
N(r,—) —N(ro,—> =/ dtfn(r,—)log— (0<rg<r), (1.14)
f S n L f ro

log,,17
oy = 0, we have
0g, ¢(r)

then by (1.14) and lim,_, o

__log,N(r, 1) log,n(r,) __ log,,,r| __ log,n(r})
im —— 7" < max{ fim —~ f , lim Spn” [ _ im —2 1~ (1.15)
oo log, ¢(r) o0 log, ¢(r) "r>colog, o(r) | r—co log, o(r)
On the other hand, since « > 1, we have
1 ar n(t, 7) o n(t, 7) 1
N(ar,—) =/ dtz/ —dtzn(r,—)loga. (1.16)
f 0 t r 4 f
. log, ¢(ar)
By (1.16) and lim,_, o bgq o0 = 1, we have
___log,N(r,Y) __ log, n(r?)
P s fim 2 1.17)
r>oe log p(r) ~ roco log, ¢(r)
— 1 ) B log, N(r, :
By (1.15) and (1.17), it is easy to see that A, ;(f, @) = lim,_, o ?z:;r(f)) = lim,_ o Olipgq;:g).
_ _ log,, 7i(r, +
By the same proof above, we can obtain the conclusion Ap,q(f,¢) = limrﬁw% =
q
—_— logpﬁ(r,},)
hmr*)oow. O

Remark 1.4 If ¢(r) = r, Definitions 1.1 and 1.3 are special cases of Definitions 1.6 and 1.7.

2 Main results
In this paper, our aim is to make use of the concept of [p,g] — ¢ order of entire functions

to investigate the growth, zeros of the solutions of equation (1.1).

Theorem 2.1 Let A(z) be an entire function satisfying o(,q(A,¢) > 0. Then op.,q(f, @) =
Olp,q(A, @) holds for all non-trivial solutions of (1.1).

Theorem 2.2 Let A(z) be an entire function satisfying oy,q(A,¢) > 0, let fi, f» be two lin-
early independent solutions of (1.1) and denote F = fif,. Then max{A(p.1,4(fi, @), Ap+1,4 (s
P} = Mpg(F59) = 0pugFr9) < 0pg(A @) If opug(F,9) < opg(A,@), then
Ap+rq1(f> @) = 01pq1(A, @) holds for all solutions of type f = c1fi + cof2, where cicy # 0.


http://www.advancesindifferenceequations.com/content/2014/1/200

Shen et al. Advances in Difference Equations 2014, 2014:200 Page 6 of 14
http://www.advancesindifferenceequations.com/content/2014/1/200

Theorem 2.3 Let A(z) be an entire function satisfying Aipg(A,¢) < 0pqg(A,¢). Then
Ap+1q1(f>©) < 0pq(A, @) < Apq(f, @) holds for all non-trivial solutions of (1.1).

Theorem 2.4 Let A(z) be an entire function satisfying o,q(A, @) = 01 > 0, let fi and f,
be two linearly independent solutions of (1.1) such that max{A, . (fi, @), Apg (f2; 0)} < 01.
Let T1(z) # O be any entire function satisfying o(p,q(I1,¢) < 01. Then any two linearly in-
dependent solutions g and g, of the differential equation f" + (A(z) + [1(2))f = 0 satisfy
max{A(p,q) (g1, ¢)s Ap,g (€2, )} = 01.

3 Some lemmas

Lemma 3.1 ([17-19]) Let f(z) be a transcendental entire function, and let z be a point with
|z| = r at which |f(2)| = M(r,f). Then, for all |z| outside a set E; of r of finite logarithmic
measure, we have

flo)

() j
L1 (WT(r))](uo(l)) (j e N), (3.1)

where vy (r) is the central index of f (z).

Lemma 3.2 ([7, 19, 20]) Let g: [0,+00) — R and h : [0,+00) — R be monotone non-
decreasing functions such that g(r) < h(r) outside of an exceptional set E; of finite linear
measure or finite logarithmic measure. Then, for any d > 1, there exists ry > 0 such that
g(r) < h(dr) forall r > ry.

Lemma 3.3 ([18, 21]) Let f(z) = Y .., anz" be an entire function, ju(r) be the maximum
term, i.e., u(r) = max{|a,|r";n=0,1,...}, and let v;(r) be the central index of f.
(i) Iflaol #0, then

"ve(t
log u(r) = log |ag| + / VfT() dt. (3.2)
0

(ii) Forr <R, we have

M(r,f) < u(r){vf(R) + } (3.3)

R-r
Lemma 3.4 Let f(z) be an entire function satisfying oppq(f, @) = 02 and pjpq(f, @) = 1,
and let vy (r) be the central index of f, then

— log, ve(r log, v¢(r

T 108 /r(r) _log,v(r)

=0y, lim ———— = ;.
r—00 Iqu(p(V)

Proof Letf(z) =Y oo, a,2". Without loss of generality, we can assume that |ag| # 0. From
(3.2), for any 1 < a1 < «r, we have

)
t

vr(2)

or or
log (o r) = log |ag| +/ dt > log |ay| +/ e
0 r

dt > log|ag| + vs(r)log ;.

By the Cauchy inequality, it is easy to see p(or) < M(azr,f), hence

vr(r)logay <log M(eur,f) + cs, (3.4)
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where c3 > 0 is a constant. By Proposition 1.2, (3.4) and lim,_, » k;iz(ﬂ%;) =1(1<om <a),
q
we have
__ log, ve(r __lo M(ayr, __lo orr
T 02 /¢ (r) < Tm g Mlaar,f) — log, ¢(anr) I (3.5)
r—o0 logq QD(}") r—00 logq (,0(0(17’) r—00 logq (p(}")
log, ve(r) log, _ M(cir,f) log @(air)
lim ML < lim gy Mernf) im — = g (> 9). (3.6)
r>o0 log, ¢(r) = 15 log,plenr)  r—o0 log, ¢(r)
On the other hand, set R = a;r, by (3.3), we have
M) < w0 vrloar) + — ) = layun 7 (vy(enr) + — ). (3.7)
o] — 1 e o1 — 1
Since {|a,|};°; is a bounded sequence, by (3.7), we have
log, . M(r,f) <log, v¢(air) 1+10gp+1Vf(ot1r) +1o r+c (3.8)
), a -, < ] .
gp+1 = gp gAY logp Vf(Olli") gp+l 4
where ¢4 > 0 is a constant. By Proposition 1.2, (3.8), lim,_, » lii‘éwgg;) =1(1<o <a)and
q
. log +17
lim,_, s log:W =0, we have
__1lo M(r, __log, ve(ayr) _—_ log, ve(r
O (f>9) = Tim 108y M(r.f) < Tim 70" o) _ Tim —ep 0 ( ), (3.9)
e log,p(r) ro log,planr) o log, ¢(r)
log, ., M(r, log, ve(oqr) log, v¢(r
Lipa(fr@) = lim 108y M(r.f) < tim —2 T i M. (3.10)
r—00 logq QO(V) r—00 logq (,0(0(1}") r—00 logq (p(}")
By (3.5), (3.6), (3.9) and (3.10), we obtain the conclusion of Lemma 3.4. a

Lemma 3.5 Let fi(z) and f,(z) be entire functions of [p,q] — ¢ order and denote F = fif;.
Then

Mpa)(F, @) = max{ A1 (fi, @) Apgr (s 0) -

Proof Let n(r,F), n(r,f1) and n(r, f>) be unintegrated counting functions for the number of
zeros of F(z), fi(z) and fa(z). For any r > 0, it is easy to see

n(r, F) = max{n(r, ), n(r, /5)}. (3.11)
By Definition 1.7 and (3.11), we have

Mpal(F, @) = max{A g (i, ©), Aipg) (for @) }. (3.12)

On the other hand, since the zeros of F(z) must be the zeros of fi(z) or the zeros of f;(z),

for any r > 0, we have

n(r, F) < n(r,fi) + n(r,f2) < 2max{n(r,ﬁ),n(r,f2)}. (3.13)

Page 7 of 14
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By Definition 1.7 and (3.13), we have

Mpa)(Fr9) = max {251 (10 0): Apa) (f2r )} (3.14)
Therefore, by (3.12) and (3.14), we have Ap,q1(F, @) = {Ajp,q(fi, ©)s Ap.g1 (f2r 0)}- d

Lemma 3.6 Let f(z) be a transcendental meromorphic function satisfying o(y,q(f, ¢) = 03,
l(’gp+1 r
log, o(r)
there exists a set E3 having finite linear measure such that for all r ¢ Es, we have

where ¢(r) only satisfies

=0, and let k be any positive integer. Then, for any € > 0,

(k)
m(r, 7) = O{epr_l{(O'g +¢€) long(r)}}.

Proof Set k =1, since oy,4(f, ) = 03 < 00, for sufficiently large r and for any given ¢ > 0,

we have

T(r,f) <exp, (05 + ) log, o(r)}. (3.15)

By the lemma of logarithmic derivative, we have

m(r,jfi) = O{log T(r.f) +log r} (r ¢ E3), (3.16)

where E;5 C [0, +00) is a set of finite linear measure, not necessarily the same at each oc-
log,. 11 4
currence. By (3.15), (3.16) and 1§gg:¢1(r) =0, we have m(r,f}) = O{expp_l{(a + &) logqga(r)}}
(r ¢ E3).
k;
We assume that m(r,J%)) = Ofexp,_{(o3 + &)log, ¢(r)}} (r ¢ E3) holds for any positive
integer k. By N(r,f®) < (k + 1)N(r,f), for all r ¢ E3, we have

T(r,f(k)) = m(r,f(k)) + N(r,f(k)) < m<r,$) +m(r,f) + (k + )N(r,f)

<k+1)T(rf)+ O{eprfl{(O':; + s)logq go(r)}}. (3.17)

By (3.16) and (3.17), for r ¢ E3, we have

flksD) flhsD) 0
m(r, 7 ) < m(r, o ) + m(r, 7) = O{exp,_,{(03 + &) log, ¢(n)}}. 0
Lemma 3.7 ([19]) Let f(z) be an entire function of |p, q]-order, and f (z) can be represented
by the form

f(2) = U(z)e"®,
where U(z) and V (z) are entire functions such that

Mpal(F) = Apgl (WD) = 0pp, (L), 0pq1(f) = max{oppq (L), o1 (")}

If f(z) is an entire function of [p, q] — ¢ order, we have a similar result as follows.
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Lemma 3.8 Let f(z) be an entire function of [p,q] — ¢ order, and f(z) can be represented
by the form

f2)=Uz)e"?,
where U(z) and V (z) are entire functions of [p,q] — ¢ order such that

Mo (> @) = Mpg(U, ) = o, (U, @),

o () = max{oy (U, ), 0101 (€, 0) }.
4 Proofs of Theorems 2.1-2.4
Proof of Theorem 2.1 Set o1, 4(A, ) = 04 > 0. First, we prove that every solution of (1.1)
satisfies o[p.1,4(f,¢) < 04. If f(2) is a polynomial solution of (1.1), it is easy to know
that oy,.,1,4(f;¢) = 0 < 04 holds. If f(z) is a transcendental solution of (1.1), by (1.1) and

Lemma 3.1, there exists a set E; C (1, +00) having finite logarithmic measure such that for
all z satisfying |z| = r ¢ [0,1] U E; and |f(2)| = M(r,f), we have

2
<VfT(r)> (1+0() < GXPp+1{(U4 + %) log, ‘p(r)}'

And hence, we have
vr(r) < rcxpp+1{(a4 +¢)log, o} (r¢E). (4.1)
By (4.1) and Lemma 3.2, there exists some oy (1 < o < ) such that for all » > ry, we have
vr(r) < oarexp,, {(04 +¢)log, go(ozlr)}. (4.2)

By Lemma 3.4, (4.2) and the two conditions on ¢(r), we have

— log,,, vr(r)
L) = lim —2= =~ 4.3
Tprrq)fr ) = lim log, ¢(r) (4-3)
On the other hand, by (1.1), we have
m(r,A) = m(r, —];—> = O{log rT(r,f)}. (4.4)

By (4.4), we have oy,4(A,¢) < 0}p,q(f,¢). Therefore, we have that opy.1,4(f,¢) =
Olp,q(A, @) holds for all non-trivial solutions of (1.1). (I

Proof of Theorem 2.2 Set oy,4(A,¢) = 05 > 0, by Theorem 2.1, we have (.14 (f1,9) =
Olp+1,91 (2, ©) = O[p,q1(A, @) = 05. Hence, we have

Mpi1.q) (Fr9) < 0(psr,q)(F, ) < max{0(ps1,4 (i ©) 0pr1.q1 (s 0) } = 0p 1 (4, 0). (4.5)
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By Lemma 3.5 and (4.5), we have

max{)‘[pﬂ,q](fl’ ¢)y)¥[p+1,q](f27(/’)} = )\'[p+1,q] (F¢§D) < Olp+l4] (F¢§D) = O[pgq) (A¢€0)' (4.6)

It remains to show that Ajy.14(F, @) = 0(p+1,4/(F, ). By (1.1), we have (see [13, pp.76-77])
that all zeros of F(z) are simple and that

7N\ 2 1" -1
F2=C2(<%) —2<FF> —4A) , (4.7)

where C # 0 is a constant. Hence,

7\ 2 1
2T(r,F) = T(r, (%) - 2(%) - 4A> +0(1)
o 1 F/ F//
< O(N(r,—) +m(r,—> +m<r,—> +m(r,A)>. (4.8)
F F F

By Lemma 3.6, for all r ¢ E5, we have m(r,A) = m(r,fT//) = O{expp{(o5 + 8)logq oM},

m(r, %) = Ofexp,{(05 + £) log, ¢()}} and m(r, &) = Ofexp, {(0s + £)log, ¢(r)}}. By (4.8),
for all r ¢ E3, we have

T(r,F) = O{ﬁ(r, %) + epr{(O'g + e)long(r)} } (4.9)

Let us assume .14 (F, @) < B < Op+1,4](F, 9). Since all zeros of F(z) are simple, we have

—f 1 1
N(r,l—:) :N(r, f) = O{expp+1{ﬁlogq<p(r)}}. (4.10)
By (4.9) and (4.10), for all r ¢ E3, we have

T(r,F) = O{expp+1{ﬁ logqq)(r)} }

By Definition 1.6 and Lemma 3.2, we have oy,1,4(F, ¢) < B < 0[p.1,4(F,¢), this is a contra-
diction. Therefore, the first assertion is proved.

If 0p1,q(F,¢) < 0ppq1(A, ), let us assume that Aj,.1,4(f, @) < 074 (A4,¢) holds for any
solution of type f = c1fi + cofa (c1ca # 0). We denote F = fif, and F; = ffi, then we have
AMp+1,g1(F, @) < 01p,g1(A, @) and Ajp,1,4(F1, @) < 0(p,q1 (A4, @). Since (4.9) holds for F(z) and F(2)
and F; =ffi = (cifi + cofo)fi = aif? + coF, we have

T(r.fi) = O(T(r,Fy) + T(r,F))

= O{ﬁ(r, l_%) +ﬁ<r, %) + expp{(o5 +¢) logqgo(r)} } (4.11)

BY Afps1,q1(F @) < Olp,q1(A, 0); Ap+1,g1(F1, @) < 0p,q1(A, ¢) and (4.10), for some B < o7,,4(4, ¢),
we have

T(r.fi) = O{exp,.,{Blog, ¢(r)}}. (4.12)
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By Definition 1.6 and (4.12), we have o7,.,1,4(f1,¢) < B < 0(p,q(4, ¢), this is a contradiction
with Theorem 2.1. Therefore, we have that A[,.1,4(f, ) = 05,4 (A, @) holds for all solutions
of type f = c1fi + ¢of2, where c1¢p # 0. O

Proof of Theorem 2.3 By Theorem 2.1 and Ajy11,4)(f> @) < 0fpi1,4(f> @), it is easy to know
that Ap.1,4(f; @) < 07pq1(A, @) holds. It remains to show that o7p,4(4,¢) < Apq(f,@). Let
us assume ofp,q1 (4, @) > Ajp,q(f, ). By (1.1) and a similar proof of Theorem 5.6 in [13, p.82],

we have

T(r,}'é) = O{N(r,}) +N(r,%>} (r ¢ Es3). (4.13)

By (4.13), the assumption oy,,,)(4, 9) > Ajpg(f>¢) and A (A4, @) < 0(pq(A, ¢), for some
B < opq(A, @), we have

T(r,}'é) = O{expp{ﬁlogq<p(r)}}. (4.14)

By Definition 1.6 and (4.14), we have oy,,4 (Jé, @) = Oppql (ff—/, @) < B <opq(d, e). By

()

we have o[,,4(4,¢) < oppg (? , @) < Op,q(A, @), this is a contradiction. Therefore, we have
that Aj,.1,4(f, ¢) < 0(p,q1(4, @) < Apq(f; @) holds for all non-trivial solutions of (1.1). [

Proof of Theorem 2.4 As a similar proof of Theorem 3.1 in [6], we denote F = fif; and

F> =g1g>. Let us assume

)‘Ln,q] (F2¢ §0) = max{)"[p,q] (gqu))r )\'[p,q] (gZ’(/))} <01.

By Theorem 2.1, we have o(,.1,4(F, ¢) < max{o(y:+1,4(fi, ©); Op+1,41(f2» ©)} = 01, and hence,
by Lemma 3.6, for any integer k > 1 and for any ¢ > 0, we have

£
() = Olesp, {1+ nog o}} - e,

Furthermore, by Theorem 2.1, we have A, 4)(F, ¢) = max{A, 4 (i, ©), Ap.q1(f2, ©)} < 01, and
hence we have N(r, %) = Olexp,{Blog, ¢(r)}} for some B < 01. And the [p,q] - ¢ order of
the function A(z) implies that

T(r,A) = O{expp{(al +€) logqgo(r)}} (r — o00).

By (4.9), we obtain

T(r,F) = O{ﬁ(r, %) + expp{(al +¢)log, (p(r)}} = O{expp{(ﬁ 10gq<p(r)} }. (4.15)
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By Definition 1.6 and (4.15), we have 01,4 (F, ¢) < 01. On the other hand, by

F\* _F' 1

we have o1,4(4, ) = 01 < 01,4 (F, ¢), hence oy,4/(F,¢) = 01. The same reasoning is valid
for the function F,, we have

F\*> _F} 1
A+ =(2) -22 -, (4.17)
F, F, F

and oy, (Fa, @) = 01. Since Ay q(F, ) < 01 and Ay, 4 (F, @) < 01, by Lemma 3.8, we may

write
F=Qe’,  F,=Reé5, (4.18)

where P, Q, R, S are entire functions satisfying o1,,4(Q,®) = Ajpq/(F,¢) < 01, 0pq/(R, @) =
Apg1(F2,¢) < 01 and o741 (e, ) = Olpql (¢%,¢) = 01. Substituting (4.18) into (4.16) and (4.17),

we have
1
4A = o + Gy (2), (4.19)
4(A + 7'[) = _W + Gz(Z), (4.20)

where G(z) and G,(z) are meromorphic functions satisfying oy,4(Gj,¢) < o1 (j = 1,2).
Equation (4.19) subtracting (4.20), we have

1 1
R2eS Q2P = Gs(2), (4.21)

where Gs(z) is a meromorphic function satisfying o7,,,(Gs, ¢) < 01. From (4.21), we have
e+ Hie?’ = H,, (4.22)

where H;(z) and H;(z) are meromorphic functions satisfying o7, 4 (H}, ¢) < 01 (j = 1,2), and
H, = —g—i. Deriving (4.22), we have

-28'e” + (H, - 2P'H,)e " = H;, (4.23)

where H3(z) is a meromorphic function satisfying oy, (Hs,¢) < 01. Eliminating e™> by
(4.22) and (4.23), we have

(H; -2(P' - S')Hy)e ™ = Ha, (4.24)

where H,(2) is a meromorphic function satisfying oy, ¢ (Ha, ¢) < 01. Since oy, (€, @) = o1,
therefore by (4.24), we have H] — 2(P' - S')H; = 0, thus we have H; = ce*?~9, ¢ # 0. Hence

F2 Q@ 1
F_Qpes_ 1 (4.25)
F; R? c
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From (4.16), (4.17) and (4.25), we have

1 EN\*> _F) 1(F\* 2F
4alA+TI+=A)=(2) -22+2(=) - =2=—.
C F2 F2 c\ F c F

By Lemma 3.6, we obtain

T(r, (1 + 1)A + l'I> = m(r, <1 + 1)A + 1'[)
c c
= O{exp,_,{(01 + &) log, 9(N}}  (r— o0).

This implies

1
Olp.gl ((1 + E)A + H,gp) =0.

Hence, by Proposition 1.1, we have ¢ = 1. Since F? = F2, we have

F F F' Fj
F F’ F 5

From (4.13) and (4.17), we have IT = 0, this is a contradiction. Therefore, we obtain the

conclusion of Theorem 2.4. O
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