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Abstract

This paper is concerned with weighted fractional differential equations with infinite
delay, the Riemann-Liouville derivative, and nonzero initial values. Existence and
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also presented.
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1 Introduction

Recently, fractional differential equations have attracted a considerable interest in both
mathematics and applications, since they have been proved to be valuable tools in mod-
eling many physical phenomena. There has been a significant development in fractional
differential equations in the past decades [1-12]. Among these works, some authors stud-
ied functional fractional differential equations [5-8, 10]. For example, in [5], Benchohra et

al. studied the fractional order differential equations

Dy(t) =f(t,y:), tel0,b],0<a<1 (1.1)

with infinite delay

J’(t) = ¢(t), t € (-00,0], (1.2)

where D* is the standard Riemann-Liouville fractional derivative, ¢ € B, the phase space
defined axiomatically by Hale and Kato, and y,(0) = y(¢ + 6) for 6 < 0. Some existence
results are obtained in the special case y(0) = 0. Henderson and Ouahab also studied the
multivalued version of (1.1) (i.e., fractional differential inclusion) with finite delay in [6].

Zhang [7] discussed the linear fractional order time-delay system

D%x(t) = Aox(t) + Aix(t —r) +f(t), t>0,0<a<l, (1.3)

x(t) = ¢(t): te[-r0] (14)
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in a finite dimensional space R” and got some existence and stability results. In [8], Laksh-
mikantham concerned some basic theory for functional fractional differential equations.

However, it is known that the Riemann-Liouville fractional derivative of a function y is
unbounded at some neighborhoods of the initial point 0, except that y(0) = 0. For this rea-
son, when y(0) # 0, the solutions to the functional fractional differential equations given
in the mentioned papers may not be well defined.

We investigate some examples. Firstly, we consider fractional differential equations with
infinite delay. Let C° = {¢ € C((~00,0];R) : ¢ is bounded on (-00,0], and limy_, _ ¢(0) =
0}. Then C° satisfies axioms (A1), (A2) and (B) (specified later, also see [13]), with H =1
and K(t) = M(t) = 1 for ¢ > 0 [13]. Let ¢(8) = €’ for 6 € (—o0, 0] in (1.2). Obviously, ¢ € C°.
We take a = % and f(¢,y;) = y(t — b). Then equations (1.1)-(1.2) become

DYy(t) = y(t - b), te(0,b], (1.5)
y(@) =€, te(-00,0]. (1.6)
Then we get that y(t — b) = ' for t € (0, b]. Since I D*y(t) = y(t) + Ct*~! for some con-

stant C, we can apply the fractional integral operator / i to both sides of (1.5). A direct
computation gives

y(t) _ 11/4(et—b) + Ct73/4
[e's) tk
— e—b . 11/4 Z F + Ct—3/4
K2
k=0

b i [ (k + 1)</ o
— kT(k+1+1/4)

b A4 Cp3/4
=€ t
Z /< +5/4)

for ¢t € [0, ] and some constant C, which is unbounded at any right neighborhood of 0.
Consequently, equations (1.5)-(1.6) cannot have any continuous solution on (-0, b].

Similarly, for the case of finite delay, we consider the following fractional differential
equation on R with finite delay:

D2y(t)=y(t—1), te(0,b], (1.7)
y(t)=1, tel-r0]. (1.8)

Then y(t — r) = 1 for t € (0,7], and equation (1.8) reduces to D"2y(¢) =1 for t € (0, r]. Ap-
plying the fractional integral operator /2 to both sides, we get that

1
y(t) — t1/2 + Ct—1/2
W

for ¢ € [0, ], which is still unbounded in the right neighborhood of 0.

From the above examples we can see that, in the case of nonzero initial value, functional
fractional differential equations with Riemann-Liouville derivative and either finite or in-
finite delay may not have ‘classical’ solutions. Moreover, the functions y, that appeared in
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these equations, defined by y(6) = y(¢ + 6) for 6 < 0, may not be well defined, or not in
the phase space. On the other hand, the Riemann-Liouville fractional derivative of the
constant function is not zero. In fact, if 4(t) = C # 0 for t € [a,b] and 0 < & < 1, then

Deh(t)=C (ﬁzf_);j # 0. Hence the nonzero initial value problems cannot be transformed
to zero initial value problem by the parallel shift method.
Motivated by the above comment, and inspired by [2] and [3], in this paper, we consider

the weighted functional fractional differential equation with infinite delay of the form

Dy(t) =f(t,y.), te€(0,b], 1.9)

Jo=¢p€B, (1.10)

where 0 < @ <1, D* is the Riemann-Liouville fractional derivative, y(t) = £"=%y(¢), f :
(0,b] x B — Ris a given function satisfying some assumptions, and B is the phase space
that will be specified later. We give the definition of solutions and investigate the exis-
tence and continuous dependence of solutions to such equations in the space C;_,((a, b]).

An example is presented to illustrate the results.

2 Preliminaries and lemmas

In this section we collect some definitions and results needed in our further investigations.
Let us denote by C((a,b]) the space of all continuous real functions defined on (a, b]

and by Lll0 .(a, b) the space of all real functions defined on (a, b) which are locally Lebesgue

integrable. We also consider the space C,((4,b]) consisting of all continuous functions

f:(a,b] = Rsuch thatlim,_, ,(t —a)"f () exists, with the norm ||f||c, = sup{|(¢—a)"f(¢)|;t €

(a,b]}.

Definition 2.1 [1] Let @ > 0 be a fixed number. The Riemann-Liouville fractional integral
of order « > 0 of the function % : [a, b] — R is defined by

ITh(t) = ﬁ /t(t—s)”‘lh(s) ds, tela,b]

provided the right-hand side is pointwisely defined, where I'(-) denotes the well-known
gamma function, i.e, I'(z) = [;° e™'#*" dt.

Definition 2.2 [1] Let o > 0 be fixed and # = [«¢] + 1. The Riemann-Liouville fractional
derivative of order « of /1 : (a,b] — R at the point ¢ is defined by

1 a
Dh(e) =

' n—o-1
Ti—a)di /ﬂ (t-s) h(s)ds, tela,b]

provided the right-hand side is pointwisely defined, where [«] denotes the integer part of
the real number «.

When 0 < « <1, then

o _ 1 i ! _ a-1
Dih(t) = 5o Ty / (t — 5)*Lh(s) ds.

For simplicity, when a = 0, we denote D and I§ by D* and I¢, respectively.
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Lemma 2.3 [3] Let 0 < « < 1. Then the unique solutions to the equation D*h(t) = 0 are
given by the formula

h(t) = Ct*7,

for t >0, where C € R is a constant, provided h € C((0,b]) N Llloc(O,b). Further, if f €
C((0,b)) N L}, (a, b) such that D°f € C((0,b]) N L}, (0, b), then
I*Df(t) =f(t) + Ct*!

for t >0 and some constant C € R.

In the literature devoted to equations with infinite delay, the selection of the state space
B plays an important role in the study of both qualitative and quantitative theory. A usual
choice is a semi-normed space satisfying suitable axioms, which was introduced by Hale
and Kato [14]. For a detailed discussion on the topic, we refer to the book by Hino et al.
[13].

Definition 2.4 [13] A linear topological space of functions from (-o0,0] into X, with
seminorm || - || 5, is called an admissible phase space if 3 has the following properties.
(A1) There exist a positive constant H and functions K(-), M(-) : [0, +00) — [0, +00),
with K continuous and M locally bounded, such that for any a,b € R and b > a, if
x:(-00,b] - X, x, € B, and x(-) is continuous on [a, b], then for every t € [a, b],
the following conditions hold:
(i) x; € B;
(ii) llx(@)] < H|lx|l 5 for some H > 0;
(i) llxclls < K(E - @) sup,— e, [1%(5)]| + M(E - @)l|xall 5.
(A2) For the function x(-) in (Al), t = x; is a B-valued continuous function for ¢ € [a, b].
(B) The space B is complete.

3 Existence results
We begin with the definition of solutions to the weighted functional fractional differential
equations.

Definition 3.1 A function y: (-00, b] — Ris said to be a solution to (1.9)-(1.10), if y|(o,4] €
C((0,b]) N LL (0,b), Jo = ¢ and satisfies (1.9).

loc
Example 3.1 Consider the weighted version of the previous example
DYy(t) =5t - b), te(0,b], (3.1)
(@) =€, te(-00,0]. (3.2)
By computation we also get that for ¢ € (0, ],

= tf b 1/a _3/4
y(t) = e V4 E — Gt et P E () + CE
£ T(k +5/4)
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Then j(t) = e - t'E; 5,4(¢) + C. Since 7(0) = 1, we get that C = 1. Therefore, the solution to
(3.1)-(3.2) is

() = et E () + 734, te(0,b],
A t € (—00,0],

K
where Eq,4(-) is the Mittag-Leffler function, i.e., Eup(t) = 312 trarsp- Note that

b tEisu()+1, te€(0,D]
(8 = 3%49(8) = € 1,5/4 ) » 01,
y() y(£) Ltr ¢ € (<00,0]

is continuous on (—00, b], and therefore, y, is well defined for ¢ € [0, b].

For the existence results on problem (1.9)-(1.10), we need to transform the fractional
differential equation into an integral equation. From Lemma 2.3 we can obtain that if 0 <
a <1and ke C((0,b]) N L

1oc(0,b), then the function y solves the fractional differential

equation

D%y(t) = h(t), te(0,b]

if and only if y satisfies
1 t
y(t) = ) / (t—s)"h(s)ds + Ct*, te(0,b]
0

for some constant C [3].
We first give an existence result based on the Banach contraction principle. We list the

hypotheses.

(Hy) f:(0,b] x B— Ris continuous.
(Hy) There exists a constant L > 0 such that

[f(t,w) (&, V)| <Llu—vlls
for t € (0,b] and every u,v € B.

Theorem 3.2 Assume that (Hy) and (H;) hold. Then there exists a unique solution to (1.9)-
(1.10) on (—o00, b].

Proof By Lemma 2.3 and the above remark, a function y is a solution to (1.9)-(1.10) if and

only if y satisfies

(t) = ey [yt =) (s, 55 ds + p(0)e*~, ¢t e (0,b],
Y ¢(t)7 te (—OO, 0]

For given ¢ : (—00, 0] which belongs to B, let é be a function defined by

- o, te(ob]
¢(t)_{¢>(t), t € (~00,0].
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Then we have ¢ = ¢. For z € C;_o((0, b]; R), where C;_o((0, b]; R) is the Banach space con-
sisting of all continuous functions f : (0, 5] — R such that lim;_,¢ £:-%f(t) exists, endowed
with the norm |[f||¢,_, = sup{|£"=%f(¢)]; £ € (0, b]}, we extend Z to (—o0, b], also denoted by Z,
defined by

_ o | toz(t), te(0,b],
a0 = {0, t € (~00,0].

It is easily seen that if y(-) satisfies the integral equation
1 t
90 =1 [ -9 550 ds+ 4O, £50,
[(a) Jo

we can decompose y(-) as y(t) = ¢(t) + z(t), which implies that §, = ¢, + Z, for t € (0,b], and
the function z(-) satisfies

z(t) = ﬁ /Ot (t—5)" " f(s, s + Z5)ds + p(0)t*L,  t>0. (3.3)

Set W = {z: (—00,b] = R;z|(op € Ci—«((0,b];R),2zo = 0}. For z € W, define ||z|lw =
llzolls + llzllc,_, = lzllc,,, then (W, |lz]lw) becomes a Banach space. Define an operator
P:W — W by

(P2)(¢) = ﬁ fo t (t— )Y (s, s + Z5) ds + p(0)t*L,  £>0.

We can see that if z € W is a fixed point of P, then y = z + ¢ is a solution of (1.9)-(1.10).
Let K}, = sup{K(¢t); t € [0, b]}, where K(-) is the function that appeared in Definition 2.4.
Let N = [b(2LK,b%/T'(1 + «))*], and #; = ib/N. Then 0 = by < by < -+ - < by = b and

LK,b“ i1 — )%
pb % (i1 — h;) <l (3.4)
'l+a) 2

fori=1,2,...,N.

We first focus on the interval (0, /1;]. Let Wi = {z: (=00, /1] = R; 2|0 4y] € C1-o((0,/1]; R),
zlo = 0} and define |z|lw1 = l|zoll5 + sup{|t'~*2(£)|; 0 < £ < I} = sup{|£'~*2(£)|;0 < £ < I}
for z € Wi. Then (W4, ||z|lw1) is a Banach space. Define the operator P; : W7 — W) by

t
@0 = [ (€964 2)ds 9O, £
I'(er) Jo
For z,z* € Wj and ¢t € (0, /1], we have

|- (Py2)(t) — £ (Pr2) (0|
tl—oz
')

Ltl—a t wellle .
F(a)/o (t—s)"z - 2| g ds.

=<

/ot =8) 7 f(s,bs +2) —f (s, s + 27) | ds

=

Page 6 of 13
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Since
|z -2
< K(s) sup {‘2(r) - 2*(r)‘} + M(S)HEO -2z ”B
0<t<s
<K sup {’rl_“z(t) - rl_"‘z*(r)”
0<t<s

<Kol

we have

|t (Pr2)(8) — £ (P12 (2) |

LKt el .
= T(a) (t-s) dS”Z_Z ||W1
LK,,bl LK,b'™h 2= 2|
I'l+o) wv
and hence
LK,b e

|P1z - Piz*|, < ”TO[IHZ 2|y

From (3.4) and the Banach contraction principle we know that there exists a unique z € W

satisfying

() = ﬁ /0 (=9 (5, + 25) ds + (0}t

for ¢ € (0,/4], which is the unique solution to the integral equation (3.3) on the interval

(0, Mm].

Next we consider the interval [/, /1;]. Restrict the functions z € W on the interval [/11, /1]
to construct W, and define ||z||wa = ||zo |5 +sup{|t:*z(¢)|; 1 < t < ho} = sup{|£2z(¢)|; 1y <
t < hy} for z € W,. Then (W5, ||z||w>) is a Banach space. For ¢ € [l, k], rewrite equation

(3.3) as

z(t) = L t 8)*” 1f(s b5 +Z,) ds
I'(a) Jy

1
'a)

Since the function z is uniquely defined on (0, /11 ], the second integral can be considered
as a known function. Using the same arguments as above, we can obtain that there exists

a unique function z € W satisfying

t

«(0) = ﬁ - rediezas

h1

" T)

n .
Ll / (= 5 (5, s + 2,) ds + p(0)!
0

(t — )" "Yf (s, s + Z) ds + p(0)t* "

Page 7 of 13
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for t € [h, hy], which is the unique solution to the integral equation (3.3) on the interval
[/11, hy]. Taking the next interval [/, 3], repeating this process, we conclude that there
exists a unique solution to the integral equation (3.3) on the interval (0, x] = (0, b]. Set
y =z + ¢, then y is the unique solution to the fractional differential equation (1.9)-(1.10).

Below we consider the existence result which is based on the Schauder fixed point the-
orem. We need the following hypothesis.

(Hs) There exist an n € L#(0, b) with p > 1/« and a continuously non-decreasing function
Q: [0, +00) = [0, +00) such that

If &, w)| < n(OQ(llullsz)

for t € (0,b] and every u € B.

Theorem 3.3 Assume that hypotheses (H;) and (Hs) hold. If

. Qr) T'(+a)
lim sup

< , 3.5
r—+00 r 1<bb2||77”p ( )

then there exists at least a solution to (1.9)-(1.10) on (—o0, b].

Proof As in the proof of Theorem 3.2, we define the operator P: W — W. The continuity
of P can be derived by hypothesis (H3) and the Lebesgue dominated convergence theorem.
We will verify that P is completely continuous.

We first show that P maps bounded subsets in W into bounded subsets. Let B, = {z €
W ||lzllw < r}. Then, for any z € B, and t € (0, b], we have

1« tl—D‘ ' a-1 e ~
o@a0)] < £ /0 (6= [/ (5, + 2)| ds + |9(0)|
bl_a ‘ a-1 ~ -
< F(a)/o (=521 + Zl15) ds + |$(0)].

Since

1Z5 - ¢slls < K(s) sup |2(v)| + M(s)[1Zo | 5 + K (s) sup |@(z)| +M(s)lIgoll s

<t<s 0<t<s

= Kpr+ Myl Pl 55 (3.6)

where M, = sup,_,, M(s), it follows from (H3) and Holder’s inequality that

bl—a
(@)

1-o

()

|t (P2)(2)|

IA

/O (£ = 51 n() ds(Kor + Myl b1 5) + |$(0)

=

t 1/q
Q(Kpr + Myll9ll5) ( /0 (t—s) D ds) Inll, + |¢(0)]|

bl

< Q(Kbr+Mb||¢”B) I'(l+a)

+|¢(0)] := 1,

where [|n]l, = fob [n(s)|dsand g > 1 with1/p+1/q = 1. Therefore, || Pz||w < [ for everyz € B,,
which implies that P maps bounded subsets into bounded subsets in W'

Page 8 of 13
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Next, we prove that P maps bounded subsets into equicontinuous subsets in W. Let
z € B, and #1, £, € (0, b] with £ < t,, we have

|ty (P2)(12) — 11~ (P2) (1)

tl—a tl—a

! 2 el O
<t /O(tz ) 7 f (s, s +Z,)| ds

L a [/ Y= 9 = (- 95 B+ 20| ds
C(a) [ Jo

+ /tz (£ - )a_IV(s bs +Z)| ds]

tla_tla »
o /(tz—s“ 921 + 3 15) ds

1o
+ It‘l(a) [/0 (6 =9 =l =9 ()15 + Zs I 5) ds

+/2(t2—s)a_ln(S)Q(Ilfﬁs+5s||zs)d5]

5

. o t 1/ t v,
R0 ([, geas) ([*woras)
w f 1/q f 1/p
ML) Fii()r()) [(/o (-9""=(t2 - s)“l)qu> (/o 1 (s) ds)
t 1/q f Up
2 \(e-Dg d ) < d ) ]
+(/ -9 “"as) ([ v

- 1m1p$2(r0)
')

(b7 (6™ —67) + b7 (2t - 1) + (£ - 1)),

where ry = Kyr + Mpl|@lls, 11 = (@ — 1)g + )7 and r, = [(@ — 1)g + 1]/g > 0. It follows
that |£17(Pz)(t;) — 1 *(Pz)(t1)| — 0 as t, — t; — 0, and the convergence is independent of
z € B,, which implies that the set PB, is equicontinuous.

Now we have proved that P maps bounded subsets into bounded and equicontinuous
subsets in W. By the Arzeld-Ascoli theorem, we conclude that P is a completely continuous
operator.

To apply Schauder’s fixed point theorem, we need to verify that there exists a closed
convex bounded subset in B C W such that PB C B. To this end, we derive from inequality
(3.5) that there exists a constant 7 > 0 such that

Kb il

T Ko + Molilis) + [$(0)] <F.

Define B = {z € W; ||z||w <7}, then Bis closed, convex and bounded in W. Then, for every
z€ Band t € (0, 5], we have

o] < -
-r Ol)

/ (6= 9 f(s, B + 2| ds + |$(0)]

| /\

o-1
= )/ (6= ()R F. + Z:l15) ds + |H(0)|
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bl—a ¢ 1/q

= M) <f0 (t—s)(“—l)q ds) ||n||pS2(Kb? +Mb||¢||B) + i¢(0)|
Kyb*||n]| .

< ZT(Z)IJQ(KM+M;,||¢||B) + |¢,(0)|

<.

It follows that || Pz||w < 7 for all z € B, and hence PB C B.
An application of Schauder’s fixed point theorem shows that there exists at least a fixed
pointzof Pin W. Theny=z+ & is the solution to (1.9)-(1.10), and the proof is completed.
O

4 Dependence on initial data

In this section, we investigate the influence of a perturbation of initial data to the solu-
tions. We first look at the dependence of solutions on initial values. For this purpose, we
denote by y(¢, ) the solution to equation (1.9) with initial condition (1.10), and by y(y, -)
the solution to (1.9) with the initial condition

Yo=Y €B. (4.1)
We will prove that the solution mapping is Lipschitz continuous.

Theorem 4.1 Let the assumptions of Theorem 3.2 hold. If LKpb/T'(1 + o) < 1, then there
exists a constant L such that

ly@,) =) ¢, <Lld-vls

forevery ¢,y € B.

Proof From Theorem 3.2 we know that for every ¢, ¥ € B, equation (1.9) has solutions
y(¢,-) and y(, -) on (—o0, b], respectively. Further, there are z;,z, € C;_4((0, b]) such that
y(p,)=z1 + é and y(,-) =2z + v, satisfying

— L ' _ o)l x s a-1
z1(t) = ) /0 (=9 f(s¢s+215)ds+¢(0)*, te(0,b],
z(t) = L /t (t =) (s, 05 + Zog) ds + ¥ (0)*7Y,  te(0,b]
2 F(oz) o » Ys 2s ’ U,

and y(¢p, 1) = z1(£), y(¥,t) = z5(¢) for ¢ € (0,b]. Then, by (H,) and axiom (A1) (in Defini-
tion 2.4), for ¢ € (0, b] we have

[Ey(p, ) — £y, 1)

= [z (8) — 725 (2) |

= 1—11(:{) /Ot (t —S)‘Y—l lf(s, &s + 213) _f(S, &5 + 223)’ ds + |¢(0) _ I/I(O)|
1-« t
Lt /0 (=) (I 25— Z2s 13 + b5 — Wil ) ds + | $(0) = ¥ (0)]

~ I'a)
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L ! - ) )
< F@) [/O (t—s) K(s)OS;I;le(r)—ZZ(r)‘dS

t
+/0 (t—S)a_lM(S)”(l;o—‘/;0||Bd5:| +Hll¢-vls

Ltl—a

<
~ I'a)

t
[/ (t-5)*"dsKyllz1 - 22l ¢y,
0

t
+/0 (t—S)“‘ldsMbIW—lﬂIIB} +Hl¢-¥ls

LK,b

< o1 - 2] EMb 1) 1o - v
STra) 20"\ Tava) " ~Vls

and hence

ly(@,) =y@, ),

LKyb LMyb
S Taram @ 2la.t <7F(1 ol H) o =¥l
LK,b LMyb
- F(l +O[) Hy(¢’ ) _y(l//’.)HQ_a + (1“(1 +O() +H) ||¢ - WHB

Since LK,b/T' (1 + ) <1, let L = (LMyb + HT'(1 + «))/(T'(A + &) — LK,b). Then we obtain

ly@,) =) ¢, <Lld-vls
as desired, which completes the proof. d

Next we investigate the influence of changes in the given function on the right-hand
side of the differential equation. Now we denote by y(f, ) the solution to the differential
equation (1.9) with initial condition (1.10) and by y(f, -) the solution to the differential
equation

Dgy(e) =f(t5,), te(0,b] (4.2)
with initial condition (1.10).

Theorem 4.2 Let f andj’fulﬁll hypotheses (H;) and (Hy). If LKyb/T' (1 + @) < 1, then there
exists a constant K such that

I, ) =9F ), , <K sup [f(e,v) = f (60,

(tv)e(0,b]xB

Proof The existence of solutions can be ensured by Theorem 3.2. Let 21,2 € Ci1_((0, b])
be such that y(f,-) = z; + ¢ and y(f,-) = z, + ¢. Then z; and z, satisfy

Zl(t) = 5N /t (t - S)a_lf(sr &s + Els) dS + ¢(O)ta_1; te (Orb]
0
and

z(t) = ﬁ ‘/0 (t — ) (s, s + Zog) ds + p(0)t*™Y, £ € (0,b].
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For t € (0, b], we have

|E=y(f,t) — = y(f, 1)

= [ 21(8) — 725 (0) |

tl—a t N " 5
= /0 (6= 81 |f (5, s + 215) —F(5, s + 22,)| s

<
- T
1-a t 1 B _
< t—s)*" s +2Z15) — F (s, s + Zo5)| d
_F(a)[[o( UF G+ 21 (56 + )| ds
t
+/ (t_s)a_llf(s:d)s"'éh) —f(S,¢S+225)|dS]
0
LKyb Lb ~
< lz1 —22llc, + =—— su & v) - f(t,v)].
Tl+a) 219" T+ a) (t,v)e(og]va S|
Therefore,
FIOEEIGD]
LK,b Lb ~
< lz1 = 2z2llcpy + su (t,v)-f(t,v)
Fi+a) 29" T +a) (t,v)E(O,Iz]xBlf S|
LKyb 5 Lb §
= ) = y(f, ) + su (t,v) = f(t,v)|.
e URE RIS wwm S O
Take K = Lb/(T(1 + &) — LKD), we get the required result. O

5 Anexample

In this section we give an example to illustrate our main results. Let B, = {y € C((-00,0];
R);limy_, _o €”79(9) exist in R}, where y > 0 is a constant. Then B, satisfies axioms (A1),
(A2) and (B) in Definition 2.4 with K(¢) = M(t) = 1and H =1 [13]. For any ¢ € B, consider

the weighted fractional functional differential equation

DY) = [y - b)) +g(0), £ (0,8], (5.1)
with infinite delay

y(8) = ¢(8), te(-00,0], (5.2)

where g € C([0,1]), » € Rand B > 0 are constants. Let f(¢,x) = Axf +g(¢). If B > 1, then it is
easily seen that f satisfies the Lipschitz condition with respect to x on any bounded inter-
val. So, by Theorem 3.2, problem (5.1)-(5.2) has a unique solution on (—00,b]. If 0 < B <1,
then f does not satisfy the Lipschitz condition with respect to x in some neighborhoods
of 0. However, in this case, we can define 7(¢) = sup{g(¢);t € [0,1]}, Q(r) =1 for r € [0,1],
and Q(r) = r” for r > 1 and constant p with g < p < 1. Then hypothesis (Hs) holds. Also,
since limsup,_, ., ©2(r)/r = 0, condition (3.5) is satisfied. Hence, by Theorem 3.3, problem
(5.1)-(5.2) has at least a solution on (—o0, b].
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Remark 5.1 In [2], the authors studied the weighted fractional Cauchy problem
(D2.9)®) =Mt -a) [y®)]" + bt - a)",
where « > 0, ¢ > a and m > 0 with initial conditions
(Da—k _ — ey =
o y)(a+) = by (bk eRk=12,....,m;n=[a] + 1).

The nonlinear case (m #1) is discussed in Example 3.4 on p.181, and the linear case (m = 1)
in Examples 4.2-4.3 on pp.225-227. For the homogeneous case, the explicit solutions are
constructed by using generalized Mittag-Leffler functions. However, in general, we cannot
expect to find explicit solutions for delayed fractional differential equations, even for linear
and homogeneous cases.
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