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Abstract

This paper is concerned with the existence of a unique solution to a nonlinear
discrete fractional mixed type sum-difference equation boundary value problemin a
Banach space. Under certain suitable nonlinear growth conditions imposed on the
nonlinear term, the existence and uniqueness result is established by using the
Banach contraction mapping principle. Additionally, two representative examples are
presented to illustrate the effectiveness of the main result.
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1 Introduction
For a,b € R, such that b — a is a nonnegative integer, we define N, = {g,a + 1,a + 2,...} and
Ng ={a,a+1,...,b} throughout this paper. It is also worth noting that, in what follows, for
any Banach-valued function u defined on N,, we appeal to the convention Zfikl u(s)=0,
where ki, k; € N, with k; > k; and 0 is the zero element of a given Banach space.

In this paper, we will consider the existence of a unique solution to the following discrete
fractional mixed type sum-difference equation boundary value problem in the Banach
space E:

Au(t) + f(t +a - Lu(t+a—1),(Tu)(t), (Su)(t)) =0, te Ny,
e —n)=Aule —n) = A’ulc—n)=---= A"2yla —n) =6, (1.1)

A y(00) = Uy,

where n —1 <o < n, n € Ny, A¥ denotes the discrete Riemann-Liouville fractional differ-
ence of order «, f : N,_; x E x E X E — E is continuous, 0 represents the zero element of
E, A y(00) = limy—s 100 A¥u(t) = us € E and

t

(Tw)(®) = Y _k(ts)uls+a—1),  (Sw)(t) =) hit,)uls+a -1),

s=0 s=0
where k:D — R, D={(¢t,s) e Ng x Ng:s<t}, h:Ng x Ng - R.
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Discrete fractional calculus is a generalization of ordinary difference and summation
on arbitrary order that can be non-integer, and it has gained considerable popularity due
mainly to its demonstrated applications in describing some real-world phenomena [1, 2].
Among all the topics, the branch of discrete fractional boundary value problems is cur-
rently undergoing active investigation; see, for example, [3—17] and the references therein.

Boundary value problems for differential equations in Banach spaces have been stud-
ied by many authors [18-36]. Especially for the study of nonlinear mixed type integro-
differential equations which arise from many nonlinear problems in science [36], a series
of excellent results have been obtained in recent years [21, 23, 30-36].

On the other hand, it is well known that discrete analogues of differential equations can
be very useful in applications [37, 38], in particular for using computer to simulate the
behavior of solutions for certain dynamic equations. However, compared to continuous
case, significantly less is known about discrete difference calculus in Banach spaces [39—
45]. Furthermore, as far as we know, the theory of discrete fractional mixed type sum-
difference equations boundary value problems in Banach spaces is still a new research
area. So, in this paper, we focus on this gap and provide some sufficient conditions for the
existence and uniqueness of solutions to problem (1.1).

The remainder of this paper is organized as follows. Section 2 preliminarily presents
some necessary basic knowledge for the theory of discrete fractional calculus in Banach
spaces. In Section 3, the existence and uniqueness result for the solution to problem (1.1)
will be established with the help of the contraction mapping principle. Finally, in Sec-
tion 4, two concrete examples are provided to illustrate the possible applications of the

established analytical result.

2 Preliminaries
In this section, we firstly present the definitions for the discrete Riemann-Liouville frac-
tional difference and the discrete fractional sum for Banach-valued functions similar to

the corresponding definitions for real-valued functions [46—49].

Definition 2.1 ([46]) For any ¢ and v, the falling factorial function is defined as

_ T(e+])
TT(t+1-v)

vV

provided that the right-hand side is well defined. We appeal to the convention that if ¢ +

1-v is a pole of the gamma function and ¢ + 1 is not a pole, then t* = 0.

Definition 2.2 The vth discrete fractional sum of a function f : N, — E, for v > 0, is
defined by

Af(E) = ! i(t—s—l)ﬁf(s), t € Ny

T 4

Also, we define the trivial sum A°f(t) =f(2), t € N,.
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Definition 2.3 The vth discrete Riemann-Liouville fractional difference of a function f :
N, — E, for v > 0, is defined by

A;f(t) = AHA;(M_V)f(t% t € Nanov,

where 7 is the smallest integer greater than or equal to v and A” is the nth order forward
difference operator. If v = n € Ny, then Af(£) = A"f(t).

Remark 2.1 From Definitions 2.2 and 2.3, it is easy to see that A" maps functions defined
on N, to functions defined on N,,, and A} maps functions defined on N, to functions
defined on N,,,_,, where # is the smallest integer greater than or equal to v. Also, it is
worth reminding the reader that the ¢ in ALf(¢) (or A,"f(¢)) represents an input for the
function A)f (or A7"f) and not for the function f. For ease of notation, throughout this
paper we omit the subscript 4 in Alf(t) and A7"f(£) when it does not lead to domain
confusion and general ambiguity.

Now, we present the following two results, which are analogues to the ordinary case for
the real-valued function.

Lemma 2.1 Letf:N, — E and v, > 0. Then

AT AT = AEF(E) = AL ATF(), £ e Nopun.

a+i a+v

Lemma 2.2 Letf:N, — E, v > 0 and p be a positive integer. Then

p v—z

A ANPF(E) = AP ASVF(E) - Z o

i=1

AP (a).
z+1 /@

Remark 2.2 Lemma 2.1 and Lemma 2.2 are natural analogues of Theorem 2.2 in [46] and
Theorem 2.2 in [47] for real-valued functions. Their proofs are similar to the ordinary case.
So, here we omit them. Additionally, by using Lemma 2.1, we can easily obtain the equality
AYATVf(t) =f(t), v > 0 holds, for any Banach-valued function f.

At last, we need to state the following lemmas, which will be important in the sequel.

Lemma 2.3 Letv >0 andf:N, — E. Then

A A =f() + et —a—n+v)

+C2(t—a—n+v)ﬁ+---+cn(t—a—n+v)u, (2.1)
where c; €E,i=1,2,...,n, and n is the smallest integer greater than or equal to v.

Proof By Definition 2.3, Lemma 2.1, Lemma 2.2 and Remark 2.2, we have

a+n vAaf(t
= (AL AAF) @)
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) - 3 T ) )

AVI
( = Frv—i+1)

n

_ (t—a-n+v)= i A (1) B
=f(t) - 121: To—ieD) [(A™ A"V )@+ n-v)].

(A”‘iA;("_U)f)(a+n—u)

Setting ¢; = — )

,i=1,2,...,n; then we get (2.1). So the proof is complete. (]

Lemma 2.4 ([48]) Let a € R and v > 0 be given. Then
At —a) = p(t —a)=L

for any t for which both sides are well defined. Furthermore, forn —1<v <n, n € Ny and
wneR\ (-Ny),

ALY (t ﬂ) Mi(t - a)ﬂ, te Naﬂu—v:

a+u

and

aﬂ,,(t a)lt = ptt-a)=, te Na+;4+n—v~

3 Main results
In this section, we establish the existence of a unique solution to problem (1.1). To accom-
plish this, we firstly list here the following conditions.

(C1) There exist constants k* and #* such that

k* = sup Z|k (t, s)| < 400,

teNp =0

* 1 - a-1
h* = tselg()) m Sz:():|h(t,s)|[l+ (s+a —1)—] < +00.

(Co) f* =37, 1 If(£6,0,0)| < +00, and there exist nonnegative numbers a, b, ¢ and a
function p : Ny_1 — [0,00) with p* = >"7° | p(£)1 + t%2) < +00 such that

If & w, v, w) = £(&,5,9,W) | < p(&)(allu -l +bllv -7 +cllw-w|)

for t € Ny_1, u,v,w,u,v,w € E.

Next, we define

t
X:{MZNO,”%E IOl <+oo}
L‘GNq,n 1 + ta—71
equipped with the norm
@)l
llullx = sup

[ENa,n 1 + tﬂ
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Furthermore, by means of the linear functional analysis theory, we can easily prove that
(X, || - llx) is a Banach space.
Next, we state and prove the following lemmas, which will be used to establish the exis-

tence result of solutions to problem (1.1).

Lemma 3.1 If (C) and (C;) hold, then, for any u € X,
Zuf(t +o—-1u(t+oa-1),(Tu)t), (Su)(t)) ” <p* (a + bk* + ch*) lleellx +f*. (3.1)

t=0

Proof Settingu =v=w =0 in (C;), we have

(& w,v,w)|| < p@)(allull + blIv] +clwll) + |f(2,6,6,6)

(t,u,v,w) e Ny_1 Xx EX E X E.

)

So, for any u € X, t € Ny, using (C,) again produces

IF (£ + 0 = Lut + o 1), (Tu)@), (Su) @)
<pt+a-1)(a|ult+a-D| +b|(Tw)®)| +c|S)@®)|) + [+ -1,60,60,0)|

lu(+e DI I(Tw)(®)|
1+(+a-1)21 1+ (@F+a-1)2L

=p(t+a—1)[1+(t+a—1)°‘_1]<a

(Sw) @

m)ﬂlﬂw—l,e,e,e)n

<plt+a -1+ +a -1 (allulx + bk* ullx + ch*||ullx)

+|ft+a-1,6,6,0)]. (3.2)

Summating both sides of (3.2), we can get (3.1). The proof is completed. O

Lemma 3.2 Let h:Ny — E be given and n —1 < o < n, n € Ny. The unique solution of

A%u(t) +h(t) =0, teNy,
wlo —n)=Aule —n) = A’u(le—n)=---= A" 2u(a —n) =0, (3.3)

Ay (00) = Uy,

u(®) =Y Glt,9)h(s) + %tﬂ, t € Noos,
s=0

where

1 el (p_s—1)2l seNbe,
G(t,s) = —— ( ) 0 (3.4)
r(a) tﬂ’ RS N£,a+1-
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Proof Suppose that u : N,_, — E satisfies the equation of problem (3.3), then Lemma 2.3
implies that

u(t) = F( ) Z(t s=D%h(s) + 1 t% L + cpt® 2 4 - 4 ¢ %78

forsomec; €E,i=1,2,...,n,t € Ny_,. By u(e —n) =6, we get ¢, = 6.
Furthermore, in view of Lemma 2.4, we have

t—(a-1)

Au(t) = —ﬁ > (t—s=1)2h(s)
s=0
+o(o—1)8%2 4 oo — 2)12=2 c+ (o — m + 1) %2, (3.5)

Substituting Au(o — n) =6 in (3.5) gives ¢,_1 = 6.

Repeating the above steps with A2u(a —n) = - -- = A" 2u(a — n) = 6, we can get
Cpy=Ch3=---=Cy=0.
Therefore,
1 t-o
u(t)=——— Y (t-s-1)%ns) + =L, teN,_,. (3.6)
I'(«) SZO:

By virtue of Lemma 2.4 again, we have
ATu(t) ==Y h(s) +al(@), €N (3.7)
Using the condition A% 1%(00) = us in (3.7), we obtain

%) (g h(s) + Moo)-

Now, substitution of ¢; into (3.6) gives

u(t) = - e )Z(t—s—l)“ e=Lp(s) + —Zt" a=1p(s) + mt‘)‘ 1

Z G(t, 5)h(s) +

)L‘u teNy_,

where G(t,s) is defined by (3.4). The proof is complete. O

Remark 3.1 From the expression of G(t,s), we can easily find that G(z,
ﬁ for (¢,5) € N,_o x Np.

With the above auxiliary results in hand, we now establish the main result as follows.
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Theorem 3.1 If (C,), (Cy) hold and

g Platbkivar) o (3.8)
I'(a)

then problem (1.1) has a unique solution u in X.

Proof Define an operator F : X — X by

(Fu)(t) = ZG(t $)f (s + o —1uls + o = 1), (Tu)(s), (Su)(s)) + mt L
s=0

where t € N,_,, and due to Lemma 3.1, we have

lﬁii’l f; =14 s*“‘L”“+a—DATw&L6w@DH+f£%%¥%;5
F(la){ *(a+ k™ + ch*)[|ullx +f* + [l ool }
=o|ullx +0, t€Ny,.
Therefore,

[ Fullx <ollulx +o, uelX,

here o = (f* + |lu||)/I'(«) and o is defined by (3.8). So, the operator F is well defined.
Furthermore, from Lemma 3.2, we can transform problem (1.1) as an operator equation
u = Fu, and it is clear to see that u is a solution of problem (1.1) is equivalent to a fixed
point of F.

Next, for any u,v € X, we denote

A(u,v)(2) :f(t +o—1u(t+a-1),(Tu)(?), (Su)(t))

—f(t+a -1yt +a - 1),(Tv)(e),(SV(), teNo.

In view of (C,), we have

(Fu)(#) - (Fv)@)]

141

[ee]

G(t,s)
<Zl Ao

LX:p(s+ot 1) ||u(s+oz )-v(is+a- 1)||+b“(Tu)(s)—(Tv(s)||
5=0

.1

+c|[(Su)(s) - (SV)(s)])]

[e¢]

1

< Ll e Ul a1

Page 7 of 12
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—_

X (allu = vllx + bk [lu = vllx + ch*[lu - vilx)]

1
< Ta)p*(a + bk* + ch*)||u —vlx
=ollu-vlx.
So we get

I Fu—-Fvix =ollu-vix

which, together with the assumption that o <1, implies that F is a contraction mapping.
By means of the Banach contraction mapping principle, we get that F has a unique fixed
point in E; that is problem (1.1) has a unique solution. This completes the proof. d

4 Examples
In this section, we illustrate the possible application of the above established analytical
result with the following two concrete examples.

Example 4.1 Consider the following problem:

(8+1)
s Sinln(E + 5/2) + ty(t +5/2)]

In{1+[>%, t+s+2 — s ugu(s +5/2)]%}

Ay, (t) +
2~ —(t+1)

DR (1522
—(t+1)

f[?wsm (£+5/2)+(t+5/2)22] (4.1)

2
X {ZS OW‘%)SD]M”JJ(S‘FS/Z)}:O, tGNO,

Uy (~1/2) = Au,(—1/2) = A%u,(-1/2) = 0,
Ay, (00) =%, n=12,3,....

Conclusion Problem (4.1) has a unique solution {u,(t)} such that u,(t) - 0 as n — oo
fOV teN_p.

Proof Let E = co = {u = (uy, us,..., Uy,...) : u, — 0}. Evidently, (E, || - ||) is a Banach space
with the norm ||u|| = sup,, |u,| for any u € E. Then the infinite discrete fractional difference
system (4.1) can be regarded as a boundary value problem of the form (1.1) in the Banach
space E. In this situation, @ =7/2, 6 =(0,0,...,0,...) € E, us = (1,1/2},...,1/n,...) € E,

cos(t%s)
(s +2)2[1 + (s + 5/2)%2]’

k(t,s) = h(t,s) =

(t+s+2)%

and f = (fi,f2, ...+ fn>--.), in which

3-(t-3/2) , o-(t-312)
L+ B2 sin(rn’t + uy,) +

—(t-3/2)

— 2
ﬁt(t, u,v, W) = m ln(l + V3n)

e
+ Wyals
J/n[3 +sint + t22] s

where t € N5jp and u = (ug, U, ..., Uy, ...), V=V, Voyeees Vo), W= (W, Wa,..., Wy,...) EE.
From the expression of f,,, it is easy to see that f : N5;» x E x E x E — E is continuous.

Page 8 of 12
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Furthermore, for any ¢ € N5/, u, v, w,u,v,w € E, we have

[f,,(t, u, v, w) —f,,(t,ﬁ,T/,W)|

3—(t—3/2)
< oI+ B2 |sin(2t + u,,) — sin(n’t +74,)|
2—(t—3/2) ) )
+ m |1n(1 + V3n) — ln(l + V?)n)|
e-(t-312) B
* 13 +sint + 22 Wret = Wi
3-(-3/2) 9~ (t-3/2)
< ——— Uy —Uy|l + ———————|V3, =V
"ml+é@P|" al (n+2ﬂ1+ﬁ@p'“ 31
o-(t-312)
¥ /13 +sint + t32] Wnst = Wl
2—(t—3/2)
fI:;EUM—MM+UN%WWMHHWH_MMW

and therefore,

~(t-3/2)

lf (&, v, w) - f (8,7, W) < W[IIM all +1/3|lv =7l + [lw - wl],
wherea=c=1,b=3, Lop@) =2 l(t 53//2 , which imply that (C;) holds together with the follow-
ing facts:

o0 o0
pr=Y po1+£2) =3 273 1 c oo
t=5/2 £=5/2

and

=Y lrwe.6.0)] < 373 =12 <.

§=5/2 5=5/2
On the other hand, we can verify that
t

1
K = sup = sup -
teNo ; (E+s+2)2 1Ny 2(2+1) 2

< 00,

“w 1 i | cos(£2s)|[1 + (s + 5/2)22]
teNI(’) 1+ (¢+5/2)22 pors [1+(s+5/2)%2](s + 2)2

h*

o]

<S
_teN€1+(t+5/2 Zs+2

1 1
—— < = < OQ.
=1+0(7/2) " 4

So (C;) is also satisfied. Finally, by a simple calculation, we can obtain

_ prla+bk* +ch”) - 1+1/6 +1/4)
N INE)) - T(@7/2)

<0.43<1.
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Thus, all the conditions of Theorem 3.1 are satisfied and our conclusion follows from The-
orem 3.1. O

Example 4.2 Consider the following problem:

ABw(t,x) +

3 (t+1)
+ A o Gz @(s +4/3,%)]

e~ (t+1) sin(t+e’) 4.2
+ e3[2+cos(t+4/3) (£+4/3)43) {Zs 0 (s+2)2[1+(s+4/3) 4,3]w(s + 4/3 x)} - ( ’ )

t € No,x € [0,1],
w(=2/3,%) = Aw(-2/3,%) =0, A*Bp(00,x) = x2.

-(t+1)
W COS[(D(t +4/3, x)]

Here, A7 w(t,x) represents the discrete Riemann-Liouville fractional difference of order

7/3 for the function w(t, x) with respect to its first variable ¢.

Conclusion Problem (4.2) has a unique solution o : N_y;3 x [0,1] — R such that for each
given t € N_y3, w(t, x) is continuous for x € [0,1].

Proof Let E = C[0,1] = {g: [0,1] — R is continuous}; then (E,| - ||) is a Banach space
equipped with the norm [|g|| = sup,o 1) [g(*)|, g € E. Defineu : N_5;3 — Eby u(t) = w(t, ) €
E; then the discrete fractional partial difference system (4.2) can be transformed into the

form of problem (1.1), where 6 = 0, 1, = &2,

He.s) sin(t + €°)

K(t) = — _
T s 2 T (s +2)2[1 + (s + 4/3)38]

and

9~(t-1/3) 3-(t-1/3) —(t-1/3)

e
cos U + v+ w
41 + £43] e2[1+t43] " €3[2 + cost + t43]

ft,u,v,w) =

for (t,u,v,w) € Ny3 x Ex E x E. It is obvious that f is continuous.
. 1/3)
Choosing a = %, b= 12, c= 3 and p(t) = » t4/3 , t € Ny/3; then we can verify that p* =

f*<1/4, k* =1/2, h* < 0.4566, o < 0.3631 and
If & w, v, w) = £(&,5,9,W) | < p(&)(allu -l +bllv -7 +cllw-w|)

holds for any ¢ € Ny3, u,v,w,u,v,w € E.
Clearly, all the conditions of Theorem 3.1 are fulfilled. Therefore, we can conclude that

problem (4.2) has a unique solution. d
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