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1 Notations and results

We assume that readers are familiar with the fundamental results and the standard no-
tations of the Nevanlinna value distribution theory of meromorphic functions in the
unit disc (see [1-4]). Firstly, we introduce some notations. Let us define inductively, for
r € (0,+00), exp, r = €" and exp;,, r = exp(exp; r), i € N. For all r sufficiently large in (0, +00),
we define log, = logr and log;,, r = log(log; r), i € N. We also denote exp, r = r = log,, r and
exp_; 7 = log, r. Moreover, we denote the linear measure of a set E C [0,1) by mE = [, dt,

and the upper and lower density of E C [0,1) are defined, respectively, by

R N EN(r1 ) EN[r1
densaE = lim M, dens ,E = lim M
o 1-r r—>1- 1-r

The complex oscillation theory of linear differential equations
FO LA @)%Y 4+ Ag(2)f = 0 1)
and
FO+ Aa@f YV + -+ A 2)f = F2) (1.2)

in the unit disc has been developed since the 1980s (see [5]). After that, many important
results have been obtained (see [6—11]). After the work of Liu et al. in [12], there has been
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an increasing interest in studying the interaction between the analytic coefficients of [p, g]-
order and the solutions of (1.1) and (1.2) (see [13—16]). In this paper, the authors continue to
focus on studying the growth and zeros of solutions of (1.1), (1.2) with analytic coefficients
of [p, q]-order which satisfy certain growth conditions in the unit disc.

We use p, g to denote positive integers, and we use A = {z: |z| < 1} to denote the unit
disc. In the following, we recall some notations of meromorphic functions and analytic
functions in A.

Definition 1.1 (see [3, 10]) Let f(z) be a meromorphic function in A, and set

o T()
PO =0 Sogt =y

If f(2) is an analytic function in A,

— logM(r,f)
D = lim ——.
m(f) et —log(l-r)
If D(f) = oo, we say that f is admissible, if D(f) < co, we say that f is non-admissible. If
Dy (f) = oo, we say that f is of infinite degree, if Dp/(f) < 0o, we say that f is of finite degree.

Definition 1.2 (see [7, 11]) The iterated p-order of a meromorphic function f(z) in A is
defined by

o logp T(r.f)
07 R gl

For an analytic function f(z) in A, we also define

— log,, M(r.f)
= lim =2~ -,
oup(f) o1 —log(1-r)
Remark 1.1 If p = 1, we denote o1(f) = o(f) and oa1(f) = om(f), and we have o(f) <
om(f) <o (f) +1 (see [3]) and o1, (f) = 0,,(f) for p > 1 (see [7, 11]).

Definition 1.3 (see [13-15]) Let 1 <g<por2 <g=p +1, and f(z) be a meromorphic
function in A, then the [p, g]-order of f(z) is defined by

—— log, T(r.f)

Olp, ](f) = lim
P r—1- logq(l%r

For an analytic function f(z) in A, we also define

o log +1M(r,f)
o = lim ——————
Mipal(f) 1 logq(ﬁ

Definition 1.4 (see [13]) Let1<g<por2 <g=p+1, we use N(r,}() (ﬁ(r,%)) to denote
the integrated counting function for the (distinct) zero-sequence of a meromorphic func-
tion f(z) in A. Then the [p, g]-exponents of convergence of (distinct) zero-sequence of f(z)
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about N(r, %) (N(r, },)) are defined, respectively, by

By the above definitions, the following propositions about the analytic function of [p, g]-
order in the unit disc can easily be deduced.

Proposition 1.1 Let f(z) be an analytic function of [p,ql-order in A. Then the following
five statements hold:
i) Ifp=q=1,theno(f) <ou(f) <1+ao(f).
(i) If p=g=>2 and oq(f) <1, then o(pq(f) < oatp.g(f) < 1.
(iii) Ifp=q =2 and oppq(f) =1, 0r p>q > 1, then oy, 4(f) = ompq(f)-
(iv) If p=1and oy pa)(f) > 1, then D(f) = 00; if o1 p.11(f) < 1, then D(f) = 0.
V) If p=>1and o ppe(f) > 1, then Dy(f) = 00; if o, pp1 () < 1, then Dp(f) =

Proof (i), (iv), (v) hold obviously, we prove (ii) and (iii).
(ii) By the standard inequality T'(r,f) < log" M(r,f) < 1;3: T(%,f) (0<r<1) (see [1, 2,

4]), we get

log, T(r.f) <log,,; (f)<max{logp<14 )long(¥,f)}. (1.3)

If p= g > 2 and oy, 4 (f) < 1, from (1.3) we have o7, 4(f) < ompq(f) < 1.
(iii) If p = g > 2 and o7, (f) = 1, or p > g > 1, from (1.3), we have oy,,4(f) = our,(p.q(f)-
O

Proposition1.2 Letf(z) be a meromorphic function of |p, q)-order in A. Then the following
statements hold:

. —N —n
0) D>z 1, then Ty () =Ty ).
(i) Ifp=q=1, then XN(f) <3'() < P
(iii) pr q > 2, then )‘va] = )‘Lup] H= max{k[pp] (), 1}. Furthermore, we have
Fip) = Hy ) i 0 ) = 1 and if B () <1 e B (F) < ) < 1.

S 7t })

Proof Without loss of generality, assuming that £(0) # 0, by N(r, %) =/, Tf dt, we have

0

lr 2 n(t’f) 1 1+r 1
n(r’f) 10g1+ )/ dt < 10g(1+ N(T’f) (0<r<1),

. 1- 1- _ .
since log(1 + 5-) ~ - (r — 17), we obtain

lim
r—>1- ]()gq(E aE 10gq(IT

__log,7(r, }) log, N(5%7) __ o
im — 17 { 4 g (i }

By the above inequality, we obtain:
N -7 =N
(i) it p>q>1,thenap, ,(f) <Ay, ()
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s . —n _ﬁ
(iii) if p =g > 2, then )»;[qp’p] = max{i, (), 1}.
On the other hand, by

(1 raty) (1

N(f,f) Z/r‘o : dt+N<r0,j—()
<ﬁ<r l>lo (L)+]T]<r 1) (O<rg<r<l)
= ’f g o O)f 0 )

we can easily get Xﬁ,q] f) < Xﬁ[p,q] (f) (p = g = 1). Therefore, the conclusions of Proposi-
tion 1.2 hold. O

In recent years, Belaidi has investigated the growth of solutions of (1.1), (1.2) with ana-
lytic coefficients of [p, g]-order in the unit disc and obtained the following results.

Theorem A (see [13]) Letp > q > 1 be integers and H; be a set of complex numbers satisfy-
ingdensa{|z|:z € H € A} >0, and let Ay, Ay, ..., Ax_1 be analytic functions in A satisfying
max{ou,pq(4)) :j=1,....,k =1} < o [p,q(Ao) = 01. Suppose that there exists a real number
a1 satisfying 0 < oy < oy such that, for any given ¢ (0 < € < 01 — o1), we have

|Ao(2)| = e><pp+1{(CTI ) logq(l—;m) }

and

1
|A,(z)| < exppﬂ{al logq<1_—|z|) } (G=12,....,k-1),

as |z| — 17 for z € Hy. Then every solution f # 0 of (1.1) satisfies 0,4 (f) = Oa[p,q (f) = 00
and o(p41,9(f) = om,p+1,4(f) = Oap,g1(Ao) = 01.

Theorem B (see [15]) Letp > q > 1 be integers and H, be a set of complex numbers satisfy-
ingdensa{|z| :z € Hy C A} >0, and let Ay, Ay, ..., Ar_1 be analytic functions in A satisfying
max{o(q(4;):j=1,...,k =1} < 01p4(Ao) = 02. Suppose that there exists a real number p,
satisfying 0 < By < oy such that, for any given ¢ (0 < & < 03 — B1), we have

T(r,Ag) > expp{(@ ~¢) 1°gq(1—;|z|> }

and

1
T(r,Aj) < expp{ﬁl logq<1_—|z|) } (G=12,....,k-1),

as |z| — 17 for z € Hy. Then every solution f # 0 of (1.1) satisfies 0(p,q(f) = O [pq (f) = 00
and o(p,4)(Ao) < 0lps1,91(f) = oM 1, (f) < max{oap,q(4)) :j=0,1,...,k—1}. Furthermore,
if p > q, then 01p1,9)(f) = oM p+1,9(f) = O1pg) (Ao)-

Theorem C (see [13]) Suppose that the assumptions of Theorem A are satisfied, and let
F #£ 0 be an analytic function in A of [p, q)-order. Then the following two statements hold:
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(1) If o1ps1,q1(F) < Ot [p,q1(Ao), then every solution f of (1.2) satisfies
Apsrg(F) = Aping () = 0lpi1g1 (f) = Oap.q1(Ao) with at most one exceptional solution

Jo satisfying o1p.1,4(fo) < Oa,[p,g1(A0).
(ii) If opprr,q(F) > oa[p,q1(Ao), then every solution f of (1.2) satisfies 0(p.1,9(f) = Ops1,q (F).

From Theorems A-C, we obtain the following results.

Theorem 1.1 Let Hz be a complex set satisfying densa{|z| : z € H3 C A} > 0. IfAi(2) (j =
0,1,...,k — 1) are analytic functions in A satisfying max{ou,p,q(4,)j = 0,1,...,k -1} <03
(0 < 03 < 00), and if there exist two positive constants o, B2 (0 < By < ap) such that, for all
z € Hz and |z| — 17, we have

|Ao(2)| = expp{otz [logq1($>} }

and

|Aj(z)|§expp{,82|:logq1(11j>i| } G=1,....,k-1).

Then the following statements hold:

() Ifp = q =1, then every solution f(z) # 0 of (1.1) satisfies o(p1,4 () = Oa,p+1.91(f) = 03.
(ii) If2 <q=p+1andos >1, then every solution f(z) # 0 of (1.1) satisfies

O[p+1,p+1] (f) = OM,[p+1,p+1] (f) = 03.

Theorem 1.2 Let H, be a complex set satisfying densa{|z| : z € Hy € A} > 0. IfAi(2) (j =
0,1,...,k —1) are analytic functions in A satisfying max{oa,p,q(4))j = 0,1,...,k -1} <oy
(0 < 04 < 00), and there exist two positive constants as, Bs such that, for all z € Hy and
|z| = 17, we have

1l 00) = v, fo s, (1) |

and

T(r,A,»(z))fexppl{ﬂg[log‘”(%)} } (j=1,....,k-1).

Then the following statements hold:
() Ifp=q=>2and0 < B3 < as, then every solution f(z) # 0 of (1.1) satisfies
Olp+14q] (f) = OM,[p+l.q] (f) = 04.
(i) If3<qg=p+1,0<Bs<asand oy >1, then every solution f(z) # 0 of (L.1) satisfies
Ops1p+1)(f) = oM [ps1pen) (f) = 04
(iii) Ifp=1,q9=2,0<kBs <as and o, > 1, then every solution f(z) # 0 of (1.1) satisfies
01221(f) = oar 2,21 (f) = 04

Theorem 1.3 Let F(z) #0,A;(z) (j=0,1,...,k—1) be analytic functions in A. Suppose that
Hs, Aj(2) (j=0,1,...,k—1) satisfy the hypotheses in Theorem 1.1, then we have the following
statements:

Page 5 of 12
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() Let1<q <p, if ops1,q(F) > 03, then all solutions of (1.2) satisfy
O1p+1,g1(f) = Opir,q)(F); if 0(pe1,q) (F) < 03, then all solutions of (1.2) satisfy
XJZH’[]] (f) = )‘ﬁﬂyq] (f) = ops1,q1(f) = 03 with at most one exceptional solution f,
satisfying op.1,4(fo) < 03.

(ii) Let2 <g=p+1,03>1, if Op1ps1)(F) > 03, then all solutions of (1.2) satisfy
Olps1p+] (f) = Ope1,p+11(F); if O1ps1,p1)(F) < 03, then all solutions of (1.2) satisfy
X[Ap[+1,p+1] )= Agﬂ’pﬂ] (f) = Op+1,p+11(f) = 03, with at most one exceptional solution fy
satisfying o(p.1,p4+1)(fo) < 03.

Corollary 1.4 Let F(z) # 0, Aj(2) (j = 0,1,...,k — 1) be analytic functions in A. Suppose
that Hy, Aj(2) (j = 0,1,...,k — 1) satisfy the hypotheses in Theorem 1.2, then we have the
following statements:
(i) Let2 <q <p,0< B3 <az, if 0(p1,4)(F) > 04, then all solutions of (1.2) satisfy
Op+1,q1(f) = Olpsr,q1(F); if 01ps1,q) (F) < 04, then all solutions of (1.2) satisfy
Xgﬂ’q] (f) = Mpa1.0 () = o101 (f) = 04 with at most one exceptional solution f
satisfying oip.1,4(fo) < 0.

(ii) Let3<q=p+1,0< B3 <as, 04 > 1, if ops1,p1)(F) > 04, then all solutions of (1.2)
satisfy Olps1,p+1)(f) = Olpe1,p411(F); if Olpsrp1) (F) < 04, then all solutions of (1.2) satisfy
Xgu,pu] f) = )‘g+1,p+1] (f) = Ops1p1)(f) = 04 with at most one exceptional solution f,
satisfying oip.1,p11(fo) < 04.

(iii) Letp=1,q=2,0<kBs <as, 04 >1, if op2)(F) > 04, then all solutions of (1.2) satisfy
o12,21(f) = 012,21 (F); if 012,2)(F) < 04, then all solutions of (1.2) satisfy
X?;Z] (f) = A3.5(f) = 012,21 (f) = 04 with at most one exceptional solution fy satisfying

O’[gg](fo) < 04.

Remark 1.2 Ifaset E C [0,1) satisfies dens E > 0, then . % = +00.

2 Preliminary lemmas
Lemma 2.1 (see [10]) Let f(z) be a meromorphic function in A, and let k > 1 be an integer.
Then

m(f?) =S(r,f),

where S(r,f) = Oflog" T(r,f) + log(ﬁ)},possibly outside a set E; C [0,1) with fE1 % < 00.

Remark 2.1 Throughout this paper, we use E; C [0,1) to denote a set satisfying |, B % <
00, not always the same at each occurrence.

Lemma 2.2 (see [9]) Let k and j be integers satisfyingk >j> 0, and let ¢ >0 and d € (0,1).
Iff is a meromorphic function in A such that fV does not vanish identically, then

where s(|z]) =1 -d(1 - |z]).

FP(2)
f9(2)
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Lemma 2.3 (see [14]) Letl < q < p beintegers.IfAy(2), ..., Ax-1(z) are analytic functions of
(v, q-order in the unit disc. Then every solution f of (1.1) satisfies 0(p.1,4(f) = Or 1,4 () <
max{oM,[p,q] (A])|] =0,1,... ,k - 1}.

By a similar proof to Lemma 2.3, we have the following lemma.

Lemma 2.4 If Ao(2),...,Ax1(2) are analytic functions of [p,p + 1]-order in the unit
disc with max{om,pp+11(4))lj = 0,1,...,k — 1} < 00. Then every solution f of (11) satisfies
Ops1pe1)(f) < Oarpr1ps)(f) < max{ons,ppe1)(A))lj = 0,1,...,k -1}

Lemma 2.5 Let1<g<por2<g=p+1andf(z) be an analytic function in A satisfy-
ing 0 < opp,q(f) = 05 < 00 (0r 0 < O [p,q1(f) = 05 < 00), then there exists a set E; C [0,1)
dt

satisfying sz i = +00 such that, for all r € E5, we have

log,, T(r.f) " (lim logpﬂM(r,f) . )
= o = Y oos ).

Proof If 1 < g < p, by Definition 1.3, there exists a sequence {r,}o°; — 1~ satisfying 1 —
d(l1-r,) <rm (0<d<1)and

logp T(ru.f)

= log, (1)

=0pp,q(f) = 05.
Therefore there exists an n; (€ N) such that, for #n > »; and for any r € E; = U;ﬁnl [, 1 -

d(1 -r,)], we have

log, T'(r,f) - log, T'(ry,f) ~ log, T'(r.f)
log,(+55) ™ log,lignry]  logylgasy]

Hence

logp T(r.f) .

lim >05 (rek).
r—1- Iqu(ﬁ

Since o[y, (f) = 05, for any r € E;, we have

log, T(r.f)
L e (1Y) %
r—1 l()gq(E

where
o0 1-d(1-ry) dt 0 1
m;EZ:Z/ :ZZR)gE:‘FOO.
n=m ¥’ n=ny
. 1 M(r,
We also can prove lim,_,1- % = o5 (r € E,) by the above proof.
S

By the above proof, this lemma also holds for the case 2 <g=p +1. d

Lemma 2.6 Let Aj(z) (j=0,1,...,k — 1), F(z) # O be analytic functions in A. Then the
following statements hold:
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(i) Ifp=q=>1and f(2) is a solution of (1.2) satisfying

. =N
max{o(,q(A;), 0ppq(F)lj = 0,1,...,k =1} < o1 g1 (), then )\’[p,q] ) = )”ﬁ,q] (f) = o (f).
(ii) Iff(z) is a solution of (1.2) satisfying
m_ax{a[p,pﬂ] (A]), O[p,p+1] (F), 1|] =0,1,..., k- 1} < Olpp+1] (f)y then

N
Appif) = )‘ﬁwl] () = oppen (f)-

Proof (i) Suppose that f(z) # 0 is a solution of (1.2). By (1.2), we get

(k) (k-1)
1 :l(’fT +Ak_1ff +"'+A0>1 (2.1)

and it is easy to see that if f has a zero at zy of order « (« > k), and Ay, ..., A1 are analytic

at zg, then F must have a zero at zy of order « — k, hence

o) () +0)
N(r,}) < kﬁ(r,}) +N<r, ll_,) (2.2)

By Lemma 2.1 and (2.1), we have

and

1
m(r,%) < m(r, %) + Zm(r,Aj) + O{log+ T(r.f)+ log(i) } (r¢ E). (2.3)

~.

By (2.2)-(2.3), we get

T(r.f) = T(r, 1) +0(1)

f
k-1

< kﬁ(r, l) + T(r,F) + Z T(r,4))
s ran

1
+ O{log+ T(r.f) + 10g<1—) } (r ¢ Ey). (2.4)
-r
Since max{oyy,q(F), 0(p,q1(A)]j = 0,1,...,k =1} < 0,4 (f), by Lemma 2.5 and Definition 1.3,
there exists a set E3 with f £ % = +00 such that
T(r,F) T(r,4)) }
ax , -0 (r—1,reks,j=0,....,k-1). (2.5)
{ T(rf) T0rf) ( v/ )

By (2.4)-(2.5), for all |z| = r € E3 \ E;, we have
(1-o)T(r.f) < kﬁ(r,}) + O{log* T(r.f) + log(llj> },

—N —N
then we get 0y, (f) < 4, ,(f). Therefore A, , () = Ag)q] (f) = opp,q ().
(ii) By a similar proof to case (i), we can easily obtain the conclusion of case (ii). O
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Lemma 2.7 (see [17]) Let g:(0,1) = R and h: (0,1) — R be monotone increasing func-
tions such that g(r) < h(r) holds outside of an exceptional set E; C [0,1) with fEl % < 00.
Then there exists a constant d € (0,1) such that if s(r) =1 - d(1 — r), then g(r) < h(s(r)) for
all r € 10,1).

Lemma 2.8 (see [18]) Suppose that f(z) is meromorphic in A with f(0) = 0. Then

r

mir,f) < [1 . <p< L

)} T(Rf) + N(R.S), (2.6)

1+¢

whereO<r<R<1,<p(t):%10gg.

Lemma 2.9 Let f(z) be an analytic function of [p,ql-order in A. Then the following state-
ments hold:
() Ifp = q =1, then a1p,q)(f) = opq (f")-
(i) If3 <q=p+1, then opppa(f’) < max{op,p.(f),1} and
Opp+11(f) < max{op,p.a)(f),1}.
(iii) Ifp=1,q =2, then opy(f’) < max{op,(f), 1} and opz)(f) <1+ op(f').

Proof By Lemma 2.1, we have
/

T(r,f/) <2T(rf)+ m(r,f;) <3T(r,f) + O{log %} (0<r<l,ré¢E). (2.7)

By (2.7) and Lemma 2.7, it is easy to see 0[yq(f") < 0ppq(f) (p = g > 1) and oy (f) <
max{ofy,+11(f), 1}. On the other hand, set R = %, 0 <r<1, by Lemma 2.8, we have

T(r,f) < (3 +log f r)) T(lzi f/). 2.8)

By (2.8), we have, if p > g > 1, then 0,41 (f) < 0, (f') and if 3 < g = p +1, then oy .11 (f) <
max{o,+11(f’), 1}; and we can easily obtain the conclusion (iii) by (2.7) and (2.8). Therefore
Lemma 2.9 holds. O

3 Proofs of Theorems 1.1-1.3
Proof of Theorem 1.1 (i) Let Hs = {|z| : z € H3 € A}, since densa{|z| : z € H3 € A} > 0, then
dt

by Remark 1.2, Hs is a set of r with st i~ =+o0c.Forany |z| =r € H; and r — 17, we have

1 o
|A0(Z)| > expp{az |:10gq1 <m>i| }7

) o (3.1)
|Aj(z)| < expp{ﬂzl:logq_l<:>:| } (j=1,....,k-1).
If f £ 0, from (1.1), we get
A Ol g alz (3.2)
< [ _ — . .
[Ao| < + Akl 7 + +|1|f
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By Lemma 2.2, for |z| = r ¢ E;, we get

1\ j
< (E) . T(S(V),f)] (j:]_,...,k),

lf D(2)
f(2)

(3.3)

where M denotes a positive constant, not always the same at each occurrence. By (3.1)-
(3.3), for all z satisfying |z| =r € Hs \ E; and r — 17, we have

owfelpm ()]
<k- expp{ﬂz [1°gql<$)r} : (ﬁ)M S T(s).f)"

If p > g > 1, by (3.4), then 03 < 0[p41,4(f). On the other hand, by Lemma 2.3, we have

Ope1,q1(f) < max{ou,pq(A)lj = 0,1,...,k — 1} < 03. Therefore every solution f(z) # 0 of
(1.1) satisfies 07p11,41(f) = Oa,[ps1,4(F) = 03.

(3.4)

(i) If 2 < g =p + 1 and o3 > 1, by a similar proof to case (i), we obtain the conclusion

d
Proofof Theorem 1.2 (i) Let Hg = {|z| : z € Hy € A}, sincedensa{|z| : z € Hy € A} > 0, then
by Remark 1.2, Hg is a set of r with [, dt

1 = +oo. Forany |z| =r € Hg and r — 17, we have

1 o
roszon (2]}

. o (3.5)
T(r,Aj) <exp,, {,33 [logq1 (E)} } (j=1,...,k-1).

Iff #£ 0, from (1.1), we get

Y 19(z) f'(2)
-Ao(z) = e +-~-+Aj(z)f(z) +---+ Az @
then
k-1 k f(k)
T(r,Ag) < Z T(r,Aj) + Zm(r, T) +0(1). (3.6)
i=1 j=1

By Lemma 2.1 and (3.6), there exists a set E; C [0,1) with fEl % < 00 such that, for all z
satisfying |z| = r ¢ E;, we have

k-1

T(r,A0) < ) T(r,A)) + O{log+ Tinf)+log <$) }

i=1

(3.7)

By (3.5), (3.7), for |z| =r € Hg \ E; and r — 17, we have

1 \]™
ool ()]
< (k_l).expp_l[ﬁg[logq_l(iﬂ } + O[log+ T(r,f) +10g($)}.
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If p>q>2and0 < B3 < a3, then every solution f(z) # 0 of (1.1) satisfies 04 < O[p1,9(f) =
oM, p+1,q)(f). On the other hand, by Lemma 2.3, all solutions of (1.1) satisfy op.1,4(f) =
oM p+1q(f) < max{oapq(A4))j = 0,1,...,k — 1} < 04. Therefore every solution f(z) # 0
of (1.1) satisfies 071, (f) = 04.

(ii)-(iii) By a similar proof to case (i), we obtain the conclusions of (ii)-(iii). O

Proofof Theorem 1.3 (i) For1 < g < p,assume that f is a solution of (1.2), by the elementary
theory of differential equations, thus all the solutions of (1.2) have the form

f=f"+CAa+Cfa+--+ Cifr

where Cy, ..., Cy are complex constants, fi, ..., f is a solution base of (1.1), f* is a solution
of (1.2) and has the form

S*=Difi + Dofy + - + Dif, (3.8)

where Dy, ..., Dy are certain analytic functions in A satisfying

D/ =F-Gilfirecrf) Wk nfi)" (G=L..0sk), (3.9)

where Gj(fi,...,fi) are differential polynomials in f,...,fr and their derivative with con-
stant coefficients, and W(fi,...,fr) is the Wronskian of f;, ..., fx.

If 07p11,4(F) > 03, by Lemma 2.3, Lemma 2.9, and (3.8)-(3.9), we find that all solutions of
(1.2) satisfy

Olp+1,q] (f) < max{a[p+l,q](]§)» Olp+1,4] (F) |] =1,... ;k} = max{ag, Olp+l,q] (F)} < Olp+1,4] (F)

On the other hand, by a simple order comparison from (1.2), we see that all solutions of
(1.2) satisfy 07p41,4(f) = 07ps1,4(F). Therefore all solutions of (1.2) satisfy

Olp+l,q) (f) = Olp+1,q] (F)

If 0(p+1,4/(F) < 03, by the above proof in (3.8)-(3.9), we can find that all solutions of (1.2)
satisfy 07p.1,4)(f) < 03. We affirm that (1.2) can only possess at most one exceptional solu-
tion fj satisfying oy.1,4(fo) < o3. In fact, if £; is another solution satisfying oy,.1,4(fi) < 03,
then oyp.1,4(fo — fi) < 03. But fo — f; is a solution of (1.1) and satisfies oyy.1,4(fo —fi) = 03 by
Theorem 1.1(i), this is a contradiction. Then oy,.1,4(f) = 03 holds for all solutions of (1.2)
with at most one exceptional solution f; satisfying oyy.1,4(fo) < 03. By Lemma 2.6(i), we get

—N
)\'uﬂ+l,q] (f) = )‘gﬂ,q] (f) = O[p+l,q) (f)

holds for all solutions satisfying oy,.14(f) = 03 with at most one exceptional solution f;
satisfying o(y.1,4(fo) < 03.

(ii) For 2 < g =p+1, 03 > 1, by a similar proof to case (i), we draw the conclusions of
case (ii). O
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