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Abstract

In this paper, based on the theory of calculus on time scales, by using a multiple fixed
point theorem in cones, some criteria are established for the existence and
multiplicity of positive periodic solutions in shifts 8+ for an impulsive functional
dynamic equation on time scales of the following form:

A1) = —alt)x(t) + bf(txg®), t#t, teT, x(t/.*) = x(tj’) + ix(t), where T C R be a
periodic time scale in shifts 8+ with period P € [ty, oo)r and tg € T is nonnegative and
fixed. Finally, some numerical examples are presented to illustrate the feasibility and
effectiveness of the results.
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1 Introduction

The time scales approach unifies differential, difference, /-difference, and g-differences
equations and more under dynamic equations on time scales. The theory of dynamic equa-
tions on time scales was introduced by Hilger in his PhD thesis in 1988 [1]. The existence
problem of periodic solutions is an important topic in qualitative analysis of functional
dynamic equations. Up to now, there are only a few results concerning periodic solutions
of dynamic equations on time scales; see, for example, [2, 3]. In these papers, authors con-
sidered the existence of periodic solutions for dynamic equations on time scales satisfying
the condition ‘there exists a @ > 0 such that t £ w € T, V¢ € T’ Under this condition all pe-
riodic time scales are unbounded above and below. However, there are many time scales
such as q_Z ={q" :n e Z}U {0} and VN = {</n: n € N} which do not satisfy the condition.
Advar and Raffoul introduced a new periodicity concept on time scales which does not
oblige the time scale to be closed under the operation ¢ & w for a fixed w > 0. They defined
a new periodicity concept with the aid of shift operators §1. which are first defined in [4]
and then generalized in [5].

Recently, based on a fixed point theorem in cones, Cetin et al. studied the existence of
positive periodic solutions in shifts §1 for some nonlinear first-order functional dynamic
equation on time scales; see [6, 7].

However, to the best of our knowledge, there are few papers published on the existence
of positive periodic solutions in shifts 8. for a functional dynamic equation with impulses.
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As we know, impulsive functional dynamic equation on time scales plays an important role
in applications; see, for example, [8, 9].
Motivated by the above, in the present paper, we consider the following system:

{xA(t) = —a(t)x(t) + b(O)f (t,x(g(0), t#4,teT, )

#(t) = 2(6) + [(x(5),

where T C R be a periodic time scale in shifts §1 with period P € [¢y,00)r and £y € T is
nonnegative and fixed; 4,b € C(T, (0, 00)) are A-periodic in shifts 5, with period w and
—a € R*;f e C(T x(0,00),(0,00)) is periodic in shifts 5 with period @ with respect to the
first variable; g € C(T, T) is periodic in shifts § 1 with period w; x(tj*) and x(tj’) represent the
right and the left limit of x() in the sense of time scales, in addition, if #; is right-scattered,
then x(tj") = x(t;), whereas, if #; is left-scattered, then x(tj’) = x(t); 1; € C((0,00), [0, 00)),
j € Z. Assume that there exists a positive constant g such that t;,, = §Y(t), li.q = I, j € Z.
For each interval I of R, we denote It = 1N T, without loss of generality, set [ty, §¢ (£9))y N
{t,jeZ) ={t,ta,..., 1}

The main purpose of this paper is to establish some sufficient conditions for the exis-
tence of at least three positive periodic solutions in shifts 5, of system (1.1) using a multiple
fixed point theorem (Avery-Peterson fixed point theorem) in cones.

The organization of this paper is as follows. In Section 2, we introduce some notations
and definitions and state some preliminary results needed in later sections; then we give
the Green’s function of system (1.1), which plays an important role in this paper. In Sec-
tion 3, we establish our main results for positive periodic solutions in shifts §;. by applying
Avery-Peterson fixed point theorem. In Section 4, some numerical examples are presented
to illustrate that our results are feasible and more general.

2 Preliminaries
Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators g, p : T — T and the graininess i : T — R* are defined, respectively, by

o(t)=inf{se T:s>t}, p)=sup{seT:s<t} and wu(t)=0o(t)-t.

A point t € T is called left-dense if £ > inf T and p(t) = ¢, left-scattered if p(¢) < ¢, right-
dense if £ < sup T and o (¢) = ¢, and right-scattered if o (¢) > £. If T has a left-scattered max-
imum m, then T* = T\ {m}; otherwise Tk =T.If T has a right-scattered minimum m, then
Ty = T\{m}; otherwise Ty = T.

A function f : T — R is right-dense continuous provided it is continuous at right-dense
point in T and its left-side limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be a continuous function
on T. The set of continuous functions f : T — R will be denoted by C(T) = C(T, R).

For the basic theories of calculus on time scales, see [10].

A function p: T — R is called regressive provided 1 + u(£)p(t) # 0 for all £ € T*. The set
of all regressive and rd-continuous functions p : T — R will be denoted by R = R(T, R).
Define theset R* = R*(T,R) ={p e R:1+ u(t)p(t) > 0,Vt € T}.

If r is a regressive function, then the generalized exponential function e, is defined by

e (t,s) = exp{/ S,L(r)(r(t))Ar}
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for all s,¢ € T, with the cylinder transformation

Log(1+hz) ifh 0,
G-{ ¢ 1M
z ifh=0.

Let p,q: T — R be two regressive functions, define

_»p
1+up’

p®q=p+q+upq,  Op= PO q=p®(Sq).
Lemma 2.1 [10] Assume that p,q: T — R be two regressive functions, then
(1) eolt,s) =1landey(t,t) =1;
(i) ep(o(®)5) = (L+ wOp(E)e(t,5);
(iil) ey(t,s) = ﬁ =egp(s,t);
(iv) ey(t,s)ey(s,r) = ey(t,1);
)

) (esp(t,5))™ = (Op)(t)egy(t,s).

The following definitions and lemmas about the shift operators and the new periodicity
concept for time scales can be found in [7, 11].

Let T* be a nonempty subset of the time scale T and £, € T* be a fixed number, define
operators 3 : [ty,00) x T* — T*. The operators 8, and §_ associated with £, € T* (called
the initial point) are said to be forward and backward shift operators on the set T*, re-
spectively. The variable s € ¢y, 00)y in §1.(s, ¢) is called the shift size. The values 8, (s, t) and
8_(s,2) in T* indicate s units translation of the term ¢ € T* to the right and left, respectively.
The sets

Dy := {(s, t) € [to,00) x T* : 8+(s,t) € T*}

are the domains of the shift operator ., respectively. Hereafter, T* is the largest subset of
the time scale T such that the shift operators 84 : [£y, 00) x T* — T* exist.

Definition 2.1 (Periodicity in shifts é1 [11]) Let T be a time scale with the shift operators
8+ associated with the initial point £y € T*. The time scale T is said to be periodic in shifts
34 if there exists p € (¢y, 00)1+ such that (p, t) € Dy for all £ € T*. Furthermore, if

P:=inf{p € (ty,00)1+ : (p,£) € 81, Vt € T*} # £,
then P is called the period of the time scale T.

Definition 2.2 (Periodic function in shifts . [11]) Let T be a time scale that is periodic in
shifts 8+ with the period P. We say that a real-valued function f defined on T* is periodic in
shifts &4 if there exists @ € [P, 00)p+ such that (w,£) € Dy and f(5$(2)) = f(¢) for all £ € T*,
where §9 := §1(w,t). The smallest number w € [P, 00)p+ is called the period of f.

Definition 2.3 (A-periodic function in shifts §1 [11]) Let T be a time scale that is peri-
odic in shifts 81 with the period P. We say that a real-valued function f defined on T* is
A-periodic in shifts . if there exists @ € [P, 00)p« such that (w, t) € D4 for all £ € T*, the
shifts 82 are A-differentiable with rd-continuous derivatives and f(5%(¢))8£(¢) = f(¢) for
all t € T*, where 6 := 64 (w, t). The smallest number w € [P, 00)y« is called the period of f.
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Lemma 2.2 [11] §(0(¢)) = 0(82(¢)) and §°(o (t)) = 0 (8°(¢)) for all t € T*.

Lemma 2.3 [7] Let T be a time scale that is periodic in shifts 5+ with the period P. Suppose
that the shifts 8 are A-differentiable on t € T* where w € [P, 00)r+ and p € R is A-periodic
in shifts 6+ with the period w. Then

(1) ep(82(2),8%(t0)) = ey(t, to) for t,tp € T;

(ii) e, (85(t), 0 (8%(s))) = ep(t, 0 (s)) = %ﬁ)r t,seT*.

Lemma 2.4 [11] Let T be a time scale that is periodic in shifts 8+ with the period P, and let f
be a A-periodic function in shifts §1 with the period w € [P, 00)ps«. Suppose that f € Cyq(T),
then

Lemma 2.5 [10] Suppose that r is regressive and f : T — R is rd-continuous. Let ty € T,

yo € R, then the unique solution of the initial value problem

A=r(t)y +£(2), ¥(to) = ¥o

is given by

y(2) = ex(t, t0)y0 +/ e,(t,a(t))f(f)At.

to

Define

PC(T) = {x :T— R *l (g, € C(, 1), Elx(tj_) =x(t),x (t;’) je€ Z}

Set
X= {x:x € PC('JI“),x((S‘f(t)) = x(t)}
with the norm ||x[| = sup,c; 5o (), 1¥(2)], then X is a Banach space.

Lemma 2.6 x(t) € X is an w-periodic solution in shifts 8+ of system (1.1) if and only if x(t)
is an w-periodic solution in shifts 8+ of

59()
x(¢) :/ G(t,s)b(s)f(s,x(g(s)))As+ Z G(t, t)e_ﬂ(o(t) t) (x(t )) (2.1)

jitiElt, 3¢ ()1

where

e_a(t,0(s))

Glts) = e_a(to,09(to) —1°

Proof If x() is an w-periodic solution in shifts 5+ of system (1.1). For any ¢ € T, there exists
j € Z such that ¢ is the first impulsive point after ¢. By using Lemma 2.5, for s € [¢, ¢]T, we
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have

x(s) = e_,(s, t)x(t) +/ e_a(s,o(@))b(@)f(@,x(g(@)))AG

t

then
x(t)) = e_q(tj, £)x(t) + / je_a(tj,o(@))b(@)f(@,x(g(@)))A@. (2.2)

Again using Lemma 2.5 and (2.2), for s € (¢, £j,1], then
x(s) = e_4(s, tj)x(tj*) +/ e_a(s,0(0))b(O)f (0,%(g(6))) A0

5

= e_q(s, t)x(t) + / e_, (s,a(9))b(6‘)f(0,x(g((9)))A9 +e_y(s, t,»)lj(x(t,»))

J

=e_,(s,t)x(t) + / e_, (s,G(O))b(@)f(@,x(g(Q)))AG + e_ﬂ(s,q)lj(x(tj)).

Repeating the above process for s € [t,8¢ ()], we have

x(s):e_a(s,t)x(t)+‘/. e_a(s,o(@))b(e)f(G,x(g(G)))AG+ Z e_q(s, )l (x(t))

¢ Jtelts)T

Let s = §7(¢) in the above equality, we have

89 ()
2(82(2)) = e_a(87(2), t)(t) + / e-a(82(1),0(6))b(O)f (6, %(g(9))) AB
bD ea(870,5)h ().

jitielt,89 ()

Noticing that x(8(¢)) = x(£), e_a(t,89(2)) = e_a(t0,85 (tp)), by Lemma 2.1, then x satisfies
(2.1).

Let x be an w-periodic solution in shifts 81 of (2.1). If £ # ¢;, i € Z, then by (2.1) and
Lemma 2.2, we have

x2(t) = —a(t)x(t) + G(o (£), 82 (1)) b(82(£)) 82 (£)f (8°(£), »(g(5(D))))
- G(o (1), t)b(t)f (£,%(g(2)))
= —a(tpx(t) + b()f (1, (¢(0))).

Ift = ¢;, i € Z, then by (2.1), we have

M) -x(t) = Y Gltnte-a(o ), 4)](x(5)

jitie 2 ,éf(tl.*)).ﬂ.
- Y Gltatea(o (), ) 1(x(t))
jitielt; ,51“(:7))T

= G(t87(8)e-a(0 (57(6), 626 1 (x(52(2))
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- Gt t1)e_a (o (t), ;) i (x(t;))
=1 (x(tl))

So, x is an w-periodic solution in shifts §1. of system (1.1). This completes the proof. [

It is easy to verify that the Green’s function G(¢, s) satisfies the property

0< <

§ o
< G(t,s) < PET Vs € [£,87(8)] (2.3)
where & = e_,(ty,8%(ty)). By Lemma 2.3, we have
G(87(2),87(s)) = G(t,s), VteT*se[t,87()]. (2.4)

In order to obtain the existence of periodic solutions in shifts §1. of system (1.1), we need
the following concepts and Avery-Peterson fixed point theorem.

Let X be a Banach space and K be a cone in X, define K, = {x € K | ||x|| < r}. A map
«a is said to be a nonnegative continuous concave functional on K if « : K — [0, +00) is

continuous and
a()»x +(1- A)y) > a(x) + (1-2)a(y) forallx,ye K,0<A<1.

Let y and @ be nonnegative continuous convex functionals on K, o be a nonnegative
continuous concave functional on K, and ¥ be a nonnegative continuous functional on K.

Then for positive real numbers 4, b, ¢, and d, we define the following convex sets:

K(y,d)= {xeK | v (x) <d},
K(y,a,b,d)={x e K| b<a),yx) <d},

K(y,0,a,b,¢c,d) = {x e K| b < a(x),0(x) <c,y(x) <d},

and a closed set R(y, ¥,a,d)={x € K |a < ¥ (x),y(x) <d}.

Lemma 2.7 (Avery-Peterson fixed point theorem [12]) Let y and 6 be nonnegative con-
tinuous convex functionals on K, o be a nonnegative continuous concave functional on K,
and ¢ be a nonnegative continuous functional on K satisfying ¥ (px) < pyr(x) for0 < p <1,

such that for some positive numbers E and d,

alx) <y x) and (x| <Ey(x) (2.5)

forallx € K(y,d). Suppose H : K(y,d) — K(y,d) is completely continuous and there exist

positive numbers a, b, and ¢ with a < b such that:
(1) xeK(y,0,a,b,¢,d) | a(x) > b} #0 and a(Hx) > b for x € K(y,0,a,b,¢,d),
(2) a(Hx) > b, forx € K(y,w,b,d) with 0(Hx) > c,
(3) 0ER(y,V¥,a,d) and Y (Hx) < a for x € R(y, ¥, a,d) with ¥ (x) = a.
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Then H has at least three fixed points x;,%;,x3 € K(y,d) such that

y(x:) <d fori=1,2,3, b <a(x),

a<y(xy), witha(x)<b and Y(x3)<a.

Define K, a cone in X, by
1
K= {x e X :x(t) > gllxll,Vt € [to,a‘f(to)]T} (2.6)

and an operator H : K — X by

598
(Hx)(t) :/ G(t,s)b(s)f(s,x(g(s)))As
+ Y Gl he (o) b)L(x(E)). (2.7)

jit;€ (662 (0) 7

For convenience, we denote

89 (to)
A":=  sup al(?), B*:= sup  b(¢), B:= / b(s)As.
£

te[to,8% (to))T te[to,8% (to)) T 0

In the following, we shall give some lemmas concerning K and H defined by (2.6) and

(2.7), respectively.
Lemma 2.8 H: K — K is well defined.

Proof For any x € K, it is clear that Hx € PC(T). In view of (2.7), by Lemma 2.4 and (2.4),

for t € T, we have

8L L)
(Hax) (82/()) = / by GOVO-BEN (5x(e6)) As
. 3 G(82(8), t)e—a(o (), ;) (x(5)))
Ji€[89 ()69 (8% ()T

3¢ ()
- [ 60620,556)b(629)95 6 (629 (e (5216)) As

Y G800, 870 e-a(o (67 (10)), 67 (10 Ik (x(52(21)))

kit et,89 ()
59(t)
= / G(t,s)b(s)f(s,x(g(s)))As
+ Z G(t tr)e—a (o (&) tic) I (x(8))

kitye[t,69 ()

= (Hx)(),

that is, Hx € X.

Page 7 of 15
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Furthermore, for any x € K, V¢ € [to, ¢ (to)]T, we have

8¢ (t)

(Hx)(0) > g% bloY (51(2(9)) s+ = Zl (x())

to

89 (to)
= é{%/ b(s)f(s, (g As+ ZI i|

—_

= 1 Hxll,

o

that is, Hx € K. This completes the proof. d
Lemma 2.9 H:K — K is completely continuous.

Proof Firstly, we show that H is continuous. Because of the continuity of f and I}, j € Z,
for any v > 0 and ¢ > 0, there exists §y > 0 such that

{9, ¥ € C(T,(0,00)), llgll < v, ¥l < v, llp =¥l <8}

imply

If (s, (g()) = f (s, ¥ (g(9))) | < (52;;)8

and

-1
() - L) < (Ezgq)g, jer.

Therefore, if x,y, € K with ||x|| < v, |yl < v, |lx -y < 8o, then

|(Fx)(2) - (Hy)(0)|

=<

8¢(0)
/ G(t,)b(s)f (s,%(g(s))) As+ >~ Gt te_a(o (), 1)L (x()

jitj€ [685 )1

0]
- / G(t,)b(s)f (5(g()As— Y Gt.teu(o ). 5)L(x(8))

j:tje[t,Sﬂf(t))T
£ 598
< / b(s)|f (5,(g(s))) —£ (5:3(g(s))) | As

S q
5— Z (x@)) - L))

£ < (S -De (§ —1)8)
< B +q
2¢B 28q

which yields || Hx — Hy|| = sup,c; 5o (o)) |(H%)(£) — (Hy)(2)| < ¢, that is, H is continuous.
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Next, we show that H maps any bounded sets in K into relatively compact sets. We first
prove that f maps bounded sets into bounded sets. Indeed, let ¢ = 1, for any v > 0, there
exists 8o > 0 such that {x,y € K, [lx]| < v, lyll < v, lx =yl < 0,5 € [£,8% (to)]I} imply

If (5:%(g(5))) = £ (5,7(g(s))) | <1
and

5(x()) - L) <1, jeZ

Choose a positive integer N such that & < 8. Let x € K and define x*(-) = %, k =

0,1,2,...,N.If ||x|| < v, then

)k k-1 1
[t = sup | ZOESD) gL,
relto 9 orl N N N™N

Thus

[f (5,4 (¢(5))) £ (557 (¢())) | < 1
for all s € [to, 8 (to)]r, and

5 @) - (@) <1, ez,

and these yield

= 31644 €09) £ (6 47 (e)] +£(5.0)

<N+ sup f(s5,0)==W (2.8)

s&[t,8¢ (to)]T
and
L(x()) = L") Z\f (@) - L) ] + 10)
<N+ max L0)=U, jeZ. (2.9)
<j<q
It follows from (2.7), (2.8), and (2.9) that for ¢ € [ty, 6 (to)]T,

Hx|l = sup  (Hx)(2)

telto, 89 (to)lT

& 8¢ (to) q
= Sj (/ b(s)f(s,x(g(s)))As + Zlf(x(tl)))

Jj=1

<
£-1

Page 9 of 15
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Furthermore, for ¢ € T, we have
(Hx)™(t) = —a(t)(Hx)(t) + bo)f (£,x(g(1)))
and

[H)*@)| = sup  |-a(®)(Hx)(®) + b(e)f (£,%(g(2)))| < A“D + B*W.

telto, 89 (to)lT

To sum up, {Hx : x € K, ||x|| < v} is a family of uniformly bounded and equicontinuous
functionals on [£y, 8¢ (to)] 1. By a theorem of Arzela-Ascoli, the functional H is completely
continuous. This completes the proof. 0

3 Main result

Now, we fix n,! € [£y,89(fo)]T, n < [, and let the nonnegative continuous concave func-
tional ¢, the nonnegative continuous convex functionals 6, y, and the nonnegative con-
tinuous functional ¢ be defined on the cone K by

a(x) = 1[n§] x(t), Yx)=0(x)= sup  x(2),
telnllT

telto, 8¢ (to)lT

(3.1)
y@) = sup (Px)(1),
te[to,8% (to)lT
respectively, where (®x)(t) = /¥ h(t,s)x(s) As, h(t,s) € C(T? (0, 00)).
The functionals defined above satisfy the following relations:
alx) <yY(x)=0(x), VxeKk. (3.2)

Lemma 3.1 For x € K, there exists a constant E > 0 such that

sup  x(£)<E sup (Dx)(t).

te[to,8% (o)l t€[to,8% (to)lT
Proof For x € K, we have

8¢ (o)
sup  (Dx)(¢) = sup / h(t,s)x(s)As

telto, 89 (to)lT telto,8¢ (to)lT Y to

8¢ (to)
el sup f I(t,5)As

telto, 8¢ (to)lT Y to

sup  x(2),
telto, 89 (to)lT
5
£

where L := Sup,(so 50001 J; Y) (1, 5) As. Setting E := 5. This completes the proof. O

0

Moreover, for each x € K,

b~ o

= sup  x(f) <
telto, 89 (to)lT

sup  (Pw)(¢) = Ey (), (3.3)

te(t0,8¢ (to)IT

and ¥ (px) = p¥(x), Vo € [0,1], for all x € K. It follows from (3.2) and (3.3) that condition
(2.5) in Lemma 2.7 is satisfied.
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For convenience in the following discussion, we introduce the following notations:

q q q

M= max I; M = max I I = min Li(u).

U o<u<kd 1), 2 7 0<u<a (), b=u=be 4= ()
j=1 j=1 j=

To present our main result, we assume that there exist constants a,b,d > 0 with a < b <
bt < '% such that:

(S1) f(t,u) < €-bd 3 for 0 <u<Edte [t (t)]m;
£BL
(Sy) flt,u)> &R — ,brbSLtsb&tE[mﬂm
B %
(Ss) fltou) < &2 _ 5 for 0 <u<a,t et 8°(t)]r.
£B B +

Theorem 3.1 Under assumptions (S1)-(S3), system (1.1) has at least three positive w-
periodic solutions x1, x,, and x3 in shifts 51 satisfying

sup  (Dx)(t) <d, i=1,2,3, b< inf  x.(2),

telto,82 (o)l te(to,8¢ (to)lT
a< sup  x(t), with 1nf x(8) < b and sup  x3(t) <a.
t€[t0,89 (o)l telndir telto,8% (to)lT

Proof For x € K(y,d), then x € K and y (x) = sup,(y, st (P*)(£) < d. From Lemma 3.1,
to) ¥(8) < Ed, that is, 0 < x(¢) < Ed, for ¢t € [ty,5¢(to)]r. Then, by

Lemma 2.8 and assumption (S,), for x € K(y,d), we have Hx € K, and

we have sup,, so(

89(t)
(Hx)(¢) =/ G(t, )b(s)f (s,x(g(s))) As
Y Gl e (o) ) L(x())

jitje 6,85 ()1

/6 " b(s)f (s,%(g(s))) As+ Zz

=< E 1
RN
§ EBL B £-1"1
d
=
then
y(Hx)(t) =  sup  D(Hx)(¢)

te(t0,8¢ (to)lT

59 (to)
= sup / h(t,s)(Hx)(s)As

te(t0,8¢ (to)lT Y to

T d
< sup {/ h(t,s)As} - =
telto 6% (to) )7 L

=d.

Therefore, H : K(y,d) — K(y,d).
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To check condition (1) in Lemma 2.7, we take x = b&. It is easy to verify that x €
K(y,0,0,b,b&,d), and a(x) = bE > b, and so {x € K(y,0,a,b,bE,d) | a(x) > b} # .
For x € K(y,0,w, b, b&,d), we have

inf x(t) > b, sup  x(f) < bE, sup  (Dx)(¢) <d,

telndly t€[t0.,8% (o)l t€[t0,8% (o)l

that is, b < x(t) < b&, 0 < (®Px)(¢t) < d, for t € [n,{]T.
Then, by assumption (S,), we have

0]
a(Hx)(t) = inf {f G(,9)b(s)f (s,%(g(s))) As

teln,dr

oy G@qkﬁxa@%@ﬁKﬂéﬂ}

j:t,e[t,af(t))T

v

59 ()
inf {/ G(t,8)b(s)f (s, x5) As
to)lt | J¢

telto, 8¢ (

F Y G|

j:t/e[t,zS’f(t))T

1 8¢ (to) ) 1 Z
P — : As+ —— S L(x(t;
s | e ase Y 5(et)

to

B (@—nb m) 1
> )+ —1
-1\ B B) £-1
=b

’

that is, a(Hx) > b for all x € K(y, 0, «, b, b€, d). This shows that condition (1) in Lemma 2.7
is satisfied.

Secondly, by (3.1) and the cone K we defined in (2.6), we can get a(Hx) > %9(Hx) >
%(b&) = b for all x € K(y,«a,b,d) with 0(Hx) > b&. Thus condition (2) in Lemma 2.7 is
satisfied.

Finally, we show that condition (3) in Lemma 2.7 also holds. Clearly, as ¥/(0) =0 < a,
we have 0 € R(y, ¥, a, d). Suppose that x € R(y, ¥, a, d) with ¥ (x) = a, this implies that for
t € [to,8%(to)]T, there is SUP;e(y 52 (to)Ir x(t) = a, SuPte[zo,sf(to)]T(d)x)(t) <d. Hence,

0<ux(t) <a, 0<(dx)(t)<d forte [to,(S‘f(to)]T.

By assumption (S3), we have

Y(Hx) =  sup  (Hx)()
telto, 8¢ (to)lT
G ¢ ¢
< —— | bl (sx(e9))As + —— Y L(x(5))
£-1 §-143
<£<<s—1>a_£)+i,§4
-1\ &B B £-1
=da.

So, condition (3) in Lemma 2.7 is satisfied.
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To sum up, all conditions in Lemma 2.7 are satisfied. Hence, H has at least three fixed
points, that is, system (1.1) has at least three positive w-periodic solutions in shifts 8. This

completes the proof. 0

4 Numerical examples
Consider the following system with impulses:

x2(t) = —a(t)x(t) + b(e)f (6, x(g(t))), t#t,teT,

(4.1)
#(t)) = 2() + [ (x(5).

Example1 Let

| sinmt| x

—_— + 5, x <5,
a(t)=05,  b(t)=1-05sin2rt,  f(t,a)=q 5> 10 =

10+ 15+5|§inﬂt\ » X>5,

I(x(t)) = 0.01]sin(x(2)))

, j=12,...,10,
in system (4.1), then
w=1; M e [0,0.1].
Casel:Let T =R, ¢y = 0, then 6(¢) = ¢ + 1. It is easy to verify a(¢), b(t), f (¢, %) satisfy
a(89())82°(0) = a(t), b(82(£))82(t) = b(2), F(89(0),x) =f(t,%), VteT,

and —a € R*.
By a direct calculation, we can get
1

=1
0

1
cos2mt
£ =¢e% =1.6487, B= f (1-0.5sin27t) At = (t + T )
0

4

Choosea =5,b=10,L =1, d = 50, then
f(t,x) <10 +5.4957 =15.4957 < 19.6735 — I{V[ for x € [0,82.4361],
10
ft,x)>10 + % =10.5>6.4872 -I" for x € [10,16.4872],
1 5 Y
ft,x) < = + 0 0.7<1.9673 -1, forx € [0,5].

According to Theorem 3.1, when T = R, for system (4.1) there exist at least three positive
periodic solutions X1, X3, X3 in shifts 1 with period w =1, and

sup  A3(t) <5< sup  x(p), inf X,(¢) <10 < inf  x(2).
telt0,8% (o)) telto. 8 (to)lr teln telto,5% (to) Iy

Casell: Let T = Z, tp = 0, then §9(¢) = ¢ + 1. It is easy to verify a(t), b(t), f (¢, x) satisty
a(87(0))52°(6) =a®),  b(87(®)82 @) =b(t),  f(87(t),x) =f(t,x), VreT*,

and —a € R*.
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By a direct calculation, we can get
1
-1 . : 1
£=(05"=2, B= /0 (1-0.5sin2nwt)At = (¢ — 0.5¢sin27t)]; = 1.
Choosea=5,b=10, L =1, d =30, then
fltx) <10 +4=14<15- " for x € [0,60],
10 .
f(t,x)>10+% =10.5>10-I" forx € [10,20],

1 5
ft,x) < z + 0°- 0.7<25 —Ié” for x € [0,5].

According to Theorem 3.1, when T = Z, for system (4.1) there exist at least three positive

periodic solutions X1, X3, X3 in shifts . with period w =1, and

sup  x3(t) <5<  sup  x(f), inf X,(¢) <10 < inf  x(8).
telto,69 (o)) telto,62 (to)l teln i telto 67 (to)lr

Example 2 Let

|'sin Z¢|
1 1 -4 X, x <5,
d(t) =, b(t) = ’ f(tyx) = 5 ;0 B
5t b()t 12 + m, x>5,

Ii(x(z)) = 0.01[sin(x(5))|, j=1,2,...,10,

in system (4.1), where by = ff %At, then
w=4; ML I"el0,0.1].
Let T =2No, ¢, =1, then 8¢(t) = 4t. It is easy to verify a(t), b(t), f(t, x) satisfy
a(6°0)85°(t) = alt),  B(UO)SWO =b),  f(5°(6)%) =f(6x), VEeT,

and —a € R*.

By a direct calculation, we can get

t 4]
£= ]‘[(ui):z.osga B:/1 @Atzl.

tel14) -
Choosea=5,b=10,L =1,d =50, then
F(t,x) <12+ 6.9444 = 18.9444 <26 - I for x € [0,104.1667],
flt,x)>12 + % =12.5>10.8333 - I" for «x € [10,20.8333],

1 5
ftx) < z + 0 0.7<2.6 —Ié” for x € [0,5].
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According to Theorem 3.1, when T = 210, for system (4.1) there exist at least three pos-

itive periodic solutions X1, ¥, 3 in shifts 8 with period @ = 4, and

sup  x3(t) <5< sup X (p), inf x,(¢) <10 < inf  %(¢).
telto 89 (t0)] T telto 82 (to)]r te[n telto,8% (to)lT
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