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Abstract
In this paper, we investigate Borel exceptional values of meromorphic solutions of
Painlevé III difference equations. In particular, let w be a transcendental meromorphic
solution of ww(w – 1) = η(w – λ) with finite order, where η ( �= 0), λ ( �= 0, 1) are
constants. If a, b are two Borel exceptional values of w, then a + b = 1 + η and
ab = λ = η2.
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1 Introduction
Let w be a meromorphic function in the complex plane. The z-dependence is supposed
by writing w ≡ w(z + ) and w ≡ w(z – ). We assume the reader is familiar with the stan-
dard notation and results of Nevanlinna value distribution theory (see, e.g., [–]). ρ(w),
λ(w), and λ(/w) denote the order, the exponents of convergence of zeros and poles of w,
respectively. We also denote by S(r,w) any quantity satisfying S(r,w) = o(T(r,w)) for all r
outside of a set with finite logarithmic measure.
Meromorphic solutions of complex difference equations have become a subject of great

interest recently [–], due to applications of value distribution theory to difference ex-
pressions [–]. In particular, Halburd and Korhonen [] studied the difference equa-
tion

w +w = R(z,w), (.)

where R is rational inw andmeromorphic in z with slow growth coefficients. They proved
that if (.) has an admissiblemeromorphic solution of finite order, then eitherw satisfies a
difference Riccati equation or (.) can be transformed into eight simple difference equa-
tions. These simple difference equations include Painlevé I, II difference equations and
linear difference equations. Some of these, restricting the coefficients to be constants, are
studied by Chen and Shon [], leading to the following.

Theorem A If w is a transcendental finite-order meromorphic solution of

w +w =
(az + a)w + a

 –w ,

then
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(i) w has at most one non-zero finite Borel exceptional value for ρ(w) > ;
(ii) λ(/w) = λ(w) = ρ(w).

In , Ronkainen [] gave the full classification of the family including Painlevé III
difference equations in his dissertation. He showed that if the equationww = R(z,w) has an
admissible meromorphic solution w of hyper-order less than one, then either w satisfies a
difference Riccati equation or the equation can be transformed to four simple Painlevé III
difference equations.
Most recently, the first author and Yi [] investigated the properties of meromorphic

solutions of Painlevé III difference equations given by []. Especially, we recall the fol-
lowing.

Theorem B If w is a transcendental finite-order meromorphic solution of

ww(w – ) = η(w – λ), (.)

where η ( �= ), λ �=  are constants, then
(i) λ(w) = ρ(w);
(ii) if λ = , then w has at most one non-zero Borel exceptional value for ρ(w) > .

Theorem C If w is a transcendental finite-order meromorphic solution of

ww(w – ) = w – λw +μ,

where λμ �= , then λ(w) = ρ(w).

Example . The rational function w(z) = 
(z+) and the transcendental function w(z) =

sec πz
 are solutions of difference equation

ww(w – ) = w. (.)

 is a Picard exceptional value of w, this shows that λμ �=  is necessary in Theorem C.

The purpose of this paper is to study the Borel exceptional values of meromorphic so-
lutions of difference equations (.) and (.). In fact, one may ask: what happens if we
remove the restriction λ =  in the second conclusion in Theorem B? The two solutions
w(z) and w(z) of difference equation (.) given by Example . both have a Picard ex-
ceptional value (also a Borel exceptional value) . It is natural to ask can the solutions of
(.) have two Borel exceptional values? Corresponding to these questions, we obtain the
following results as the complement of researching of Painlevé III difference equations.

Theorem . Let w be a transcendental meromorphic solution of (.) with finite order. If
a, b are two Borel exceptional values of w and λ �= , then

(i) a + b =  + η;
(ii) ab = λ;
(iii) λ = η.
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Theorem . Let w be a transcendental meromorphic solution of (.) with finite order. If
a, b are two Borel exceptional values of w, then

(i) a = , b = ;
(ii) w = w;
(iii) w satisfies the difference Riccati equation w = w

w– .

Example . The transcendental function w(z) = eiπz
eiπz– is a solution of both difference

equation (.) and the Riccati equation w = w
w– . Noting that w(z) is a period function and

has two Picard exceptional values  and , we see that case (i) in Theorem . may occur.

2 Some lemmas
Halburd-Korhonen [] and Chiang-Feng [] investigated the value distribution theory
of difference expressions. A key result, which is a difference analog of the logarithmic
derivative lemma, reads as follows.

Lemma . Let f be a transcendental meromorphic function of finite order and c be a
non-zero complex constant. Then

m
(
r,
f (z + c)
f (z)

)
+m

(
r,

f (z)
f (z + c)

)
= S(r, f ).

With the help of Lemma ., the difference analogs of the Clunie andMohon’ko lemmas
are obtained.

Lemma . ([]) Let f be a transcendental meromorphic solution of finite order ρ of a
difference equation of the form

U(z, f )P(z, f ) =Q(z, f ),

where U(z, f ), P(z, f ), and Q(z, f ) are difference polynomials such that the total degree
degf U(z, f ) = n in f (z) and its shifts, and degf Q(z, f ) ≤ n. If U(z, f ) contains just one term
of maximal total degree in f (z) and its shifts, then, for each ε > ,

m
(
r,P(z, f )

)
=O

(
rρ–+ε

)
+ S(r, f ),

possibly outside of an exceptional set of finite logarithmic measure.

Lemma . ([, ]) Let w be a transcendental meromorphic solution of finite order of the
difference equation

P(z,w) = ,

where P(z,w) is a difference polynomial in w(z). If P(z,a) �≡  for a meromorphic function
a satisfying T(r,a) = S(r,w), then

m
(
r,


w – a

)
= S(r,w).
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We conclude this section by the following lemma.

Lemma . (See, e.g., [, pp.-]) Let fj (j = , . . . ,n) (n ≥ ) be meromorphic functions,
gj (j = , . . . ,n) be entire functions. If

(i)
∑n

j= fj(z)e
gj(z) ≡ ;

(ii) gh(z) – gk(z) is not a constant for ≤ h < k ≤ n;
(iii) T(r, fj) = S(r, egh(z)–gk (z)) for ≤ j ≤ n and ≤ h < k ≤ n,

then fj(z) ≡  (j = , . . . ,n).

3 Proofs of theorems
Proof of Theorem . Rewriting (.) as www = ww+η(w–λ), we get from Lemma . that
m(r,w) = S(r,w) and then N(r,w) = T(r,w) + S(r,w). Therefore, a and b are not infinity.
Let P(z,w) = ww(w – ) – η(w – λ). We get P(z, ) = ηλ �= , Lemma . gives

m(r, /w) = S(r,w),

which means N(r, /w) = T(r,w) + S(r,w) and thus ab �= .
Now we find that a and b are two non-zero finite Borel exceptional values of w. Set

f (z) =
w(z) – a
w(z) – b

. (.)

Then ρ(f ) = ρ(w), λ(f ) = λ(w – a) < ρ(f ), and λ(/f ) = λ(w – b) < ρ(f ). Since f is of finite
order, we suppose that

f (z) = g(z)edz
n
, (.)

where d ( �= ) is a constant, n (≥ ) is an integer, g(z) is meromorphic and satisfies

ρ(g) < ρ(f ) = n. (.)

Then

f (z + ) = g(z + )g(z)edz
n
, f (z – ) = g(z – )g(z)edz

n
, (.)

where g(z) = endzn–+···+d and g(z) = e–ndzn–+···+(–)nd .
We get from (.) and (.) that w = bf –a

f – . By (.) and (.), we have

A(z)edz
n
+ B(z)edz

n
+C(z)edz

n
+D = , (.)

where

A(z) =
[
b(b – ) – η(b – λ)

]
ggggg,

B(z) =
[
b( – a) + η(a – λ)

]
gggg +

[
ab( – b) + η(b – λ)

]
g(gg + gg),

C(z) =
[
a(b – ) – η(b – λ)

]
g +

[
ab(a – ) + η(λ – a)

]
(gg + gg),

D = a( – a) – η(a – λ).
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From (.), we apply Lemma . to (.), and as a result all the coefficients vanish. Since a
and b are non-zero constants, we deduce from A(z) =  and D =  that

a(a – ) = η(a – λ), b(b – ) = η(b – λ). (.)

Then

a – b = a – b + η(a – b). (.)

Denote G = g , G = gg, and G = gg. From B(z) = , C(z) =  and (.), we have

(a – )(a + b)GG = b(b – )G(G +G),

(b – )(a + b)G = a(a – )(G +G).

Since the last two equations are both homogeneous, there exist two non-zero constants α

and β such that G = αG and G = βG. Then

(a – )(a + b)αβ = b(b – )(α + β), (.)

(b – )(a + b) = a(a – )(α + β). (.)

On the other hand, combining (.) with (.), we get

f = αf , f = βf ,

which yield αβ = . It follows from (.) and (.) that

a(a – ) = b(b – ). (.)

Combining (.) and (.) gives

(a – )
η(a – λ)

a
= (b – )

η(b – λ)
b

.

Noting that η �=  and a �= b, we obtain ab = λ. This is the conclusion (ii).
Rewrite (.) as

a – b = a – b + b – a. (.)

Combining this with (.), we get a + b =  + η, then (i) follows.
On the other hand, we get from (.) a + ab + b = (a + b) – , i.e.,

(a + b – ) = ab = λ,

which yields the conclusion (iii) by a + b =  + η. �

Proof of Theorem . Denote

u =

w
. (.)
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Then u is a transcendental function of finite order andT(r,u) = T(r,w)+O(). Substituting
w = /u in (.), we obtain

uu = (u – ) = u – u + . (.)

Both sides of (.) are divided by u, giving


u

=
u
u
u
u
+

u
– .

It follows from Lemma . that

m(r, /u)≤m(r, /u) + S(r,u),

which means that m(r,w) =m(r, /u) = S(r,w), and thus N(r,w) = T(r,w) + S(r,w). There-
fore, a and b are not infinity.
Let P(z,w) = ww(w–) –w. Since a and b are Borel exceptional values ofw, Lemma .

tells us that

P(z,a) = a(a – ) – a = ,

P(z,b) = b(b – ) – b = .

Solving the last two equations, it follows that a =  and b = . Set

f (z) =
w(z) – 
w(z)

. (.)

Then u = /w = ( – f )/. Substituting this in (.), it yields

f f – f  = f + f + f .

Since now  and  are Borel exceptional values of w, we still have (.)-(.). By (.)
and the above equation, we have

(
GG –G)edzn – (G +G + G)edz

n
= ,

where G, G, and G are the same as before. We apply Lemma . on the last equation,
resulting in all the coefficients vanish, i.e.,

GG =G, G +G = –G,

from which we get G = G = –G. Then f = f = –f by (.) and (.). Noting (.) and
w = 

–f , it follows that

w =


 – f
=


 – f

= w
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and

w =


 – f
=


 + f

=


 + w–
w

=
w

w – 
. �
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