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Abstract

In this paper, we consider Barnes-type Daehee polynomials of the first kind and of the
second kind. From the properties of the Sheffer sequences of these polynomials
arising from umbral calculus, we derive new and interesting identities.
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1 Introduction
In this paper, we consider the polynomials D, (x|as,...,a,) and 5n(x|a1, ...,a,) called the
Barnes-type Daehee polynomials of the first kind and of the second kind, whose generating

functions are given by

~( In(l+¢) . ad o
g(m)(lﬂf) —;Dn(xlal,...,ar)a, )
L /A +8)%InQd +¢) . o o

g(m)(lﬂf) —;Dn(xlal,...,a,)a, @)

respectively, where ay,...,a, #0. When x =0, D,(ay,...,a,) = D,(0|a,...,a,) and 5,,(611,
e ly) = By,(0|a1, ...,ay,) are called the Barnes-type Daehee numbers of the first kind and
of the second kind, respectively.

Recall that the Daehee polynomials of the first kind and of the second kind of order r,
denoted by DY (x) and DY (x), respectively, are given by the generating functions to be

(ln(1t+ t))"(l b Oy = ZDEIr)(x)ﬁ’

o n!
W+A+O\ | SO
— 1+t —Z M (x);,
n=0
respectively. If a; = -+ = a, = 1, then DY (x) = D,(x|1,...,1) and DY (x) = D,(x[1,...,1).
N— —

Daehee polynomials were defined by the second author [rl] and have been investigat;d in
[2-4].

In this paper, we consider Barnes-type Daehee polynomials of the first kind and of the
second kind. From the properties of the Sheffer sequences of these polynomials arising
from umbral calculus, we derive new and interesting identities.
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2 Umbral calculus
Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:

]:zif(t)zz%tk‘ake([j}. 3)

k=0

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c({L|p(x)),
where ¢ is a complex constant in C. For f(¢) € F, let us define the linear functional on PP

by setting

&) =a, (n=0). (4)
In particular,

(1" = n8p  (m,k > 0), (5)
where §,,x is the Kronecker symbol.

For f1(¢) = ,foo (le Lk, we have (f1(®)|x") = (L|x"). That is, L = f;(¢£). The map L — fi(t)
is a vector space isomorphlsm from IP* onto F. Henceforth, 7 denotes both the algebra of

formal power series in ¢ and the vector space of all linear functionals on P, and therefore an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f(t)) of a power series f(t) (#0) is the smallest integer k for which the coefficient
of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta series; if O(f(t)) = 0, then
f(¢) is called an invertible series. For f(t),g(¢) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there
exists a unique sequence s, (x) (degs, (x) = n) such that (g(£)f (t)*|s,.(x)) = n!8,.x, for n,k > 0.
Such a sequence s,(x) is called the Sheffer sequence for (g(£),f(¢)), which is denoted by
5a(x) ~ (g(0),£ (1))
For f(t),g(t) € F and p(x) € P, we have

(FO2(Olp®) = [©)gOpe) = (O ) ©)
and
00 k 00
FO=Y O pw = Y (W) @
k=0 ’ k=0

[5, Theorem 2.2.5]. Thus, by (7), we get

k

k
p(x) = pP(x) = TP

x) = e and &"p(x) = p(x + ). (8)

Sheffer sequences are characterized by the generating function [5, Theorem 2.3.4].
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Lemma 1 The sequence s,(x) is Sheffer for (g(¢),f(¢)) if and only if

1 - nd k()
— M =y T Ik C),
g(f @) kXO: k! et

where ]_‘ (¢) is the compositional inverse of f (t).

For s,(x) ~ (g(¢),f(¢)), we have the following equations [5, Theorem 2.3.7, Theo-
rem 2.3.5, Theorem 2.3.9]:

FE)su®) = n5,1(6) (1> 0), ©)
=3 ;—,(g(ﬂt))‘?(mx")xf, (10)
0/
su(x +y) = Z (7>3j(x)}7n—j(y)’ (11)
=0

where p,(x) = g(£)s,(x).
Assume that p,(x) ~ (1,f(¢)) and g, (x) ~ (1,g(¢)). Then the transfer formula [5, Corol-
lary 3.8.2] is given by

([0
() = x(g(t)

For s,(x) ~ (g(¢),f(¢t)) and r,(x) ~ (h(¢), (), assume that

)"x-lpn@c) (n=1).

Sn(x) = Z Cn,mrm(x) (I’l > 0)

m=0

Then we have [5, p.132]

1 [h(f©), = m
Cn,m:_ = l
m!<g(f(t)) (@)

3 Main results

x”>. (12)

We now note that D, (x|ay, ..., a,) is the Sheffer sequence for

©-TI(£572) and -1
= an =e -1
g 2 ;
Therefore,
r a‘t_l
Dn(x|a1,...,a,)~<1_[<e}t ),et—l). (13)
j=1

5n(x|a1, ...,ay) is the Sheffer sequence for

r a;t

g(t)=]_[(e;e—a;1) and f(t) = 1.

=1
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So,

~ (e -1\,
D,,(xlal,...,a,)w 1_[ W et —11]. (14)

j=1

3.1 Explicit expressions
Recall that Barnes’ multiple Bernoulli polynomials B, (x|a, ..., a,) are defined by the gen-

erating function as

t R ¢
—_ " = B,(x|ai,...,a,)—, 15
@1 ZO n(xlas, ... a)— (15)

where ay,...,a, #0 [6-8]. Let (n); =n(n—1)--- (n—j+1) (j > 1) with (1) = 1. The (signed)
Stirling numbers of the first kind S;(n, m) are defined by

(x)n = ZSl(n,m)x'”.

m=0

Theorem 1
Dylas,...ap) = 3 i m)By(xlan, .., a) (16)
m=0
. - n * .
= (Z (l>51(l,])D,,_1(ﬂ1,...,a,))xf (17)
j=0 \ I=j
- n
"L < )D"-m(ﬂb---,ar)(x)m, 18)
m=0 m
D,(xlay,...,a,) = D S mBux+ar+ - +ala,....a) 19)

m=0

= Z(Z (7)51(l,j)13n_1(u1,...,a,))xf (20)

=0\
-y (Z)BW_m(m, s ) (). (21)
m=0
Proof Since
ﬁ(ea/t_1>D @lar,...,a) ~ (1, - 1) (22)
¢ n Lo lr ’

j-1

and

@)~ (1,e - 1), (23)
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we have
: t
Dualar,..a) = [ [( = )@
j=1
= iSl(n,m)lL[ ~ tt_ x™"
- ' et -1
=0 j=1
=Y Sinm)By(xla,...,a).
m=0
So, we get (16).
Similarly, by
Lofe%t -1\ ~
1_[ (W>Dn(x|ﬂ1, v ,ﬂr) ~ (1, et - 1)
j=1
and (23), we have
~ L tet
Dy(xlay,...,a:) = H A1 ()
j=1
te’
Zsl(n m)H( )
ay+--+ay t m
ZSlnm (@ ) <eu;t_1>x
j=1
ZSlnm nwx+ai+---+aa,...,a).
Therefore, we get (19).

By (10) with (13), we get

n

D,(x|ay,...,a) = Z%<H(%)(ln(l + t))j xﬂ>x/.
j=1

j=0 7
Since

<,’

(llj(i):/t ) (In(1 + )Y |«

In(1 +¢) )
(1 +1)% -
In(1 +¢)
< (1+2)% - ) ZSI(Z ])l'x >
n r 1
s (7>Sl(l,j)<l_[<(lrﬁ%> -
, j=1

I=j

)

(In(1 + t))jx”>

’>

(24)

Page 5 of 26


http://www.advancesindifferenceequations.com/content/2014/1/141

Kim et al. Advances in Difference Equations 2014, 2014:141 Page 6 of 26
http://www.advancesindifferenceequations.com/content/2014/1/141

.
!
l.

=j! Z (};)Sl(l /)<ZD (a1,...,a,)—

i=0

-1y (7)51(1, )Duil@r,...,ar),

we obtain (17).
Similarly, by (10) with (14), we get

LA+ 8)%In(+¢) j
H(W) (In(@ + 1))

j=1

~ "1
DW(X|611,...,61,«) = Z]_'<

j=0 7"

x”>xj.

Since

LA+ 8)%In( +¢) j
<»1(W>(I“(””)

j=

LA+ 8)%In(+¢) -
= <H<—(1 T -1 ) ‘(ln(l +1))x >

j=1

. " (n A=A+ )% In(l + ) el
_]‘Z<l>sl(lr/)<l_[< (1+t)aj—1 > x >
1=j j=1
= Z (7>Sl(l,j)< 5i(ﬂ1,...,6{,«)% x”’l>
I=j i=0 ’

n " .
:]‘ Z (l>Sl(lrj)Dn—l(ﬂ1! .. ~1a7’);

l=j

we obtain (20).

Next, we obtain

D,ylay,...,a,) =

Mg

Dz(y|ﬂ1: :ar)

t M
P
4 In(1 +¢)
:<H T 71 )(1+t)y
j=1

In(1 +¢)
i (1+t)“/ )

- n - In(1 +¢)
"4 0@)m<M)<H((1 +1)Y - 1)

N
o

A
S

r

n

= <H>Dn_m(ﬂ1,nuﬂr)(y)m'
m

m=0

Thus, we get the identity (18).
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Similarly,

o i

~ ~ t
Dn(y|ﬂ1:~~rar): ZDi(ﬂalwn;ﬂ}")E
; .

( d
-0

(1 +8)%In(1+¢)
(M1 o
(i

x">

Zwm.ﬁ
- n\ [ A+)9 1+ )\]| ,_,,

:4yM()QJ<(ua%4 )

-2()

m=

j=1

LA +8)%In(1l +2)
Q+0)% - )

J

3

o)

n—m(alt e 76lr)(y)m'

Thus, we get the identity (21). O

3.2 Sheffer identity

Theorem 2
" (n
Dy(x +ylay,...,a,) = ( .)D;(xlal, »@r))njp (25)
o
" (n
D,(x +ylay,...,a,) = (j)D,»(xml, o @) Vs (26)
j=0

Proof By (13) with

r ait

mm=HC

j-1

-1
)Dn(x|a1, ey dy)

= @), ~ (Le -1),

using (11), we have (25).

By (14) with
r eﬂjt —1\ ~
p}’l(x) = 1:[(7>Dn(x|ﬂl, . .,ﬂr)
j=

=)~ (1€ -1),
using (11), we have (26). O

3.3 Difference relations
Theorem 3

D,,(x + 1|ﬂ1, veey ﬂy) - Dn(x|ﬂ11 Y] ﬂr) = nDn—l(x|d1: ey ar)’ (27)

D,(x+1lay,...,a,) - Dy(xlay,...,a,) = nD, 1 (x|ay, ..., ). (28)
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Proof By (9) with (13), we get
(¢ -1)D,(xlay,...,a,) = nDy 1 (x|ay, ..., ay).

By (8), we have (27).
Similarly, by (9) with (14), we get

(¢ - 1)13n(x|a1, ...yay) = nDy 1 (x|ay, ..., a,).
By (8), we have (28).

3.4 Recurrence
Theorem 4

Dya(x|a,...,a;) =xD,(x —1l|ay,...,a,)

EEEEAE

i=m =i j=1

X Bi+1—m(_ﬂ/)i+limDn—l(alr e ﬂr)) (x - l)m;

r

23n+1(~7c|al’ .. ':ﬂr) = (x + Za]>5n(x - 1|ﬂ1’ .. -;ar)

j-1

EEEEA G

i=m I=i j=1

X Bi+1—m(_aj)i+l_m5n—l(ah e ar)) (x - 1)m,

where B, is the nth ordinary Bernoulli number.

Proof By applying

_ g
Sps1 (%) = (x )f/(t) $n(%x)

[5, Corollary 3.7.2] with (13), we get

Dya(x|a,...,a;) =xDy(x —1|ay,...,a,) — eftg/(t)
g(®)
Now,
g ,
o~ (ne®)

(Z ln e —-1) —rln t>

.., 4dy).

(29)

(30)

(31)
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Xr: aet  r
Cpet-1

> i [y (e = D(ajte® — %" +1)
B P CE .

Xr: ajte” 2 iy (e = Dlajte” — e +1)
j=1 Ll/'t _ 1 l_[;=1 (eal't _ 1)

%(erzl ap--- 61/7161/261#1 cea)tt ¢

(a1---a)t" +

:%(ia})t*....
j=1

is a series with order > 1, by (17) we have

Dyax|a,...,a,)

r a»tea/‘t
D T =T
t 7

t

aite’
Z,’l’ (

:an(x_Halwuyar)_e_ Dn(x|alww,ﬂr)

=xD,(x - 1|a,...,a,) — ZZ( >51 (L, i)D,,_ l(al,...,a,)xi)

i=0 [=i

n

" (n "\ ajte! xi*t
=xD,(x - 1l|ai,...,a,) — (l)Sl(l,i)D,,_l(al,...,a,)e‘t Zea/jt_l—r —.

i=0 =i j=1 i+l
Since
r it r (o] _1)mB am
t ﬂ]t6/ i+l _ —t ( MY m i+1
(s (T o)
j=1 j=1 m=0
roi+l itl
—et <Z ( )Bm( a/)m i+1-m rxt+1>
. m
j=1 m=0
roi+l itl
=Z ( )Bm( aj)" (x — 1)
. m
j=1 m=1
Lo (it
= ( >Bi+1m(_aj)l+l_m(x - l)mr (32)
j=1 m=0 m
we have

D, x|a,...,a,) = xD,(x - 1|a,...,a,)

SRS L))

i=0 =i j=1 m=0

Page 9 of 26
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X Bi+1—m(_ﬂj)i+1_mDn—l(ﬂl, coa)x=1)"

=xD,(x - 1|ay,...,a,)

EERE (e

i=m l=i j=1

X Bi+1—m(_a]')i+1_mDn—l(al; e ar)) (x - l)m;

which is the identity (29).
Next, by applying (31) with (14), we get

_tg()

< =——D,(x|ai,...,a,).

D,(x|a,...,a,) =xD,(x —1|ay,...,a,) —

Now,

£8 _ (ingo))

g(®)
= (Zln(e“ft -1)-rlnt - (Z“/) t)
j=1 =1
"\ aiet
= Z il Z“J
1 €
By (20) we have

Dn+1(x|a1, eee ;dr)

P
= (x + Za,)ﬁn(x—llal,...,ar)

Jj=1

it
r ﬂjtea/
; Z}: a;t RPN

1
—e %Dn(xlal,...,ar)
r
= (x + Za/)Dn(x —1ay,...,a,)
j=1

e/1

Zr= a,te/ R 4
(Z > ( )sl(z, )Dy_i(a, ... ,a,)x’)

i=0 I=i

<x+2a}) (x—1l|ay,...,a,)

", ajtet 't
_ZZ< )Sl (1,i)D,_ 1(611;--~’“r)e_t<2 e“I/t—l _r>i+1'

i=0 =i j=1

By (32), we have the identity (30). O
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3.5 Differentiation
Theorem 5

d n-1 (~1)"--1
—-Duxlay,....a;) = ! %: T =y Dlana),

n—1-1

n-1
- (=1)"1
—D,(x|ay,...,a,) = n! ———D(x|ay,...,a,).
p lay ;l!(n—l) i(x|ar

Proof We shall use

n-1
Mw=2(ymm“mm

1=0

(cf [5, Theorem 2.3.12]). Since

7 n-I\ _ n-I\ _ - (_l)miltm
(f(t)|x >—(ln(1+t)|x >_<Z—m

m=1

xn—l>

L

n—

(1)m1

= ("))
m=1 m
n-I
-1 m-1
I ) A
m
m=1

= (1) m-1-1),

with (13), we have

d S (n
EDn(xlali (X -:ﬂr) = Z (l>(_1)nll(n -1~ 1)!D1(9€|611, .. .,ﬂr)
=0

n-1 (_ n-1-1

)
=n!
n! ; e Di(x|ay,...,a,),

which is the identity (33). Similarly, with (14), we have the identity (34).

3.6 More relations
The classical Cauchy numbers ¢, are defined by

00 o
=D o
n:

n=0

(see e.g. [9,10]).

Theorem 6

D,(x|ay,...,a,) = xD,_1(x = 1l|ay,...,a,)

r " n
— Dyi(x—1lay,...,a,
+- Z(Z)Cz & —1lay,...,a,)

1=0

(33)

(34)
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r n

n
<l>ajc1Dn_l(x +aj—1lay,...,ana),
j=1 =0

Dy(xlay,...,a,) = (x+2a,> 1k =1lay,...,a)
r “ n
+ ; Z (l)chn—l(x— lla,...,a,)
1 n ~
=233 )aeDnite-tiar,....a,a)

Proof For n > 1, we have

D (Y|ﬂ1> rar) = <ZD1()/|611, ,ar)

‘

In(1+1¢) >(1 ol
1+t“/—1

LE
)
{

L ln(l +t)

n-1

i 1+t)"/—1>(at(1 P >
! In(1 +¢) 1
+<<8t£[(7(1+t)aj_1)>(1+t)yx >

=yD,1(y—1lay,...,a,)

z In(1 + ¢) "
+ <<8t!_1[<7(1 T 1))(1 +t)y|x

Observe that

r

(35)

j-1

1 - In(1 + ¢) - 1 ai(l+t)%
1—1_[((1”)% —1> Z(ln(1+t) T A+nY -1

a;t(1+t)"

r

r t
1 1—[ In(1 +¢t) ijl(ln(m) T w51
Clat A0 - t '

Since

- t ajt(1+t)%
; <ln(1 +1) (1+0)% - ) (Z “J)

In(1 + £) In(l+2) \ T ((L+0)% = 1) = In(1 + £)(a;(1 + £)%7")
aﬂ(m) ZU((Mt)ﬂz—l) ()% -
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is a series with order > 1, we have

~( In(L+9)
<(8t lt_ll(m>)(l +ty

_<1,»_1[((1+t)ﬂ1_1>(1+t)y

r

xn—1>

Zr ( t _ M)
j=1\In(1+¢) a+0)% -1 xn—1>

t
= Z<H((llj(2—+t)l>(1 e <ln(1t+ £) (“11 t+(1f):’tia]1> >
‘%,Zr;d"< drpall <<1h£>:‘t—) Jaro
TG o | Seie)
‘%,ila’< drall | <<1h+l(i>:‘t— )
o
S E NS
) % g ('Z)c,D,,_;(y—llﬂb a) - ZZ( )a,chn_z()’+a/—1|a1,...,ar,aj).

j=1 1=0

( y+ﬂ]

t M
In(1 + t)x

1+ t)ym,

Lo

Therefore, we obtain

D,(x|ay,...,a,) = xD,_1(x —1|ay,...,a,)

n
r n
+ P E (l>c1Dn_1(x— llay,...,a,)
1=0
1 n
- E E ; ajcDy_(x + a; - llay, ..., ar, a)),

which is the identity (35).
Next, for 7 > 1 we have

I
x"

~ >~ t
Drl(y|al’~-rar) = <ZDI()’|ﬂ1:~..,ﬂr)E

=0

(A +8)%In( +¢) Y
NS 2o

j-1
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o (17 L+ o) y
_<at(!:[( 1+2)% -1 )(1+t)y)x >
_ (L+0%In(+1) -

) < o\ (1) -1 )(3t(1 +8))|x >

[1(
LA+ 80)%InQ +¢) el
+ (8,:}_1[( 1107 -1 ))(1+t)3’x >

I+8)%In(1+1¢)

= yﬁn—l(y - 1|6ll) .. 'rar)

" /Q+80)%In+¢)
+<<8t£[< A+ 6% -1 ))umy

Observe that

L /A +8)%In( +2)
a,E( 1+8)% -1 )

=at<f[( 112(1”) )H(1+t )

j=1

"/ In(+1) o
= <8t£[((l+t)“f _1)) 1_[(1 +1)

j-1

d In(1 +¢) @
' H<(1+t ) (a‘n(l”) )
a~t(1+t)ﬂf
. )

_L r ((1+t)ailn(1+t)>2;=l(m_(l+'f)—a’1
=1

_1+t_ 1+2)% -1 t

1 1 +8)%In(1 +¢)
Y i=1< L+0e—1 )Z

=1

xn—l >

Thus, we have

- (1 + t)ai lll(l + t)
<(at IL:[(W»(I +1)

B /@A + 8% In( +¢)
([1( oo

i=1

(g iz

i=1

= (Zaj)ﬁnl(y - 1|611, .. .,a,)
j=1

t

xn1>

x”‘1>.

( aj (1+t)aj)
Z; 1\ 1+t) G xn—1>

1/~ /(@+8t)%In(1+¢t) 3
Ao

: t ait(l+t)%
i+t A+09-1)"
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= <Z a,-)ﬁn_l(y— llay,...,a,) + %<H(W>(l 4!
j=1

iy I+ -1

_%E:%<u+n%mu+nIT<u+nmmu+n)a+ﬂ%1
j=1 i=1

t n
In(1 + t)x
1+89 -1 1+8)9 -1

t 1
n(+9”
ro\L r ail S
(Z ﬂj)Dn—l(y_ lla,...,ar) + %<H(M)(l +tPt Zc;%xn>
& 1=0

iy 1+ -1

1< <u+n%ma+n

~ (@4 0% In(1+ 1) LS
_;,7 K Q1+8)% -1 H( A+0)%—1 )(1+t)y chl—!x>
H =1 1=0
= (Zﬂ/>ﬁn—l(y—1|ﬂ1,...,ﬂr)
j-1
+n§q(1)<l;[< L+ 0@ 1 )(1+t)y x >
L s ([ %I+ ) o (L 0% In(l o+ £) e
_Z;ﬂlgcl(1>< A+0% -1 1:[( 1+ 0% _1 >(1+t)y X >
) (Zaj)ﬁn_l(y_ Uar,.oar) + % > (’;>Clﬁn—l(y_ llay,...,a)
j=1 1=0
1 r n n R
u ZZ (l)ﬂ/Canz(y— lay,...,an a)).
j=1 1=0

Therefore, we obtain

ﬁ,,(xml, e dy) = (x + Za,»)ﬁ,,_l(x —1lay,...,a,)
j=1

n

r n -~

— D,_i(x—1|ay,...,a,
+n2 (l)cl 1x—1lay,...,a,)

1=0

1 r n n .
- ; Z Z <l>ajCanl(x - 1|('l11 ceesQpy dj),
j=1 =0

which is the identity (36).

3.7 Relations including the Stirling numbers of the first kind
Theorem 7 Forn—1>m > 1, we have

Z (?)Sl(n — I, m)Dy(ay,...,a,)

1=0

n-m _ 1
i} (”l>&M—hLm—DDmﬂmw”m)
=0

n—

1" n
+ — ( )Sl(n—l—l,m)
n [+1
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< ) )CiDl+l—i(_1|ﬂl: Ry

I+1
ro I+l I+1
Z ; ajciDy-i(aj —1lay,...,ara) |, (37)
=0

j=1 i

n—m "
( )Sl(n —I,m)Dyay,...,a,)
=0

>Sl(n —1-1,m-1)Dy(-1|a,...,a)

Il

~ =
I |
© 3
N

Ny

~
—_

1=0
I+1 I+1 .
x |7 - )eiDpa—i(-1l|as, ..., a,)
o N ¢
ro I+l I+1 .
- Z . JajciDia-i(-lla, ..., ar, a;)
10 N
n-m-1 n-1 r
+ Z ( ; )Sl(n—l—l,m)ZajD;(—lml,...,a,). (38)
=0 j=1
Proof We shall compute

7 In(L+¢) y
<g<m>(lnu +0)"|x

in two different ways. On the one hand,
r ln(l + t) |
<H(m) (In(L+ )" | >
r ln(l + t) m o,
H(w)’(ln(l +1)"x >
i @) | m -
_<H((1+t)ﬂ/_ )’Z(Z )S1(l+m,m)t >

xn—l—m>

Il
/\

r

m! In(1 +¢)
= (l+m)!S1(l+m,M)(n)l+m<!:[(m)

)SI(Z"’ m, m)Dn - m(ﬂly )ar)

=

(.
Dl

>Sl n—ILmDyay,...,a).
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On the other hand,
<ﬂ<$)(lnu +)" xn>

- <3t (ﬁ(%) (In(1 + t))m) x,,_1>

) <<at E[(%)) (in(1 +£))" xn_1>

: In(1 +£) |
+ <H(7(1 o 1)(‘)t((ln(l +1))") |« 1>‘ (39)

xn—1>

(In(1 +1))" x - 1>

The second term of (39) is equal to
r ln(l + t) )
<g(m>at((ln(l+t)) )
~( _In(L+12) )
) m<H<m>(l +1)7

1n1+t) LR (m-1)! ] el
L+t T S+ m—1,m— D)y
m<}1 Troo-1)d*? ;(l+m—1)! il m=Lm=ET s

mz( - 1) i+ m =1 m = 1)1 =Dt
=0

~( In(l+¢) o] et
X<H<1+t)“/ )1 2
j=1
n-m
=m! < )51 (l+m-1,m-1)D,_;_,(-1l|ay,..., a,)
pn l+m-1

= (n-1
- m! <"l )Sl(n—l—l,m—l)Dl(—l|a1,...,a,).
0

[=
n 1>

In(1 +¢) " e
8 07~ )}(ln(1+t)) x >

(I
()

The first term of (39) is equal to

- In(1 +¢)
<(at1f[(7(l+t)a,_l)>(l (1+0)"

n-m-1

2

1+ t)“l

51(1+m m) e 1>

xn—l—m—1>

1 r

™ In(1 +¢)
IZ: U+ Sl(l+m,m)(n 1)l+m<azn<m>

n—
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n-m-1
Z m'( B )Sl(l+m,m)
=0

( In(l+9) N
< (moi)aeo

i=

=]

Z,« ( ¢ _ a/t(1+t)a/ )
j=18In(1+t)  (1+4)%-1 x"lm1>
t

—_

n-m-1

n-1
.
m! E P m(+m>51(l+m,m)

=0
r In(1 +¢) 4 t al‘t(l +£)% .

X<1i_1[<(1+t)“ - >(1+t) ;<ln(1+t)_(1+t)“i—1>x >

= - 5 " In1 -1 ¢ I+1
" ; <l+l>sl(n_1_l’m)<< <(1+t)" > NN ity >

4 In(1 +¢) 41 In(1 +¢)
_<j=1a)<(l+t) (1 2 1_[<l+t“L— ) ln(1+t >>
l+1<

r

P i In(1 +£)
= 2 <l 1)Sl(n—l 1m)<< (1+t)“z—1>(1 o7t

- In(1 +¢) .
_<Za])<(l+t) (1 2 ,11‘[

j-1

n—m-—

1 1 I+
:ﬁ Z < " )51(1’1—1—1;"’1) >0D1+1 i(-1lay,...,a,)
n 4= [+1

r I+1
I+1
- ; ; ciDia-i(aj —1lay,...,ana) |.
=1 =0

Therefore, we have, forn—1>m > 1,

Q

m! <7)Sl(n—l,m)D;(al,...,zzr)

N (n-1
=m! (nl )Sl(n—l—l,m—1)D1(—1|a1,...,a,)

! n-m-1
7Z<l+1)s1 ~i=Lm)

=0

+1
I+1
x|r ; Cl+1—iDi(_1|ﬂb s dy)

~

r +1

[+1
Z 4\ cra-iDi(aj —llay, ..., a,a) |.

i=1 =0

~.

Thus, we get (37).
Next, we shall compute

(A +8)%In( +¢) m| o,
<H(W>(ln(l+ t)) X

j1
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in two different ways. On the one hand,

L1+ 8)%In(+¢) m
<H<W) (In(1 + 1))

j=1

x”>
7 A+ In( +1) m_pu
<H(W)]<ma+t)) -
(L8 In(+ ¢
(EEs
i

1+0)%

Z(z i+ )t’*mx">

— ! LA+ 8)%In(+¢) el
1=0 (l + m)lsl(l + m’m)(n)l+m<n< (1 + t)a}' _1 ) X >
= j=1
= ; m!(l +nm> Si1(l +m, m)ﬁy,_l_m(m, e dy)
=0
= ; m'(?) Si(n -1, m)Dy(a,..., a,)
1=0
On the other hand,
LA+ 8)%In( +£) m|
<£[<W>(ln(l +t)) X >
_<8t(!:1[< L0 1 )(ln(1+t)) ) x >
_ 7L+ A+ 1) m n-1
- <(8t£1[< T 07 -1 ))(ln(l +1))" |« >

(A +8)%In(1+¢) m
+<H<ﬁ)3t((ln(l+t)) )

x”1>. (40)
j=1
xn—l>

The second term of (40) is equal to

LA+ 8)%In( +¢) m
<H(W>8t((ln(l + t)) )

Jj=1

~ L /A +8)%In(d +¢) mol pel

= m<!:[<—(1 05 -1 )(1 +1)7! (ln(l + t)) >

~ 1+86)%1In(1 +1¢) — (m-1) fem=1,n-1

M<H< T+ 0 - )1 O o b D >
n—m (m —1)!

=m§m W+m=-1,m-1)n-1)1m

LA+ 8)%In(+¢) n
X<H< Troor )ar

j1

xn—l—m>
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n-m

m'Z( )Sl(l+m—l,m—l)Bn_l_m(—llal,...,a,)
-0

I

n—

m
=m! <n )Sl(n 1-1,m- 1)D;( llay,...,a,).
1=0

The first term of (40) is equal to
LA +0)%In(l+¢) m|
<(8¢H(W>)(ln(l+t)) X 1>

4 lt“/llt
<at (+)f+>‘1(1+t’”"1>
1+¢8)%

5
KR

r -1

Z l+l’l’l I’I’l)tl+m n— 1>
i l+

xn—l—m—l>.

n—

(1+t)”/ In(1 +¢)
1+ -1

- m =@+ )9 In(1 + )
= Si(l +m, = 1m0 —

> T mm)n=1) ’H( 1+0%-1 )
From the proof of (36), we recall

LA+ 8)%In(+¢)
atl'[( 1+0)% -1 )

j=1

r ¢ a»t(1+t)a/'
1 LA+ 8% InQ +¢) Z/:l(ln(m) - (i+t)”/_1)
T AT t

1 1 +8)%1In(1 +¢)
Y i=1< d+0% -1 )Z

=1

Hence, the first term of (39) is equal to

-1

Z m'( >51 (I + m, m)
1=0

X < ((1 +1)" ln(i-{ t))(l +1)
+ )
n

p 1 +¢t)
(=
=1
0

n—

t

-

Zr ( e u/t(1+t)ﬂ/)
J=1MIn(1+8) — (14+6)% -1 xn_[_m_1>

1
a;

=m!

(A +8)%In( +¢)
><H( @T+0)-1 )(l a
J i=1
n-m-1
< ;1>Sl(n—l—1,m)

/@A +8)%In( +¢) 3
(e

l

r ¢ ajt(1+t)a/
Zj:l( in(+) — (1+t)’1f -1 )xl>
t
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1 xl>)

r r ai]
(S
j=1 i=1

m-1
=m! Z <n_1>51(n—l—1 m)
1=0

1 < (1+t)“l 1n(1+t)) Lsot
+1 A+ -1

_ t aitL+8)%\ ..,
/ (ln(1+t) T+ —1>x
j=1
+ ( a,>< (1 2?“;)12%;’:))(1 £ 1>)
n-m-1 n-1
=m! Z ( ; )Sl(n—l—l,m)
1=0

1+t)%In(1l+1¢) a1
1+ -1 )(l+t)

~

t I+1
i 1n(1+t)x >
1 d 1+t”11n(1+t) /A +8)%In(+¢) a
—1<Za’>< T H( A+o -1 >(1”)
d L /A +0)%In( + ) ~
(S o)
j=1 i=1
—m'nfl n-1 Sin-1-1,m)
= m. ! 1 )

r 1 +8)%In(1 +¢)
<m< ( A+8)% -1 )(1 o
a
1

t I+1
In(1 + t)x >

)

i=1

X

1 r 1+80)%In(1+1¢) (1 +2)%In(1 +£) .
—m<1‘=1 )< L+ ~ H( (1+2)4 -1 >(1+t)
+ ,

i=1
a4

1 +8)%In(1 +¢) !

o) ([1(5 T o))

)

I+1
r I+1\ ~
“\ 771 . JeiDua—i(-1lay, ..., a,)
+1 e\

i=

1 r I+1 I+1 r
T a;z ( ; )ciDmi(—llal,..-,ar,a/) + Z@Dz(—llal,...,ar)>

j=1 =0 j=1

R

1

!n—m—l n
=— > <l+1)51(n—l—l,m)

I+1
[+1\ ~
x|r ; ¢iDya-i(-1lay,...,a,)
i=0
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rooI+1 I+1
_ZZ i a/CDl+l l( 1|"11) ¢aryﬂ/)

j=1 i=0
n-m-1 n-1 r
+ m! Z ( ; )Sl(n—l—l,m)Za/Dl(—lml,...,a,).
=0 j=1
Therefore, we get (38). g

3.8 Relations with the falling factorials
Theorem 8

Dn(’d“lwn:“r) = <Z>Dn—m(ﬂl7~'rﬂr)(x)m7 (4'1)
m=0
Duxlar,....a) =Y <:q)5y,_m(al, o) ) (42)

m=0

Proof For (13) and (23), assume that D, (x|a,...,ar) = Y _»,_o Cum(®)m. By (12), we have

Wl!< € xn>
H; I(IH(T)
1/ In(1 +¢) m,n
- %Wm) o >
n . ln(1+t) n-m
()
= (n)Dnm(dl,...,ﬂr)‘
m

Thus, we get the identity (41).
Similarly, for (13) and (23), assume that Bn(xlal,...,a,) =y o Com®)m. By (12), we
have

1 1

J N m
C”vm - a; In(1+t) 1 ¢

1
= Z In (1+¢t) 1 tm xn>
[T o)

In(L+t) In(1+¢)

m! 1+0)% -1

)
j=1

( >< . ((1+t)“lln(1+t)) >

x"
1+1)% -1
j=1

= (n>5n_m(6l1,...,6lr).

m

Thus, we get the identity (42). O

_i< 4 1+t“11n(1+t)) ;
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3.9 Relations with higher-order Frobenius-Euler polynomials
For A € C with A #1, the Frobenius-Euler polynomials of order r, H(x|1) are defined by
the generating function

1-2\ > t"
et =Y HY(x|n)=
<et—k) ; w @ )n!

(see e.g. [11,12]).

Theorem 9

n  [n-mn-m-j s\ (n—-j
D,(x|ay,...,a,) = (I)( ] )(”)j

m=0 \ j=0 [=0

X (L=A)7S(n—j—1,mDy(a,... ,aﬂ)Hff,)(xl)»), (43)
R n n m n—m ] 7n— ]
D,(x|ay,...,a) = (I)( )("l)]

j= 0
x (1= A)7Sy(n—j—I,m)Dy(ay,.. .,a,))Hﬁ,;)(xm. (44)

Proof For (13) and

) N et —1\°
HS (x| 1) <<1_/\) ,t), (45)

assume that D, (x|ay,...,a,) =Y o Cy,,meZ) (x|A). By (12), similarly to the proof of (37),

we have
ln1+t
1 (—*)S |
Cn'm:—‘<W(ln(l+t)) x>
m ]—[ ( 1
=1\ In(1+¢)
r
In(1 +¢) m o
= s<,1 1+t)ﬂ1_1) In(1+8)" Q-1 +2) x>

min{s,n} s
Z () 1- )\')s—itixn>
l

j=1 i=0

1 - "/ In(1+1) " i
i — 2 A ()(1 ol <l:[((1+t)“i—1)‘(l (1+0)' >

4

(
4 In(1 +¢) m
(1 )\)s< ((1+t)“ )(1“(1”))
)i

1 iy . l n—m—i
= m -0 (l) 1 )\4) z ; I’}’l‘( )Sl(}’l -1 —l I’}’I)Dl(al’ ,ar)
NN (j) (nl—l)(n)i(l—)»)LSl(n—i—l,m)Dl(al,...,a,).

=0 [=0

Thus, we get the identity (43).
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Next, for (14) and (45), assume that Bn(xml, . Cn,mH,(f,) (x[A). By (12), simi-

larly to the proof of (38), we have

,ay) = Z;:o

eln (1+2) —A

( )* m
Cnm=—< 1A (ln(1+t)) X
’ 1 a;ln(l+z)
m. 1—[] 1( &% -1

=11 4 In(1+t) In(1+£)

H((1+t)“lln 1+
a

i Q+2)%

r

1

1
T oml(1- M)

1 (1+t)

)s n>
mm{sn

() (L= e >
i=0

N s—i : (1+t)”/1n1+t) m_y—j
l)l ) l<n< Q+)% -1 )‘(l (1+t)) >

j=1

(In(1 +1))”

1+6)%In(Q+t¢ )

1+8)% -

|
/\ /\
N

n—m—i

S)(l A (n); Z m‘( )Sl(n z—l,m)ﬁl(al,...,ar)

=0

1] |

3

M§. \>-:
;M

(“Z) (” z_ i) ()1 = 2)"iS,(n — i — L, m)Dy(ar, ..., ).

i=0 [=0

Thus, we get the identity (44). O

3.10 Relations with higher-order Bernoulli polynomials
Bernoulli polynomials BY(x) of order r are defined by

0 on(r)
t rext _ Z %nr (%) o
el -1 n!

n=0

(see e.g. [5, Section 2.2]). In addition, Cauchy numbers of the first kind Qﬁif) of order r are

defined by
¢ r [ee) €£lr)
- — t"
(ln(l + t)) ; n!

(see e.g. [13, (2.1)], [14, (6)]).

Theorem 10

D,(x|ai,...,a;)

Z(Z Z ( )( ) S)Sl(}’l—l—l m)Dy(ay,. .,ar))%(rsﬂ)(x), (46)
i=0 [=0
ﬁn(xlal,...,a,)
Z( Z ( )( ) S)Sl(}’l—l—l m)D;(al,...,a,))%Eﬁl)(x) (47)
= i=0 [=0
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Proof For (13) and

BO(x) ~ <(ett_1)s, t), (48)

assume that D,,(x|ay,...,a,) =Y, o C,,,m‘Bff,) (x). By (12), similarly to the proof of (37), we
have
x”>

t .
<ln(1+t))x
>
i=0

S O Yoo

j=1

() e

1n(1+t) en(+o)_g s

< ()"

] ]n(1+t

! In(1 +¢) m
<1 1 1+8% -1 >(ln(1+t))

i< 7(_In+0) >1(1+t)

§|>—*

§|H

1+1)%-1

5

m!(n l_ l)Sl(n —i—-lL,mDya,...,a,)

=0

- _ Z ( )( )Q(sSl( —i—l,mDay,...,a,).
=0

i=0

Thus, we get the identity (46).
Next, for (13) and (4:8), assume that D, la,...,a)=> 0o C,,,m%if,) (). By (12), similarly
to the proof of (38), we have

1 (eln 1+t) _ 1\s
Cpp= — In(1+t) (ln(l + t))m X"
4 my alln(1+t)
’ (71)
1_[] 1 ln(1+t)l (1+8)

zl
i

t S
(ln(l + t)) *

xnl>

1 n-m n-m—i g R
-— Q:ES) (?) Z m!(nl l>51(n—i—l, m)Dy(ay,...,a,)

1+8)%In(1 +¢) p
TOe0i o1 )(ln(l +1))

!
!

1 +8)%In(1 + ) )
E<W) (In(1 +12))
( )
j-1

n

n\ [1= /@ +8)%In( + ) m
l)<1_[< A+87 -1 )(ln(l”))

j=1

Thus, we get the identity (47). O
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