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Abstract

In this paper, by considering Barnes-type Daehee polynomials of the first kind as well
as poly-Cauchy polynomials of the first kind, we define and investigate the
mixed-type polynomials of these polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.
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1 Introduction

In this paper, we consider the polynomials D¥(x|ay,...,a,) called the Barnes-type Dae-
hee of the first kind and poly-Cauchy of the first kind mixed-type polynomials, whose
generating function is given by

r

[T( e ) Liftint s ) 0 = 3 Do)’ v
i1 n=0 ’

where a3, ...,a, # 0. Here, Lify (x) (k € Z) is the polyfactorial function [1] defined by

o m
. X
L) = D e
m=0

When x = 0, Dg,k)(al,,..,ar) = Dg,k)(0|a1,,..,a,) is called Barnes-type Daehee of the first
kind and poly-Cauchy of the first kind mixed-type number.

Recall that the Barnes-type Daehee polynomials of the first kind, denoted by D, (x|a,
...,d,), are given by the generating function

r ]n(1+t) . 00 o
H(m)(l +1) = ;Dn(xlal,...,a,)a,

j=1

Ifa =---=a, =1, then Dﬁ,r)(x) = D,(x|1,...,1) are the Daehee polynomials of the first
\—“/—/

r
kind of order r. Dahee polynomials were defined by the second author [2] and have been
investigated in [3, 4].
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The poly-Cauchy polynomials of the first kind, denoted by P (x) [5, 6], are given by the

generating function as

Lify (ln(l + t))(l +1)* = Z cﬁlk)(—x)—.

n=0

In this paper, by considering Barnes-type Daehee polynomials of the first kind as well as
poly-Cauchy polynomials of the first kind, we define and investigate the mixed-type poly-
nomials of these polynomials. From the properties of Sheffer sequences of these polyno-

mials arising from umbral calculus, we derive new and interesting identities.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:
}':!f(t):Z%tk zzke(C}. 2)
k=0 '

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c({L|p(x)),
where ¢ is a complex constant in C. For f(t) € F, let us define the linear functional on P

by setting

f@O")=a, (n=0). (3)
In particular,

(tk|x”) =n'8,x (n,k>0), (4)

where §,,x is the Kronecker symbol.

For fi.() =Y 1o <L}<’fk> tk, we have (f; (t)|x") = (L|x"). That is, L = f; (¢). The map L > f;(¢)

is a vector space isomorphism from P* onto . Henceforth, 7 denotes both the algebra of

formal power series in ¢ and the vector space of all linear functionals on P, and so an ele-
ment f(¢) of 7 will be thought of as both a formal power series and a linear functional. We
call F the umbral algebra and the umbral calculus is the study of the umbral algebra. The
order O(f(t)) of a power series f(t) (# 0) is the smallest integer k for which the coefficient
of tX does not vanish. If O(f(t)) = 1, then f(¢) is called a delta series; if O(f(t)) = 0, then f ()
is called an invertible series. For f(t),g(t) € F with O(f(¢t)) = 1 and O(g(¢)) = 0, there ex-
ists a unique sequence s,(x) (degs,(x) = ) such that (g(£)f (t)*|s,(x)) = 18,4, for n,k > 0.
Such a sequence s,(x) is called the Sheffer sequence for (g(¢),f(¢)), which is denoted by
5u(8) ~ (1), (2)).
For f(t),g(t) € F and p(x) € P, we have

(f(Og®)p&)) = f(O)IgE)pE)) = [g@)|f )p(x)) (5)


http://www.advancesindifferenceequations.com/content/2014/1/140

Kim et al. Advances in Difference Equations 2014, 2014:140 Page 3 of 22
http://www.advancesindifferenceequations.com/content/2014/1/140

and

0= O x) =Y (tIp) k, 6)
k=0 k=0

[7, Theorem 2.2.5]. Thus, by (6), we get

k

kp(x) = p and  'p(x) = p(x +7). (7)

Sheffer sequences are characterized by the generating function [7, Theorem 2.3.4].

Lemma 1 The sequence s,(x) is Sheffer for (g(t),f(t)) if and only if

1 7 =\ sk(y)
1 o 3350 o)
i) g ved

where ]_’ (¢) is the compositional inverse of f (t).

For s,(x) ~ (g(¢),f(¢)), we have the following equations [7, Theorem 2.3.7, Theo-
rem 2.3.5, Theorem 2.3.9]:

S(®)su(x) = ns,1(x) (n>0), 8)
5u() = Z ( (F@) Fayi), )
su(x +y) = ( )s](x)pn-;(y), (10)

where p,(x) = g(t)s,(x).
Assume that p,(x) ~ (1,f(¢)) and g, (x) ~ (1,g(¢)). Then the transfer formula [7, Corollary
3.8.2] is given by

() = x(f 8) ¥ pux) (1= 1),

For s,(x) ~ (g(¢),f(¢t)) and r,(x) ~ (h(¢), [(t)), assume that

n
Sn(x) = Z Cn,mrm(x) (I’l > 0)
m=0
Then we have (7, p.132]

1 [h(f©) =, m
Com = — | ————1(F(t
m!<g(f(t)) (@)

x”>. (1)
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3 Main results
From the definition (1), quk) (x]ay,...,a,) is the Sheffer sequence for the pair

et -1\ 1
STT(E== d flt)=e 1.
¢ !‘1[( it e f0-¢-

So,

r

et —1 1
Diqk)(xkll:uwﬂr)w <1_[< P )Lifk(t),et—1>.

j=1

3.1 Explicit expressions

Recall that Barnes’ multiple Bernoulli polynomials B, (x|, ...,4,) are defined by the gen-

erating function

& n

t ot t
€ = B,(x|ai,...,a,)—,
H;zl(ea/t _ 1) ; Vl( | 1 r)n'

(13)

where ay,...,a, #0[8,9]. Let (n); =n(n—1)--- (n—j+1) (j > 1) with (1) = 1. The (signed)

Stirling numbers of the first kind S;(n, m) are defined by

(%), = Z S1(n, m)x"™.

m=0

Theorem 1
DY (xla, ..., ar)

= Z ZSl(n, m)ﬁ&(ﬂal, ey dy)

m=0 [=0
Ay
= Z Z Z (l) ()Sl(l’l - lvj)cgk)D[_[(ﬂl, ooy ar)xj
j=0 1=0 i=0 L
- n
= Z (Z>Dn-1(fl1, . ..,ar)cgk)(—x)
1=0
- n
= Z <Z>C§,k_)]Dl(x|ﬂly e ar)'
=0

Proof Since

r

Yt —1 1
- DW(xlay,...,a,) ~ (1€ -1
H( t )Lifk(t) oy lar o)~ (Le -1)

j=1

and

@)~ (1, - 1),

(14)

(15)

(16)

17)

(19)
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we have

r

DW(xlay,...,a,) = H(ﬂf 1) Life (£) (%),

j=1

_ ;Sl(n, m) ﬁ(eﬂ/tt_ 1) Lify (£)x"

= mizosl(”’ ") fl[(ea,f_ 1) 12’"0: l!(lil T
- ;Sl(n, m) i[(eu,f_ 1) IXMO: l!((lrz)i)k i

2251(”’”")(1( z)k Bu-ixlay, ..., ar)

m=0 [=0

ZZSl(n m) (l) G Bi(x|a,...,a,).

m=0 [=0

Thus, we get (14).
By (9) with (12), we get

(e(F®) F@)w")
r ]Il(l + t) ) j
i n<m> Lifi (In(1 + £)) (In(L + 2))
j=1

— r In(1 + ¢) o ;
i <H<m> Lifi(In(L + £))

n-j

! ]
> ; !sl(z+j,j)<n),+,~<]‘[<$> Lify (In(L + 8) |-
j=1

=0
X' l—/>

Sl L+ ], )t 5" >

n-j
= j!( )Sl(l+}])<ZD (a1, .. ,ar)

=0 i=0

n—

= j'(l+ )Sl(l+]])Dn i@, ar)
=0

~.

i

-
n
- ﬂ(l>sl(n—z,j)D§k>(a1,...,a,),

1=0
On the other hand,
(e(F®) " Fey 1)

n-j

~ Ji N e L))
= Z ([ +})'Sl(l +]’])(n)l+1<g((1 + t)ﬂj — 1)

=0

Lifi (In(1 + £))x" 7 >
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n—l—j

i/ In(Q+2)
( )Sl"”"’<, (52)
j=1
n—j n—I—j . r
. —1—)) In(1 +¢) i
Z( Jouan S <ﬂ<—uma_l>x -

xn—l—]—z>

n—I—j

l
S +4,)) chk (== <ZD ary...,qr)—

i n n-I[—-j
= ﬂ( )( ; ]>Sl(l +j,])Cf-k)Dn—1—j-i(ﬂ1,m,ﬂr)

n-j 1
n\ (!
- j!(l)<)51(n—l])ckD[ (ﬂl; yar)'
=0 i=0

Thus, we obtain

D(,,k)(x|a1, e dy)

= ZZ (7)81(71 1,j))D k)(al, , )X
j=0 1=0
"\ (1

=y (1>(.>Sl(” Ljei " Diiay, ..., ar)¥
j=0 1=0 =0 !

which is the identity (15).
Next,

i

pw - 4
()’|ﬂ1, 7“}’ = ZD (y'all )ar)ﬁ

In(l +2) ) Lifi (In(1 + ) (1 + £

1Q+8)% -

m) ‘ Lifk(]n(l + t))(1 + t)yx”>

(k) 4 ln(l + t) .
¢ (—J’)<!_1[<(1 + t)a/ _1) x

Ny, ilay,...,a,).

Thus, we obtain (16).
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Finally, we obtain

i

00
t
ZD |ﬂ1, ’ar)

i=0

DPGla,...,a)

ar) < >
<, <(1h41 i): t_) ) Lify (In(1 + ) (1 + ¢ xn>

r

e o]
l
ZDl(ﬂﬂl, ’dr)j X >

=0

Llfk ln 1+ t)

Llfk In(1 + t)

= ZD,(yml, e dy) (7)(Lifk(ln(1 +1)) |x”’l)
1=0

.

8

" n (k)ti
= D yeeer Gy S =
;:0 1yl a)(1)<§ G g

i=0

n

n
= Z (l)D,(yml, . ..,a,)cik_)l

=0

Thus, we get the identity (17).

3.2 Sheffer identity
Theorem 2

n
n
DY+ yla, ... ar) = (.)D;“(xml,...,a»mn_/-
o
Proof By (12) with
r Lljt

eyt -1 1
Pu(x) = H(T) mDn(xlm,m,ar)

j-1

= (x)n ~ (11 et - 1);
using (10), we have (20).

3.3 Difference relations
Theorem 3

DO +1lay,...,a) - DP(xlay, ..., a,) = nDY, (xlay, ..., ay).
Proof By (8) with (12), we get
(¢ -1)DP(x|ay, ..., a,) = nDW (x|ay, ..., a).

By (7), we have (21).

(21)

Page 7 of 22
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3.4 Recurrence
Theorem 4

p¥

o (xlay,. .., a,) = xD(nk)(x —1lay,...,a,)

nr m+l m+1) (l)

_ZZZZ (m+1)([—i+ 1) Sl(n,m)

m=0 j=1 [=1 i=0

X (““/’)mgileH—lBi(x - 1|"lly cees ar)

+ Z Z MLSl(n m)B)(x —1|ay,...,a,),

K
m=0 [=0 +2 l)
where B, is the nth ordinary Bernoulli number.
Proof By applying

Sn+1(x) = ( g(t))f/(t) n( )

[7, Corollary 3.7.2] with (12), we get

(#)

Dml(xlal, oay) =xDP(x - 1lay,...,a,) e _tg(t) DY (xlay,...,ay).

Now,

g @ _ (lng(t))/

g()
(Zln “/ —rint - lnLlfk(t))
) i aje’’ o Lif, (t)
= e -1 t Lifi(f)
B Z;:l ]_[i#j(e“f[ - l)(ajte“it —e% 1+ 1) Lif} (¢)
11 - 1) Lify(t)’
Observe that

Z;=1 [T - 1)(ajte™* — e%* +1)
M@ D
%(Z;zl a - 'ﬂj—lﬂjzﬂju R A

(a1---a)t" +

= % (iﬂj>t +
j=1

(22)

(23)

Page 8 of 22
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is a series with order > 1. Since

r
D(nk)(x|a1, ey dy) = H(e

j=1

) Lifi(£)(x), = Z $1(n,m) ]_[<

m=0

) Lify (£)x™,

g()

m=0

g’(t) (k) _ - g/(t) : t . m
g—D" (x|ay,...,a,) = ZSl(n,m 1_1[ a1 Lify (£)x
]:

n . r t
= ZSl(n, m) Lify(t) (H m)

m=0 j=1
Z] 1 l_[l?,](e 1)(ajtea/t _ ea]-;: + 1) y
X
t]_[] (e —
- Zsl(n m) Lif (£) (1‘[ ;l)xm o

m=0 j=1

Since
2o iy (e = D(ajte* —e%* +1)
X
tTia (e - 1)
Z/ ll_[z;/;(e (a,te eyt + 1)yl

]l(e -1) m+1

_ ﬂJte m+1
m+ 1

. ( l)lB[ﬂ m+1
- m+ 1 (Z l)x

=0
— (mzﬂ <WZ + 1)( —a: )lleerl i xm+1>
m+1 “\'% l
r m+1 m+l
= p— 1 ( ) (,lj)lleWlfl
j=1 [=1

r  m+

m+1
= P 1 Z ( ) j)m+lile+1—lxlr

the first term in (24) is

" S1(n,m) N mal 4 t
1\75 1-1 . /
§ : = ; 1 ; 1 ( ) u] m+ B, Llfk(t)(l | —e“/t _1>x

m=0 j=1

r

=1

m=0 j=1
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Bl (x|ar,...,a,)

Sl(n: L m+1 m+ll
- St B

m=0 j=1 [=1

n r m+l m+1) (l)

Z Z Z Z msl(”, m)(~a)" ' By iBixlay, ..., a,).

m=0 j=1 [=1 i=0

Since

Life_;(¢) — Lifi(¢) = (% - %)t Foen, (25)

the second term in (24) is

Lify_;(¢) — Life(2)

> Silmm) =B (way, a)
m=0

)Bm+1(x|a1,...,a,)

= > Si(n, m)(Lifi (¢) - Lifi(£) =

m=0

_ Z Si(n, ’f) (Life1 (£) - Lifi (8)) Bs1 (%@, ..., @)

o m +
n Sl (}’l, m) m+1 tl m+l tl
= Byt yeeerQr) — B, yeeer Ay
Z m+1 Z N+ 1)1 1(xla ... 4) Z D+ 1)k 1l ... )
m=0 =0 =0
n m+1 m+1 m+l  (m+l
S1(n, m) ( / ) ( I )
= Ber, yeeery) — —Bm+7 3eeery Uy
2 i (; (s Fitm (xlay, ..., ar) ; T (xlay, ..., a,)

S Summ) S (7)1
- 1,”_'_1 Z((l 1))k B-ixlai,. .., ar)

m=0
n m+l ( )
Z Sl(n: ) A m+1 l(xlalr ;ﬂr)
o -1 I+ 1)
vy (D)
= Z kSl(n,m)Bl(xIal,...,a,).
= (m+2-1)

Thus, we have

k
D(,H)l(x|ﬂ1, e ly) = xD(nk)(x —1lay,...,a,)

n r m+l m+1) (l)

‘ZZZZF)SI(” m)

m=0 j=1 [=1 i=0

x (-a)""' B iBi(x - lay, ..., a,)

+ ZZ WILS}(H m)B)(x —1|as,...,a,),

k
m=0 [=0 +2 l)

which is the identity (22). O
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3.5 Differentiation
Theorem 5

d ( 1)” - 1
aD;k)(xml,...,a, -n Z T Nxlai,...,a).

Proof We shall use

n-1
s = 2 ()01t

=0

(cf [7, Theorem 2.3.12]). Since

(f(t)|x"‘l> = (ln(l + t)|x"_l>

& (_l)m—ltm
(5 e

m=1

xn—l>

(1)

n-1
(1
:Z—

m=1

n-l -1 m-1
e D A T

m=1

= (-1 m-1-1),

with (12), we have

n-1

DY (xlay,...,a) =Z<”> )" n-1-1)DP xlay, ..., a,)
=0

"1( )nll

_ (k)
=n! Z l'( ) (x|ﬂlr~-;(lr);

which is the identity (26).

3.6 One more relation
The classical Cauchy numbers ¢, are defined by

o]

e
= Cpr—
In(1 +¢) — " n!

(see e.g. [1,10]).

Theorem 6

k
D(nk)(xlal, v @y) = xDi,_)l(x —1lay,...,a,)

1< (n ~

Page 11 of 22
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n
r— n k
+— ( >CZD£,_)[(x_1|ﬂl»-u,ﬂr)
0

n =\l
I~ (7
k
— ; <l)6leID§l)l(x+6lj—1|6l1,...,6l,«,6lj). (27)
j=1 1=0

Proof For n > 1, we have

o0
t
D(nk)()/|a11 .. .,ﬂr) = <ZDEk)(y|ﬂ1, .. .,dr)l—!

!
x"

=0
"/ In(l+0) .
l_[ <m) Llfk (ln(l + t))(l + t)y

g <)
< ( 11141((; +1) 1) Lifk(ln(l + t 1+1¢) )
<< (112(1 +1) 1)) Lify (ln(l + t))(l +t)

< - 1n(1+t)
+
j=1

)
-
g

)

+0%-1 (¢ Lifi (In(1 + £))) (1 + 2)”

o In(l+t
+ n( - ) Lify 1n1+t) 8t1+t)y
i 1+t -1

The third term is

r ln(l + t) . o B
y<1-[< e el )+ 7
=D\ (y~1lay,...,a,).

By (25), the second term is

<ﬁ( In(1 + £) )Lifkl(ln(l +1)) - Lify (In(1 + 1)) 1 +2)

1+0)% -1 I+8t)In(1+1¢)

xn—l >

A+t

r

In(1+¢) \Lif,_1(In(1 +¢)) — Lif, (In(1 + ¢))
H 1Q+8)% - 1) t

—x
i In(1 +¢)

1+t
1+6)% -1 t ( )

2 (%)

4 In(1 +¢) .
g <1=1 <(1+t)a’ )(1+t)y

/\/\

4 ( In(1 + ¢) ) Lifi_1(In(1 + £)) — Lif(In(1 + £))
(

j=1

,_.

n

O

Lif_(In(1 + £)) — Lif, (In(1 + t))xn_l_l>
t
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" ( In(1+9) L
- <H<(1 0 )(1 v
]‘[ ((;Iﬁ%) Lifi_ (In(1 +8)) (1 + £9~

)

1 n-1 " )
= <Z>CI(D£,k11)(y ~lay,...,ar) - Dy las,...,a).
=0

(Lifer (In(1 + £)) — Life (In(1 + £))) o >

n—1
1 xn—l>

- < (M) Llfk(ln(l + t))(l +2)7
j=1

Since

r a;t(1+8)%i

9 1—[ In(1 +¢) _ 1 In(1+¢) Z;=1(1n(f+t) - (1+t)"i_1)
G\ nY-1) el A+ 0¥ -1 t ’

with

- ¢ at(l+0)%\ 1
;<1n(1+t)_(1+t)af_1)‘_§(;:“">””'

a series with order (> 1), the first term is

Zr ( t ait(l+t)ai)
i=1\In(1+¢) ~ (Q+0)% -1 n—1>
; X

- In(1 +¢t) ) .
<H(m) Lifi (In(1+ )1 + £

r

t at(l+0)%\ ,
;(mum) R —1)" >

{1t -
j=1

- %Q‘J(%) Lifg (In(1 + £)) (1 + £~ - (1t+ t)x”>

1 2< BT H( O it o) >
- £<H(%) Lifi(In(1 + £)) (1 + £~ li;c,j—ix">

2 Z <(111J1r(1 :t_) 111[ ( (111(1):; t_) 1) Lifi (In(1 +2)) (1 + ¢+~ : o j_f x”>

u Z ( ) <H<%) Lifi (In(1 +£)) (1 + £’
SR ()

xn—l>
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.

In(1+8) 1=/ In(l+2) ‘ -

r

n
n
= - ( )clbi,k),(y—1|a1,...,a,>
n i [

17’ n
- — a; cD +a; —1lay,...,a,a;).
s a2 (et et ..ae)

Therefore, we obtain

DW(xlay,...,a,) =xD¥ (x ~1|ay, ..., a,)

1 (n (k-1 *)
=) Z)Cz( (x-1ay,...,a) =D, (x ~llay,...,a,))
1=0
+12": " cD(k)(x—lla a,)
l L, 1reeer Uy
1=0
1 e (7
3
_;ZZ<l)ajc1D;)l(x+a/—1|a1,...,a,,a,»)
=1 1=0

k
= xDi,_)l(x —1lla,...,a;)

1 n
—Z( )ch x=1|a1,...,a,)
"= )
r—1< (n
+ . Z (1>61fol(x—lla1,...,ar)

1=0
_C" ZZ( )“JCID & +a—1ai,...,ara)
j=1 [=0
1 n
=xD§zk—)1(x_l|“lw~:“r)+;Z(l>01D (x 1|611, rar)
=0

r—1 " n )
T Z<1>C1Dn(1(x—1|d1,...,a,)
r

1 " In .
T ZZ (l)“ichi-)z(x+ aj—1lay,...,a,, a),

j=1 1=0
which is the identity (27).

3.7 Arelation including the Stirling numbers of the first kind

Theorem 7 Forn > m > 1, we have

n-m

m Z (7)51(;7 -1, m)DEk)(al, ooy dy)

n-m |
l
=—mr2 (n)<.>51(n l,m)c;_iD, "( lay,...,a,)
n — 1) \i

1=0 i
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n-m 1 r
TZZ <n>(>51(n_l m)ajcl lD( ( '_1|ﬂl¢ 7ﬂrra/)
n =0 i=0 j=1
— (n-1
+ Z ( ; )Sl(n —-1-1,m- 1)D§k_1)(—1|a1, ey dy)
1=0
n-m _ 1
+m-1)3" (” )51(;4 ~1-1,m-)DP(a,...,a,). (28)
1=0 !
Proof We shall compute

r l ;
<H(%> Lifi (In1 +2)) (In(1 + )" |a”

(In(1 + t))mx">

in two different ways. On the one hand,

<H<$) Lify (In(1 + t)) (ln(l + t))m

Jj=1

= <H(%) Lifi (In(1 + £))

j1
~( In(l+12)
<E(m) Lify (In(1 + £))

faniliy m! ! 111(1 + t)
= Z msl(l +m, m)(n)l+m<l_[<m) Lifi (In(1 + 2)) |

1=0 j=1

[o¢] m‘
Z Sl (I +m, m)tl+mx”>

(I +m)!
=0
n— lm>

Zm'( " )Sl (I +m, m)Dn @)
Zm'( )Sl(n lm)ng)(al,...,ar).

On the other hand,

<H<%) Lify (In(1 + 1)) (ln(l + t))m

x”>
j=1

—( In(L+8) ..
= <8t (H(ﬁ) Lifi (In(1 + £)) (In(1 + £)) )

Jj=1

" In(1+1) , m
= <<8t E(ﬁ)) Lifi (In(1 + £)) (In(1 + £))" |

T In(1+12) .
(Tt st

|
:
)
)

(29)

"/ In(+0) ..
' <l_1[ (ﬁ) Lifi (In(1 + 1)) (3, (In(1 + 1))"
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The third term of (29) is equal to

: In(1 + ¢) ) )
m<!_1[ (m) Lify (In(L+£)) (1 +2)™"

(In( +1£))" x L 1>

4 In(1 +¢) . _
= m<£[<m) Llfk(ln(l + t))(l + t) 1

n-m _ 1 !
Z &Sl(l +m—1,m— 1)1yt
pn U+m-1)

(m— 1)'
l+m 1)!

M§

Sil+m-1,m-1)(n-1)1m1
1=0
In(1 +¢)

| . -1, n-l-m
X<,»=1<m)hfk<lnu+t>)u+t) ) >

n-m ]/[—1
:”’!Z(um >51(1+m Lm-1)DY,_ (-ay,...,a,)
1=0

n—-m
-1
=m! (n >Sl(n—l—1,m—1)D§k)(—1|a1,...,a,).

The second term of (29) is equal to

4 In(1 +¢) Lifi_1(In(1 + £)) — Lif; (In(1 + £)) m
<H<(1 1) - 1) ( (1+2)In(l+2) )On(l +0)

Jj=1

xnl>

(ln(l + t))m T 1>

< (1+i+t) )Llfk 1(1n(1+t))(1+t)’

o In@+1) . ,
<1_[( ljt+ )Llfk(ln(1+t))(1+t)

(ln(l + t))m " 1>

n-m

-1
=(m-1)! <n ; )Sl(n —-1-1,m- l)ng_l)(—lml,...,a,)
=0
n-m _1
—m-11y" <”l )sl(n—l—Lm—1)D§">(—1|a1,...,a,).
=0

The first term of (29) is equal to

a]-t(1+t)uf )

1 ~/ InQ+¢) Zle(m‘ﬁ . "

xn—l >

) <n<%) Lify (In(1 + £)) (1 + &) (In(1 + t))*ﬂ'

Zr ( ¢ a,t(l+t)aj)
j=1\In(1+2) — - _
nii+ . (1+)7-1 X" 1>
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1 mﬂ+ﬂ
n (1+t)“ -

- a}t(l +1)%
= (ln(l +1) (1+8)% - )x

) %<H (1]2(1): t_ Llfk(ln(l +8)(L+2)7
i=1

> Lifi(In(1 + £))(1 + £)" (In(1 + £))"

~.

ﬂ]t(1+t)“ m_p
X;Zl( 1+t) A+1)% 1)'(ln(1+t)) x>

= %<1—[( 112(1 +1) ) Lifi (In(1 + £)) (L +£)~"

i=1

r 1+t l+mn
) <ln(1+t) (1+t)”/ )'Z 51(l+mrn)t >

j=1

r

: 1
(1+L;n); 1L+ m,m)(n )l+m<n<$) Lifk(]n(l + t)) 1A+2)?!
' i=1

n-m
1
n

=0

r

¢ ajt(1+t)% .
X;(ln(l+t)_(l+t)“i_1>)x >
m! n-m n
T Zo: <l+ m>51(l+ m, m)
r ln(l + t) . o ¢ .
X <V<1L_1[(m> Llfk(ln(l + t))(l + t) ]n(l " t)x >

r In(1 +1) Ind+1) \. . -
B a’< 1+8)9 - 1_1[((1 T o) 1> Lify (In(L + £)) (1 + £)

‘n—m
== ( " )Sl(l+m,m)
l+m

1=0

X

~( In(1+12)
TR

r 1 r |
-2 ﬂ;< a 2(1):,. ) 1 ( q j(i; ) 1) Lif (In(L + £)) (1 + )%
i=1

i=1
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r

n—l-m
x <'" Z (n B i_ m)cv<1—[(%) Life (In(L+ ) (1 +£)™"

xnlmv>

v=0 i=1
r n—-l-m v l—m
-4 Z( y >cu
j=1 v=0
In(l+8) 7/ In@+e) \ . _
Life(In(1 + £)) (1 + )%
x<(1+t)“j—1l;[ A+8)%—1 lk(n(+))( +1) X
m =y
“n ( )51(1 +m, m)
n l+m
1=0
n—l-m . l "
T *)
"L ( v )C“Dn—z—m_v(—llal,...,a,)
v=0
NS n—Il-m k
_Z ( v )a/cVqu)zmu(ﬂj—llal,...,ahﬂj)>
j=1 v=0

j=1 i=0

! r 1
[ l
X <r E (i)ciD(nk_)i(—1|a1,...,ar)— E (i>ajc,'D§’f)i(a,»—1|a1,...,a,,u,')).
i=0 j

Therefore, we get forn > m > 1

my <7)Sl(n ~,mDP(ay,...,a,)

1=0
rim L\ (1
k)
= ml~ Z ( 1) (i)Sl(n — Lm)e,D(|ay, ..., a,)
=0 i=0
1 n-m 1 r " i
- m!; Z : (l) (i)Sl(n -1, m)ajciDyfz.(aj —1lay,...,ana)
=0 i=0 j=1
n-m _ 1
+(m—1)! (” 1 )Sl(n —1-1,m-)D} PV (Aay,...,a,)
1=0
n-m _ 1
—(m—-1)! <" z >sl(n—1—1,m—1)D}k>(—1|a1,...,a,)
1=0
— (n—-1
+ mlz ( ; )Sl(n —-l-1,m- 1)D§k>(_1|a1,...,a,).

=0

Dividing both sides by (m —1)!, we obtain for n > m > 1

n—m n
m Z <l>Sl(n -1, m)DEk)(al, ooy dy)
1=0

n-m |
mr
0

l
Z (n) (.)Sl(n -1, m)cl—iDEk)(_Hﬂl: s Gy)
n A= I )\i
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S

n—m r l
(n) ( )Sl(n A m)a}-cl_iDl(«k)(a,- —1lay,...,ana)
=0

l
LJ\i
=0 i=0 j=1

3
N

-1
+ (n )Sl(n—l—l,m—1)D§k_1)(—1|a1,...,a,)
I=

(=]
~

X

+(m—-1) 2 <n - 1)51(1/1 —I-1,m- 1)D}k)(—1|a1, ey dy).

=0 !

Thus, we get (28). a

3.8 Arelation with the falling factorials

Theorem 8
DP(xlay,...,ar) =y (”)D;”mwl,...,ar)(x)m. (30)
m

m=0
Proof For (12) and (19), assume that quk) (*lay,...,a,) =Y 0 _o Cum(%)m. By (11), we have

1 1
Com=— " x">

m! ]_[r &4 ln(l+t)_1) 1
j=1\" In(1+t) Lify (In(1+2))

1 [/ In(1+¢) .
_ ﬂn(m) Lify (In(1 + 2)

j=1

n d In(1 +¢t) .
= (m><n(m) Lify (In(1 + £))

Jj=1

n
_ ( )D(nk_)m(al,...,a,).

tmxn>
xnm>

Thus, we get the identity (30). d

m

3.9 Arelation with higher-order Frobenius-Euler polynomials
For A € C with A #1, the Frobenius-Euler polynomials of order r, HY(x|1) are defined by

the generating function

1-A
et — X

(see e.g. [11]).

r 00 o

xt (r) v

) et = HP ()
n=0

Theorem 9
n n—m n—m—j s I’l—j
D(nk)(x|a1,...,a,) = Z(Z Z (/)( ; )(n),
m=0 \ j=0 (=0

x (1=1)78i(n—j—L,m)DP(ay,..., a,))Hf,? (x]1). (31)
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Proof For (12) and

© NICEAY
wwm~((557) 1) ()

assume that quk)(x|a1,...,a,) =300 C,,,me,i)(xM). By (11), similarly to the proof of (28),

we have
In(1+£) )
1 ¢ S ”
Cam=— ,(1 ) (In(1 + £)) x”>
m! oY n(l+t)71 1
nj=1( In(1+£) / Lify(In(1+£))
1 " In(d+1) . "
= Lify (In(1 + £)) (In(1 + )" (1 = & + £)° |x"
m!(l—)\)s<£[((1+t)“/_1) ifi (In(1 +£)) (In(1 + ) "(1 - 2 + 1) x>
3 1
T oml1- Ay
il min{s,n}
ln(l ’ t) i m s l 1 n
/=1 i=0
1 n—mi
= — 1 )\‘ s—i
L7 2 Z ( )( )i
d In(1 +¢) . m| s
(T2t o)
1 n—m S n—m—i
- S—, z P (k)
- Wl‘(l—k)s ; (l) 1 )\’ l lzzo: m‘( ) -1 l’m)Dl (ﬂl,...,ﬂr)
= (S> (” z_ l) m)i(1=1)"S(n—i— L,m)DPay, .., a,).
i0 0 \
Thus, we get the identity (31). 0

3.10 A relation with higher-order Bernoulli polynomials

Bernoulli polynomials B (x) of order r are defined by

X ()
t rext _ Z %Wr (x) £
el -1 n!

(see e.g. [7, Section 2.2]). In addition, Cauchy numbers of the first kind QZ(,,V) of order r are
defined by

t\ el
= t"
(ln(l + t)) Z n!

n=0

(seee.g [12, (2.1)], [13, (6)]).
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Theorem 10

DY (xla, ..., ar)
n n—-m n—-m-—i " n—i o ‘ ® o
= Z Z . ; ¢S (n—i-1L,mD, (a,...,a,) | BY) (x). (33)

Proof For (12) and

BO(x) ~ <(ett_1)s, t), (34)

assume that D(,,k) *lay,...,a)=> 0o C,,,m%gf,) (x). By (11), similarly to the proof of (28), we

have
(eln(1+t l)s
Com = < - m(';l;” , (In(1 +1))" x”>
]=1 ln(1+t Lifk(ln(1+t))
1 /< In(1 +¢) - t §
=— Lifi (In(1 + ¢)) (In(1 + ¢ — | X"
m!<1 h <(1+t)‘Z —1> ifi(In(1+0)) (In(1 + 1) <ln(1+t)> ¥
1 [+ In(1 + £) ot o
:%<1 <(1+t)“ >L1fk (In(1 +¢)) (In( + £))” Zc
1 ' o In(1+0) ) m| i
- 2 G ( ) !_1[((1 o )Llfk(ln(l +1))(In(1 +1))" |«
1 n-m Vl —i n —i
=m‘Z€ ( ) m!( ; )sl(n-i-l,m)D}“(al,...,a,)
i=0 1=0
- ( )( )ds S(n—i—LmDP(a,...,a).
i=0 =0
Thus, we get the identity (33). d
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