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Abstract

In this paper, we present existence and uniqueness theorems of nonnegative,
asymptotically stable, and ultimately nondecreasing solutions for weakly singular
quadratic integral equations of Volterra type in Banach algebras. The concept of the
measure of noncompactness and a fixed point theorem due to Darbo acting in a
Banach algebra are the main tools in carrying out our proof. An effective numerical
example is given to illustrate our theory results.
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1 Introduction

Quadratic integral equations with nonsingular kernels are associated with epidemic mod-
els [1-5]. Recently, quadratic integral equations with singular kernels have received a lot of
attention because of their useful applications in describing numerous events and problems
of the real world. A simple type of quadratic integral equation involving singular kernels
in Banach algebras on an unbounded interval can be written as

x(t) = (Vix) (@) (Vax)(8),  t€R, :=[0,00), )

where
(Vix)(t) = m;(t) + f;(£,%(2)) /Ot(t - 8) "% u;(t,5,%(s)) ds,

where o; € (0,1), m;, f;, and u; are functions satisfying certain conditions for i =1,2. As
regards (1), Banas and Dudek [6] apply the techniques of a certain measure of noncom-
pactness to study the existence of theories in the Banach algebra BC(R,).

As pointed out in [6], one would have to explore some sophisticated tools to study
quadratic integral equations involving singular kernels in Banach algebras due to such
type equations have rather complicated form. More in particular, we have the important
condition (m) (see Definition 2.2) related to the operator V;, i = 1,2, which plays an essen-
tial role in the application of the technique of measures of noncompactness in a certain
Banach algebras setting.

It seems interesting to ask what happens if the singular (¢ —s)™ is replaced by a certain
function of, say, (¢/i — s#)%~1s%i where «;, B;, and y; are pre-fixed numbers for i = 1, 2.
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In this paper we continue the work in [6] and apply the explored tools and develops the

techniques to study the existence of solutions to (1) with
i t,x(t ¢ ; S\ O .
(V)(®) = mi(0) +Jw / (% - %) s (1,5,4(5)) s, @)
(7] 0

in BC(R,), where I'(-) is the gamma function, «; € (0,1), 8; > 0, and y; € R are pre-fixed
numbers for i =1,2.

Let us notice that weakly singular kernels appears in the second term of (2) are cor-
responding to the so-called Erdélyi-Kober type fractional integrals [7] of the function 4
which is given by

Ut—o(ou—n) /t San+a—1h(s) ds
0

IS, h(t) = .
EK1g 0,0 ( ) F(Ol) (ta _S(T)l—ct

In the past two decades, differential and integral equations involving fractional integral
operators draws a great application in nonlinear oscillations of earthquakes, many physi-
cal phenomena such as seepage flow in porous media and in fluid dynamic traffic model.
One can also find more details of such fractional equations in physics, viscoelasticity, elec-
trochemistry, and porous media in [8-13] and in the important monographs [7, 14-18].

In the present paper, we apply a certain measure of noncompactness introduced by Ba-
na$ and Dudek [6] and develop some useful methods in Wang et al. [19] to derive new
existence, asymptotically stable, and ultimately nondecreasing of nonnegative solutions
to (1) with (2) under the restriction on the parameters 1 >«; >0, ;> 0, ¥; > (1 — ;) — 1.
Moreover, we also give the uniqueness result by requiring g; to satisfy the Lipschitz con-
tinuous condition and addressing «; = &2, B1 = B2, 1 = ¥»- As an application, we give an
effective numerical example to illustrate our theoretical results.

Comparing with the corresponding existence results in Olaru [3, 4] and Brestovanska
and Medved [5], we discuss a quadratic integral equation with a class of special singular
kernels by using a different method, a fixed point theorem due to Darbo acting in a Banach
algebra via the technique of the measure of noncompactness. As a result, we obtain a new
and interesting existence result.

Comparing with the corresponding existence result in Bana$ and Dudek [6], there are at
least three different points: (i) the singular kernels in our equation is more general; (ii) we
not only present the existence result but also derive the uniqueness result; (iii) we give an
effective numerical example and draw a curve of the unique nonnegative, asymptotically

stable and ultimately nondecreasing solution to support our theoretical results.

2 Mathematical preliminary

Let E be a Banach space with the norm || - || and the zero element 6. Denote by B(x, r) the
closed ball centered at x and with radius r. The symbol B, stands for the ball B(6,r). If
X C E we use X, Conv X to denote the closure and convex closure of X, respectively. The
symbol diam X denote the diameter of a bounded set X and || X| denotes the norm of X,
thatis, || X|| = sup{||x| : x € X}. Moreover, we denote by 9 the family of all nonempty and
bounded subsets of E and by 91 its subfamily consisting of all relatively compact sets.

We collect the following definition of a measure of noncompactness.
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Definition 2.1 (see [20]) A mapping p : Mz — R, is said to be a measure of noncom-
pactness in E if it satisfies the following conditions:
(i) The family ker = {X € M : uw(X) = 0} is nonempty and ker u C D1 where ker
denotes the kernel of the measure of noncompactness .
(i) X CY = pn(X) < u(Y).
(i) p(X) = w(X).
(iv) u(ConvX) = u(X).
V) u(AX + 1 =2)Y) < AnX) + (1= \)u(Y) for » € [0,1].
(vi) If (X,) is a sequence of closed sets from 9 such that X,,,; C X,, (n=1,2,...) and if
lim,,_, oo 4(X,,) = 0, then the intersection X, = ﬂ;‘il X, is nonempty.

We see that the intersection set X, from (vi) belongs to ker u. In fact, since (X)) <
(X,) for every n, we have (X)) = 0.

We assume that the space E has the structure of Banach algebra. In such a case we write
xy in order to denote the product of elements %,y € E. Similarly, we denote XY = {xy:x €
X,yeY}.

Now, we recall a useful concept of the condition (m).

Definition 2.2 (see [21]) One says that the measure of noncompactness p defined on the
Banach algebra E satisfies condition (m):
if W(XY) < 1 X|n(Y) + | Y] e(X) for arbitrary sets X, Y € M.

In what follows we recall some measures of noncompactness in the Banach algebra
BC(RR,) consisting of all real functions defined, continuous, and bounded on R,. The al-
gebra BC(R,) is endowed with the usual supremum norm ||x|| = sup{|x(¢)| : £ € R,} for
x € BC(R,). In fact, the present measures of noncompactness were considered in detail in
[21].

We assume that X is an arbitrarily fixed nonempty and bounded subset of the Banach
algebra BC(R,), that is, X € Mpcr,). Choose arbitrarily ¢ > 0 and T > 0. For x € X denote
by w” (x, £) the modulus of continuity of the function x on the interval [£y, T], i.e., o (x, &) =
sup{|x(t) —x(s)| : £,s € [0, T, |t —s| < €}.

Let of(X,e) = supfol(x,e) : x € X}, ol(X) = lim. o0l (X,e) and 0F(X) =
limr_, o @f (X). Define a(X) = limz_, o {sup,cx {sup{|x(£) — x(s)| : £,s > T}}}. Finally, we set
Ha(X) = 0 (X) + a(X).

It was shown [21] that the function wu, is the measure of noncompactness in the al-
gebra BC(R,) as introduced in [21]. The kernel ker i1, of this measure contains all sets
X € Mpcr,) such that functions belonging to X are locally equicontinuous on R, and
have finite limits at infinity. Moreover, all functions from the set X tend to their limits
with the same rate. Further, it was also proved that the measure of noncompactness 1,
satisfies condition (m) in [21].

For our problem, we consider another measure of noncompactness. In order to define
this measure, similarly as above, fix a set X € Mpcr,) and a number ¢ € R,. Denote by
X(t) the cross-section of the set X at the point ¢, that is, X(¢) = {x(¢) : x € X}. Denote by
diam X(¢) the diameter of X(¢). Further, for a fixed T > 0 and x € X denote by d7(x) the so-
called modulus of decrease of the function x on the interval [T, 00), which is defined by the
formula dr(x) = sup{|x(¢) — x(s)| — [x(t) —x(s)] : T < s < t}. We denote d7(X) = sup{dr(x):
x € X}, doo(X) = imy_, o d7(X).
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In a similar way one can define the modulus of increase of function x and the set X (see
[21]).
Finally, let us define the set quantity p, in the following way:

1a(X) = 0g° (X) + doo(X) + tl;rglo sup diam X (¢). (3)

Linking the facts established in [21, 22], i, is the measure of noncompactness in the al-
gebra BC(R,). The kernel ker 14 of this measure consists of all sets X € M pc(r,) such that
functions belonging to X are locally equicontinuous on R, and the thickness of the bundle
X(t) formed by functions from X tends to zero at infinity. Moreover, all functions from X
are ultimately nondecreasing on R, (see [23]).

The measure 11, has also an additional property.

Lemma 2.3 ([6, Theorem 6]) The measure of noncompactness (L defined by (3) satisfies
condition (m) on the family of all nonempty and bounded subsets X of Banach algebra
BC(R,) such that functions belonging to X are nonnegative on R,.

The measure of noncompactness i, defined by (3) allows us to characterize solutions
of considered operator equations in terms of the concept of asymptotic stability.

To formulate precisely that concept (see [24]) assume that €2 is a nonempty subset of
the Banach algebra BC(R,) and F : @ — BC(R,) is an operator. Consider the operator

equation
x(t) = (Fx)(t), teR,, (4)
where x € Q.

Definition 2.4 ([6, Definition 7]) One says that solutions of (4) are asymptotically stable
if there exists a ball B(xy, r) in BC(R,) such that B(xg,r) N 2 # @, and for each ¢ > 0 there
exists T > 0 such that |x(¢) — y(¢)| < ¢ for all solutions x,y € B(xo,r) N2 of (4) and for ¢ > T

Now, we recall fixed point theorems for operators acting in a Banach algebra and satis-
fying some conditions expressed with the help of the measure of noncompactness.

Definition 2.5 ([20]) Let Q be a nonempty subset of a Banach space E, and let F: @ — E
be a continuous operator which transforms bounded subsets of 2 onto bounded ones. One
says that F satisfies the Darbo condition with a constant k with respect to the measure of
noncompactness u if w(FX) < ku(X) for each X € Mg such that X € Q. If k <1, then F is
called a contraction with respect to p.

Lemma 2.6 ([6, Lemma 4]) Let E be a Banach algebra and assume that | is a measure
of noncompactness on E satisfying condition (m). Assume that Q is nonempty, bounded,
closed, and convex subset of the Banach algebra E, and the operators P and T transform
continuously the set Q into E in such a way that P(S2) and T (2) are bounded. Moreover, one
assumes that the operator F = P- T transforms 2 into itself. If the operators P and T satisfy
on the set Q2 the Darbo condition with respect to the measure of noncompactness |1 with
the constants ky and ky, respectively, then the operator F satisfies on Q2 the Darbo condition


http://www.advancesindifferenceequations.com/content/2014/1/130

Yu et al. Advances in Difference Equations 2014, 2014:130
http://www.advancesindifferenceequations.com/content/2014/1/130

with the constant |P(Q2)||ky + || T(2) || k1. Particularly, if | P(Q2)|| ko + || T(2)||ky < 1, then F is
a contraction with respect to the measure of noncompactness | and has at least one fixed

point in the set 2.

Remark 2.7 It can be shown [20] that the set Fix F of all fixed points of the operator F on
the set 2 is a member of the kernel ker u.

In what follows we recall facts concerning the superposition operator which are drawn
from [25]. In order to define this operator assume that ] CR butJ #@#andf: R, xJ -> R
is a given function. Denote X; by all the functions acting from R, into J. For any x € X,
a function F is defined by

(Fx)®) =f(6x(t), teR. )

Then the operator F defined in (5) is called the superposition operator generated by f.
The following result presents a useful property of the superposition operator which is
considered in the Banach space B(R,) consisting of all real functions defined and bounded

onR,.

Lemma 2.8 (see [23]) Assume that the following hypotheses are satisfied.
(C1) The function f is continuous on the set R, x J.
(C2) The function t — f(t, u) is ultimately nondecreasing uniformly with respect to u
belonging to bounded subintervals of ], that is,

Tli_)n;o{sup{[f(t,u) ~fsuw)| - [f&u)~f(sw)]:t>s>T,uech}}=0

for any bounded subinterval J; C J.

(C3) Forany fixed t € R, the function u+— f(t,u) is nondecreasing on J.

(C4) The function u +— f(t,u) satisfies a Lipschitz condition; that is, there exists a
constant k > 0 such that

[f (&, w) = f(&,v)| < klu—v|

forallt e R, and all u,v e].
Then the inequality

Ao (Fx) < koo (x)
holds for any function x € B(R, ), where k is the Lipschitz constant from assumption (iv).
The following basic equality will be used in the sequel.

Lemma 2.9 (see [26]) Let«, B, y, and p be constants such that o« >0, p(y —=1) +1> 0, and
p(B-1)+1>0. Then

t _ t -1 +1
/ (ta _Sa)p(ﬁ l)sp(y—l) ds = ;B(%,p(ﬁ -1+ 1>, teR,,
0

Page 5 of 18
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where
1
B(&,n) = / s -5 ds (Re(é) > 0,Re(n) > 0)
0

is the well-known Beta function and 60 = pla(B —1) +y —1] + 1.

3 Main results
In order to derive the existence theorem of nonnegative, asymptotically stable and ulti-
mately nondecreasing solution, we consider (1) with (2) under the following assumptions:
(H1) The function m;, i = 1,2 is nonnegative, bounded, continuous, and ultimately
nondecreasing.
(H2) The function f; : R, x R, — R, satisfies the conditions (C1)-(C3) of Lemma 2.8
fori=1,2.
(H3) The functions f;, i = 1,2 satisfy the Lipschitz condition with respect to the second
variable; that is, there exists a constant k; such that

lfi(t,x) _ﬁ(t>y)| Ski|x_y|r t€R+,i=1,2.

(H4) u;:R, x R, x R — Risa continuous function such that #; : R, x R, x R, - R,,
i=1,2.

(H5) There exists a continuous and nondecreasing function G; : R, — R, and a
bounded and continuous function g;: R, x R, — R, such that
ui(t,s,x) = gi(t,s)G;(|x]) for t,s e R, x € R,and i =1, 2.

(H6) The function t — fot(tﬂ" — sPi)ui~lgYig,(t,s) ds is bounded on R, and

t
lim [ (¢ - s‘f’i)a"fls""gi(t, s)ds=0, i=1,2.

t—00 0

(H7) The function g;, i = 1,2, satisfies

&£ i~1 -1
lim {sup{/ {|(t§’ — ") sty 5) (tfi — P sYig(ty,9)]
0

T— 00

~ [(tfi ~ sﬁi)ai_ls”gi(tz,s) _ (tfi _ Sﬁi)&j—ls}/igi(tl,s)]} ds:ty>t > T}} =0.

Remark 3.1 For some certain k,v,a,b,¢,d € R, we can choose gi(t,s) = ke"** or g;(t,s) =

m to guarantee the assumptions (H6) and (H7) hold. For more details, one can see

the example in Section 4.
For brevity, we set
F;= sup{M(t, 0){ (te R+}, g = sup{g,»(t,s) :L,s€ R+},

— 1 t e
Gi:sup{ F(Oli)/o (tﬁi—sﬁ") ! lsyfgi(t,s)dszteR+},

F = max{F,,F>}, k = max{ky, kp}, m:max{IImlll, ||Wl2||}~

Page 6 of 18
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(H8) There exists a solution rg > 0 of the following inequality:
[m +kGirGi(r) + F_GlGl(r)] X [m + kGarGy(r) + FG, Gg(l")] <r
such that

L:= Wlk(@lGl(ro) + GZGZ(rO)) + 2kﬁ1Gl(V0)@2G2(ro)

+ 2/(27‘0@1 Gl(Vo)@ng(ro) <1
Consider the operators on the space BC(R,) by defining

(Fi)(2) = fi (£, 2(0)),

and

1

U =

t
/ (t9 - sﬁf)ai_lsyiui(t, s,x(s))ds, i=1,2.
0
As a result, we obtain
(Vix)(t) = m;(t) + (Fx) ) (Ux)(t), teR,,i=1,2.

In order to achieve our goal, we present the following results.

(6)

Lemma 3.2 The operators U; and F;, i = 1,2 transform continuously the set Q@ C BC(R,)

into BC(R,) in such a way that U;(Q2) and F,(2) are positive and bounded.

Proof Forany x € 2, keeping in mind of our assumptions (H1)-(H5) one can derive the fact

that U;x is nonnegative on R, i = 1,2. Moreover, for t € R,, linking (2) with the imposed

assumptions, we derive

kix(t) + fi(£,0) [*
() 0

) [klx(t) +f,(t,0)]Gl(||x||) t Bi _ Bi ;-1 .
< m(t) + T /O(t s sYigi(t, ) ds

< Imill + kGillx|Gi(lIxl) + FG,Gi(lIxl), i=1,2,

(Vix)(t) < my(t) + (¢P —sﬂi)ai_ls”fui(t, s,%(s)) ds

which shows that Vix, i = 1,2, is bounded on R,.

)

Next, keeping in mind of the properties of the superposition operator in [27] and (H2)

we find that Fyx is continuous and bounded on R,, i =1, 2.

To show that V;x is continuous on R,, i = 1,2, it is sufficient to show that U;x is contin-

uwousonR,,i=1,2.

Fix T > 0 and ¢ > 0, we choose any £, € [0, T] such that |¢; — f] < &. Without loss of

generality we assume that ; < t;. Since y; > B;(1 - «;) —1and «; > 0 for i = 1,2, we can take

¢i>1suchthat &y > ¢Bi(1- o) —land &i(o; —1) +1>0,i=1,2. Set {7 := ;il

(i=1,2). By

Page 7 of 18
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Lemma 2.9 and the Holder inequality, we have

|(Uix)(t2) — (Use) (1)

1 ” Bi Nai-1 o
= Mo )/ (tzl _sﬂ,) i sVzbli(tz,s,x(s)) ds
i) Jo
1 ” Bi -1,
_ F(a ) / (t2’ —Sﬁ ) t Syzui(tl,s,x(s)) dS
’r(a)/ (65" =) " ui (1,5, %(5)) ds
— F(a ) / (t2 Sﬂl) Syzul (tl; S,?C(S))
’r(a) P (1,5, (5)) ds
) = M) (11,5,x(9)) dis
2 -
< () / (&5 —sP)" lsz‘ui(tz,s,x(s)) — wi(tr,5,%(5))| ds
i) Jo
1 ” Bi B\l y
+ F(a) / (tzl — & z) i Sylui(tlys,x(s)) ds
i H
1 5] v . o . o
1—-( ) ui(tbS,x(s))sVz[(tfz _S,Bl) i—t (t2l _Sﬂ,) i ]dS
o
T t
M/z Bi _ Bi\*i Loy G(Hx”)gl/‘ o w1,
< Cle;)  Jo (ty =) " sV ds + r@) o (t2 )5 ds

GUSINE [ (s et i peiit
» SVl /0 (£ = o)™ — (e = )5 ds

IA

o (1,2) 1\ Gillsg 1
/g!_‘(a) Tﬁz(%_l)"'yﬁ'lB(yﬂ ,ai) + ( )gl EX t2—t

(e G; A R .
/ tﬂl Sﬂl i-1) S$Vids + (||x||)g, |:/ (tfil —Sﬂ’) i ISV’ ds
INCH) 0

2 2 o=l o Gz(”x”)g; L N&i=1
—/0 (tf i ds:|+W/tl (t2 - P s ds

T .
Dy (4ir ) TPVt (M—H ai)

=<
Bl (a;) i
26, \/ T B (R o)
() Bi
G; (o ) i+ 1
n (||x||)g, [tg (j—1)+y;+1 tf»,(a,l)+y,+1]B<y + ,O{'>
(o) Bi
©j (4ir€) Gi(llxIg; yi+1
< [4Tﬂi(ai—l)+n+l + le(h,8)1|B< »ai)
Bl (a;) (i) Bi

, (10)

2Gi(||x||)§i EL \{/T&ﬁi(ail)JrEVHlB(%,ai)
F(ai) ,31'

Page 8 of 18
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where

wﬁ;”(ui,a) = sup{|u;i(ts, 8, %) — ui(tr,5,%)| : t1, 2,5 € [0, T},
|t2_t1| ES,xE [_d)d]}» (11)
and h(g) := ¢tPi-D+i+1 i continuous on [0, T1.
The estimate (10) implies that U; is uniformly continuous on [0, T'] x [0, T'] x [-|Ix||, [|¢||].
Thus, we known that U;x, i = 1,2 is continuous on R, which guarantees that V;, i = 1,2,

transforms the set Q2 into € due to (10). The proof is done. O

Lemma 3.3 There exists a ro > 0 such that W = V1V, transforms Q,, into Q2,, where

Q,, = {xeBC(R+):O §x(t)§r0,teR+}, 12)
with

|Vi(Qyy)|| < m + kiGroGi(ro) + FGGi(ro), i=1,2. (13)

Proof Note that (9) and (6), there exists a ry > 0 such that W = V; V; transforms €,, into
Q,, and (13) holds. O

Lemma 3.4 The operator W = V1V, is a contraction with respect to the measure of non-
compactness [Lq With the constant L given in (7).

Proof Choose a nonempty subset X of the set €2,, and choose any fixed T > 0 and ¢ > 0.
Then, for x € X and for t1, £, € [0, T] such that |t, — #;| < ¢ and £, > £, we have

(Vi) (t2) = (Vi) ()| < @ (i, €) + | (Fix)(£2) — (Fix) (81) || (Uix) (85

+ | (Fi) ()| | (Ui) (82) — (Uie) (1) - (14)

In a similar way we obtain

|(Fix)(t2) - (Fix)(t1)| =< ki|x(f2) —x(t1)| + Lfi(tzyx(ﬁ)) _fi(tl,x(tl))|
< kol (x,8) + wﬁ;u HE), (15)
where
wz;(ﬁ, 8) = Sllp{lﬁ(tz,x) —f,-(tl,x)| (b € [0, T], |t2 — t1| <gxe€ [—d, d]}

Moreover,

Gi(ll«l) [
) Jo
|(Fix)(t1)| < kilx(t1)| + |fi(11,0)| < kiro + Fi

(U)()] < (5 = %) shig(t,5) ds < Gi(|1x11) G,

for any 1,5, € R,.
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Further, linking (14), (15) with the above fact, we arrive at

(Vi) (t2) — (Vi) (1) |
<o’ (mye) + [ko (x,) + o, (f,€)]Gi(I%l)G; + [kiro + F;]

y {[wx(”"g) (@-1) 4yt Maﬁ(h, 5)}13<Viﬁ+l,ai>

,Bl ( l) F(Oll') i
2G(lxl)g, 1 - o TPV B o)
) \/ 5 } (16)

Clearly, w”Tx”(f,»,s) and a)lﬂn(ui,a) tend to zero as ¢ — 0 since the functions f; and u; are
uniformly continuous on the set [0, T] x [—|lx|}, [|*]|]] and [0, T] x [0, T] x [~|lx]|, ||x]l], re-

spectively. Hence we have
g (ViX) < fiGiGilro)ag (X) (17)
and
g (ViX) < fiGiGi(ro)wg® (X). (18)
Next, choose any x,y € X and ¢ € R,. Keeping in mind our assumptions, we obtain

|(Vix)(®) = (Viy) (1)

[f(t x(2)) f(t y(t )| tﬂz Sﬁ’ sylu (t S, x(s))

- (o)
ety s
kilx(t) — y@)|1Gi(llx]l) [* B B\l v

= I (e;) 0 (=" gl s)ds

+ 7/@/“) +/i(t,0) /t(tﬂ" —Sﬂi)ai_lsyigi(t, $)[Gi(%(s)) — Gi(¥(s)) ] ds
0

I'(;)
ki|x(t)_)/(t)|Gi(70) ‘ Bi _ B4l v,
=< M) /O(t s ) s"g(t,s)ds
N (kiro +FP('2i2)Gi(I’0) Ot(tﬁi _sﬁi>a"71s”gi(t,s) ds. (19)

Now using (H6), we derive
tlim supdiam(V;X)(¢) = 0. (20)
— 00
In what follows, we prove that V; is continuous on €2,,.
Fix & > 0 and take %,y € Q,, such that ||x — y|| < &. In view of (20) we know that we may

find a number T > 0 such that for any t > T we get

|(Vix)(8) - (Viy) ()] < e.
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On the other hand, for any ¢ € [0, T], we have

|(Vix)(8) = (Vi) (0)|

fit,x()) = fi& @O [/ 5 pnel oy
< (@) ./o(t s ) s u,(t,s,x(s))ds

fi(t’y(t)) t Bi _ Bi a;—1 i
+ T0) /0 (P —sP) " s
- kilx(t) — y@®1Gi(llxl) [*
- INGH) 0
. . T (4. t
[kiy(2) +ﬁr(‘t(’o({)i))]wro(u”8)/o (tﬁi _sﬂi)“i_ls%’ ds

 kieGiGiro) | Kiro + F Tﬁi("’i‘”*””B(% - 1,ai>ero (i e), (21)
() Bil (@;) B

i

ui(t,s,x(s)) - u,«(t, s,y(s)) | ds

(t% - sﬂ")a’;ls”"gi(t, s)ds

where we denoted
a)rz (u;,8) = sup{ ’ui(t,s,x) - u,»(t,s,y)’ :t,5€ [0, T],x,y € [-ro,rol, |x—y| < 8}.
By using the uniform continuity of the function u; on [0, T] x [0, T] x [ro, o], we derive
w,TO (u;,e) ase— 0.
This shows that we can find T > 0 such that wz; (u;, €) is sufficiently small for t > T and
i=1,2.

Now, we take any fixed T > 0 and choose #, t; such that £, > #; > T. Then, for any x € X,

we obtain

(Vi) (82) = (Vix) (1) | - [(Vix) (r2) — (Vi) (11)]
<dr(m;) + dr(Fx)(Vix)(£)

+ (Fax) ()] | (Ui) (1) — (Ui) (1) | - [(Ui) (82) — (Uin)(21)]}. (22)

Note that

|(Uix)(82) = (Us) (0)| - [(Uin)(82) = (Ui) (11)]

12}
=< l"(ai) /0 (t/;’ — S/Si)oli—lsyigl-(tz,S)Gl'(x(s)) ds
1) O
_/ (tfl —Sﬂi)az_ Syfgi(tl;S)Gi(x(S)) ds
0
B Bi N7
+ F(ai) /L; (tl’ —Sﬁz) i Sylgi(tl,S)Gi(x(s)) ds

_ F(L‘) [/(; 2(t§’i —sﬂ")“"’ls”"gi(tz,S)Gi(x(s)) s

- /tz (& - Sﬂi)ai_lsyigi(tl:S)Gi (x(s)) d3:|
0

Page 11 0of 18
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1
(o)
1

T(a;) {/0 |(t§i _Sﬁi)aiilsy"gi(tz,S)G,-(x(s))

— (¢ =57 sigi(tr, 9)Gi(x(s)) | ds
ty

Oug_wfﬂwm@@@@w)

_ (tf’i - sﬁi)aflsy"gi(tl»s)Gi (x())] ds}

t
(1 =) g (01,5)Gi(w(s)) s
5]
7]

<Gi(||x||) g
~ Tw) Jo

— [(tzﬁi _Sﬁi)ai-lsy,vgl,(tz’s) _ (tfi _ Sﬂ;)ai—lsngl,(ths)]} ds. (23)

{[(57 = sy srigi(ta, ) — (8 — %) s7igi(ty, )|

By (H1), (H5), and (H7) and (22), we obtain
doo(Vix) < doo(Fix)Gi(r0)G;,  i=1,2.
Hence, in view of Lemma 2.8, we derive
deo(Vix) < kiGiGi(ro)doo(x), i=1,2.
Linking (23), (15), (18), and (22), we obtain
1a(ViX) < kiGiGi(ro)ua(X), i=1,2.
It comes from (13) and (7) we obtain
L= | Vi(Q) | ko + | Va(€2r) | K1 < 1,

which implies that W is a contraction with respect to the measure of noncompactness 114
with the constant 0 < L < 1. This completes the proof. d

Now we are ready to state the main result in this paper.

Theorem 3.5 Let the assumptions (H1)-(H8) be satisfied. Then (1) with (2) has at least one
solution x = x(-) in the space BC(R,). Moreover, this solution is nonnegative, asymptotically
stable, and ultimately nondecreasing.

Proof By Lemmas 3.2-3.4, one can see that all the assumptions in Lemma 2.6 are satis-
fied. Thus, one can infer that the operator W has at least one fixed point x € €2,,. Due to
Remark 2.7 we know that x is nonnegative on R,, asymptotically stable, and ultimately
nondecreasing. The proof is done. O

To end this section, we establish some sufficient conditions to derive the uniqueness of

solution.

Page 12 0f 18
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Theorem 3.6 Let the assumptions of Theorem 3.5 be satisfied. There exists a positive con-
stant h; such that

|u(t,s,x)—u(t,s,y)| <hlx-y|, i=12 (24)

foranyt e R, and all x,y € Q,,, where Q,, is defined in (12).
Then for

0] =07 € (0, 1), ,31 = ,32 € (0, +OO), Y1=Y2 € (/31(1 —Otl) — 1, +OO),

(1) with (2) has a unique nonnegative, asymptotically stable, and ultimately nondecreasing

solution.

Proof Suppose that y be another nonnegative and nondecreasing solution of (1). Then y

satisfies the following integral equation:
y(&) = (Vi) (Vay)(e), teR,.
Note that

[x(8) = y(8)| < | (Vi) (@) (Vax)(2) = (Vip) () (Vax) ()|
+ [(Vip) @) (Vax)(2) = (Viy)(6)(Vay)(8) |

< (V) ()] | (Vi) (0) - (Vin)@)] + [ (Vi) @) [ (Va) ) (25)
where
|(Vi)(8) = (Vig) )|
- lf(txt)r(a, (t, y(2)) |/ (P = s5) 7 iy (1, 5,x(5)) dis
+ﬁ(lf,(i(,»t))) 0 (% = P) 757 |y (8,5, %(5)) — wi(£, 5, y(5)) | dis
_ halx(t) - Fy((ot:)|Gi(||x||) Ot (£ = 7Y Lt 5) ds
o RO FEOL "5 _ o)y
< ’QGG ’° S0 |x(e) - y(8)]
R M (O - Y als) —y(s)| s, i=1,2. (26)

INGH) 0
Using (26) and (9) in (25), we obtain

|x(8) - y(2)| < L|x(2) - y(0)]

2h(krg + F)[m + kGroG + FGG]
I"(et1)

/ (e = 5P) 751 x(s) — y(s)| ds
0
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for any t € R, and all x,y € ,,, where L is given in (7), G =max{G,, Gy}, G = max{G,(rg),
Gy(r0)}, and & = max{l, hy}.
Note that (7), we have

(1-L)|x(t) - y()|

- 2h(kro + F)[m + kGrq
- ()

T al T t
- 2h(krg + F)[m + kGroG + FGG] \{// (tfh _Sﬁl);(al_l)sm s
0

Faral t
G+FGG]/ (tﬂl—Sﬂl)al_lSyl|x(S)—y(S)|dS
0

- (o)

X 5\7/ot|x(s)—y(s)|{*ds

- 2h(krg + F)[m + kGroG + FGG]
- (o)

B (a1 -1)+¢y+1 * t *
B P °

where ¢ and {* are defined in the proof of Lemma 3.2.

In view of (7), we can rewrite the above inequality to
t t
z(t) < ﬁ(t)/ z(s)ds < (1 + 2(t))/ z(s) ds, (27)
0 0

where z(t) := |x(t) — y(£)|¢" and

25 W (kro + E) [m + kGroG + FGG)¢™
1 -L)* T ()

Pl -1)+y1+1 iy +1 )
B , -1)+1
- ( B < B flea=Dx )

ct): =

i~
~%

From (27), we get

z(£) g A z(s
1+() 5/0 (l”(s))[uas)}d&

li(ﬁt()t) =0, 5o z(t) = 0. This completes the proof. [

and the Gronwall inequality implies

4 An example
Motivated by Example 11 in [6], we treat a numerical example to illustrate the main results.
Consider the following quadratic fractional integral equation:

x(t) = (Vix)(6) (Vax) (), (28)

where

by Ese (o) ds, (29)

2 %arctan(t2+x(t)) Lty
V90 =g 7+ /0 (t


http://www.advancesindifferenceequations.com/content/2014/1/130

Yu et al. Advances in Difference Equations 2014, 2014:130 Page 150f 18
http://www.advancesindifferenceequations.com/content/2014/1/130

e Lin(x(e) +1) [rat(e)(ez —s2) ds

1-
(Va)(8) = —5—+ r) o (t+s+2)3

ds, (30)

fort e R,.

Clearly, a1 = g = %, B =B = %, y1 = ¥» = 1, and the functions in (1) have the form
my = 25, my = %,ﬁ(t,x) = 2arctan(£? + x(t)), f2(t, %) = 3 In(x(2) + 1), u1(¢,5,%) = e %2,
us(t,s,x) = (H’S‘TP

In what follows, we check that the above functions will satisfy all the assumptions of
Theorem 3.5.

Step 1, the function m;, i = 1,2 is nonnegative, bounded, and continuous on R, . Since m1;
and m1; are increasing on R,, they must be ultimately nondecreasing on R,. Meanwhile,
/1l = 2 and ||m, ]| = 5. Thus, (H1) holds.

Step 2, f;, i = 1,2 transform continuously the set R, x R, into R,. Moreover, f; is non-
decreasing with respect to both variables and satisfies the Lipschitz condition with the
constant k; = % Similarly, the function f, = f,(¢, %) is increasing with respect to x and sat-
isfies the Lipschitz condition with the constant k, = % Also, F; = %, F, = 0. Thus, fi and
f satisfy (H2) and (H3).

Step 3, u;(t,s,x) is continuous on R, x R, x R and transforms R, x R, x R,. Mean-
while, u;(¢,s,%) = gi(t,8)Gi(|x|), i = 1,2, where gi(£,5) = 75, G1(x) = 42, @& (¢,5) = m,
and G, (x) = x*. It is easily seen that (H4) and (H5) are satisfied for u; and u,.

Step 4, one has

L1 LN _t Loro11 ¢,
(12 —s2) Psefds<e (£2 —s2) 3sds=2B( 4, = |e'te,
0 0
and
fo 1 101 ‘ 2y, 1
(t2 —s2)73s o < /(t%—s%)_% _2]B%(4,3)t6
o (E+s+2)3 ~(+2)3 ), (t+2)3
Thus,

t
lim (tﬁ" - sﬂi)ai_lsyigi(t, )ds=0, i=1,2.

t—00 0

So we find that (H6) is satisfied.
Step 5, for 0 < T < t; < £, we get

t 1 .
f {’(tlzsl _Sﬂl)ali s"gi(ty,s) — (tfg1 —sﬁl)ar s”lgl(tl,s)|
0

- [(tg1 - sﬁl)al_ls”gl(tz,s) - (tfl - sﬂl)al_ls”gl(tl,s)] } ds
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A 1 4 1 21 L
528_t1/ (£ —s2) 3sds+26‘“/ (£ —s2)
0 a

2 a u o1 1 13
4B<4,§>[e‘”tlﬁ —e‘2t2t26]+4e‘t1/ (t7 —s2) *s2 ds?

5]

ST
“n
&
|
=
&
N
L
W N
~—
®,
54
N
A
Mm‘,_

IA

2 1 11 3 1 2
§) [e8° —e2tf | -12e78) (¢ - t7)°

<4B <4,
2 u u
<4B (4, g) [eh8° —e?2tf | >0 asty>H — oo.

Similarly, we obtain

t 1 1
/ {1852 = 5) 52 q(ts,9) - (57 - 52) " s (t1,9)]
0

-« e —sﬁz)az_lsngz(tz,s) - (tf2 —sﬂz)az_lsngz(tl,s)]} ds

I

1 1
~ [(t22 —s%)’%s (¢ —s%)%s]}ds

1 1.1 1 1.1
(¢ —s2)73s (7 —s2)73s

(tr+s+2)3  (H+s+2)3

(ty +s+2)3 B (th+s+2)3
1 1
<2/t2 (tf—s%)’%s (tzj—s%)’%s 4
- s

T Jo L ti+s+2)3 (th+s+2)3

2 1 ! 2 1 !
< f (£ —s%) gsds——/ (3 —s%) 3sds

(t+2)% Jo (26 +2)% Jo

u u
_ 4B(1, 2)tf _4]133(1,§)t26 . 2 /tz(t%
L+23  Q2u+23  G+23 ), V!

B2 5 B, 2 5 S5 .32
4B 3" 4B, 3)1, +12t2 (& —t))3

- — 0 ast, >t — oo.
L +23 (2t +2)3 (t +2)3 2o

Thus, we see that (H7) is satisfied.

Step 6, using the above facts we find m = max{||m ||, ||m2||} = %, k = max{ky, kr} = %, F=
max{Fy,F} = 3 and Gy = 0.3962, G, = 0.0489. Thus, the first inequality in (H8) reduces

to

2 2 T 2 2 —
S+ 26+ =Gt —+—G2r5+zG2r4 <r.
5 3 3 5 3 3

One can verify that ry = 1 is a solution of the above inequality such that it satisfies also the

second inequality in (H8)

2, — 4 — 2\ _
X E(Glrg +Garg) + ?nGlerg + <§) G1Garg = 0.1544 < 1.

[S2R )

As a result, all the assumptions in Theorem 3.5 are satisfied. Moreover, (24) in The-
orem 3.6 is also satisfied. Thus, (28) with V3, V, in (29) and (30) has a unique solution
x € Q1 where Q1 = {x € BC(R,) : 0 < x(¢) <1for¢ € R,}, which is asymptotically stable

and ultimately nondecreasing.

Page 16 of 18
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Figure 1 The unique asymptotically stable and ultimately nondecreasing solution.

The unique asymptotically stable and ultimately nondecreasing solution of (28) with
(29) and (30) is displayed in Figure 1.
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