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Abstract
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1 Introduction

The largely investigated generalized hypergeometric function ,F,; with p numerator pa-
rameters ay,...,a, such that a; € C (j = 1,..., p) and g denominator parameters by, ..., b,
suchthat b e C\Z; (j=1,...,q; Zy := ZU {0} = {0,-1,-2,...}) is defined by (see, for ex-
ample [1, Chapter 4]; see also [2, pp.71-72])

;... Qp; > (al)n“’(‘xp)n z"
F, =, F o, . 081,00, By 2] = _—— — 11
» q|:ﬁ1:-~~,,3q;z:| pEqlon, . 0p; Bu ., B3 2] ;(ﬂl)n"'(ﬂq)n - (1.1)

(pfqand |z| <oosp=g+1land|z|]<l;p=¢g+1,]|z] =1and Re(w)>0),

where

and (@), denotes the Pochhammer symbol defined, in terms of the Gamma function, by

@ I'(a + n) al@+1)---(@+n-1) (neNaeC),
a), = —— =
I (e) 1 (n=0;a € C\ {0}).

Multi-variable hypergeometric functions and their reduction formulas have also been
largely investigated (for example, see [3]). Let us recall the general definition of the double
hypergeometric function given by Srivastava and Panda [4, p.423, Eq. (26)]. Let (H}) de-
notes the sequence of parameters (Hj, Hy, ..., Hy), and let nonnegative integers define the
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Pochhammer symbol ((Hy)), = (H1),(H2)y - - - (Hy),. Then the generalized version of the
Kampé de Fériet function is defined as follows:

(1.2)

phab [ (Hy): (Aa)i (B y} -y ((Hp)min((Aa))m((Bp))n x™ y"
gl (Gg): (Ce); (Da); ’ =0 ((Gg))m+n((c Dm((Da))n m! n
For the numerous conditions of convergence for this function, the reader is referred to [4].

Some special cases of hypergeometric function of two variables are the Appell functions
[3, 5-7] defined as

(ﬂ)m+n(b1)m(b2)n y
Fila; by, by; c;x,y] := Z —E TSR (vl <1yl <1), (1.3)
ot (O msn m! n!
(d)m-m(bl)m(bZ)n xm y"
Fy[a; b1, by; c1, 005, 9] = _— x|+ |y| <1), 1.4
2[a by, bas 1, 0235,y mZO e i (Il + Iyl < 1) (L4)
1) (@2)(b1) 1 (b2)
Fslay, as; b1, by; 6%, ] = Z (@) (ZC))( D(b2) % %% (I« <1, 1yl <1), (1.5)

m,n>0

(a)m+n(b)m+n xm yn
Z Hmin7min > 7

e, i (e <1). (16)

Fyla; b;c1,c05%,y) =

m,n>0

Other interesting special cases of hypergeometric functions of two variables are Horn’s
functions G; and G, studied in [6, 8] and defined as follows:

Z (C\l)m+n(,31)n—m(ﬂ2)mfnxmyn

m'n!

Gile; B1, Basx,y) = (Il + [yl < 1), 1.7)

m,n>0

Z (al)m(a2)n(,31)n—m(,32)m—n m.on

Golon, 3 B, Boi %) = oy Ay (Il Iyl < 1). (18)

m,n>0

For the purpose of this work, we need to introduce Srivastava’s triple hypergeometric
series F® [x,y,2] [3, p.44] defined by

O, y,2] = F(s)[(ﬂ) s ()0 (0;();(); xyz]
~ ©: @@sE): Wwiwy"”

-y Ammp 2 (1.9)

1yl pl
m,n,p>0 e p
where, for convenience,
A B B B
1_[]' 1(ﬂj)m+n+p Hj 1(b')m+n H}' l(b/')n+p H}' l(b/'/)m+p
l_L 1(e/)m+n+p ]_[/ 1(g})m+n l_[ (g,)rupl_[ (g” m+p

@ [T @ TT5 ),
T Gy)on TS 020 T (),

A(m, n,p) =

(1.10)

and () abbreviates the array of A parameters ay,...,a4 with similar interpretations for
(b), ('), (b"), and so on.
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Finally, we also require two special cases of hypergeometric function of three variables
given by Srivastava [9-11]:

(Ol)m+p(,31)m+n (/32)n+p XMy P

Hu(o, Bi, B2 V15 v2i %, 95 2) = 1.11)
. LYY V%) m,n,zpzo (%)m()@)nﬂomm!p!
(|x| =r<1|yl=s<1,|z| =t<(1—r)(1—s)),
(0)m+p (B man(B2)na
Hy(e, Bu, Boi v vo v3i%,9,2) = ) LI B IL oy g0 (112)

V) m(¥2)n(y3)pym!in'p!

m,n,p>0

(lxl =1yl =sz| :t;r+s+t+2\/rst<1).

Recently, many authors [12-14] obtained several transformations formulas involving hy-
pergeometric functions as well as their multi-variable analogs by using the so-called beta
integral method. The beta function B(w, 8) is defined by the following integral represen-
tation:

Lo _ I'(a)T'(B)
Bla, B) = /0 21— ¢)P ldt:ﬁ (Re(@) > 0,Re(B) > 0). (1.13)

The so-called beta integral method consists essentially of integral from 0 to 1 expressions
which contain terms in the form z%(1 — z)? to obtain new transformations formulas.

The aim of this paper is to present many new general transformations for multiple hy-
pergeometric functions. These transformations can be viewed as generalizations of some
of those obtained recently by Wei et al. [14]. All these transformations are obtained by
using a fractional calculus operator based on the Pochhammer contour integral. In Sec-
tion 2, we give the representation of the fractional derivatives based on the Pochhammer
contour of integration. Section 3 is devoted to the fractional calculus operator ,O% in-
troduced by Tremblay [15]. Finally, in Section 4, we present the several transformations
involving multi-variable hypergeometric functions.

2 Pochhammer contour integral representation for fractional derivative and a
new generalized Leibniz rule

The use of a contour of integration in the complex plane provides a very powerful tool

in both classical and fractional calculus. The most familiar representation for fractional

derivative of order o of 2’f(z) is the Riemann-Liouville integral [16—18], that is,

DEf(e) = s [ F@ErE -, o)

which is valid for Re(«) < 0, Re(p) > 1 and where the integration is done along a straight

line from O to z in the £-plane. By integrating by parts m times, we obtain
ar
DZf(z) = d—Dj "2 f (2). (2.2)
Zm

This allows one to modify the restriction Re() < 0 to Re(w) < m [18]. Another used rep-

resentation for the fractional derivative is the one based on the Cauchy integral formula
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Im(g)

Branch line for
exp[-(a+1)in(g(€)-9(2))]

Branch line for
exp[p(In(g(&)]

Re(€)

Figure 1 Pochhammer’s contour.

widely used by Osler [19-22]. These two representations have been used in many interest-
ing research papers. It appears that the less restrictive representation of fractional deriva-
tive according to parameters is the Pochhammer contour definition introduced in [15, 23]
(see also [24—-28]).

Definition 2.1 Let f(z) be analytic in a simply connected region R. Let g(z) be regular
and univalent on R and let g71(0) be an interior point of R. Then if & is not a negative
integer, p is not an integer, and z is in R — {g"(0)}, we define the fractional derivative of
order a of g(z)Pf(z) with respect to g(z) by

e ™PT(1 + &) f(E)gEPg (&)

- dék. (2.3)
4 Sm(”P) C(z+,g*1(O)+,z—,g*1(0)—;F(a),F(a)) (g(s) - g(z))a+1

D582 (2) =

For non-integer a and p, the functions g(£)? and (g(¢) — g(z))™! in the integrand have
two branch lines which begin, respectively, at £ = z and & = g71(0), and both pass through
the point & = a without crossing the Pochhammer contour P(a) = {C; U C; U C3 U Cy} at
any other point as shown in Figure 1. F(a) denotes the principal value of the integrand in
(2.3) at the beginning and ending point of the Pochhammer contour P(a) which is closed
on Riemann surface of the multiple-valued function F(§).

Remark 2.2 In Definition 2.1, the function f(z) must be analytic at & = g71(0). However,
it is interesting to note here that we could also allow f(z) to have an essential singularity
at £ = g71(0), and Equation (2.3) would still be valid.

Remark 2.3 The Pochhammer contour never crosses the singularities at & = g71(0) and
& =z in (2.3), then we know that the integral is analytic for all p and for all & and for z in
R —{g71(0)}. Indeed, the only possible singularities of Dg(z) g(2)’f(z) area = -1,-2,...,and
p =0,%1,£2,... which can directly be identified from the coefficient of the integral (2.3).
However, integrating by parts N times the integral in (2.3) by two different ways, we can
show that« =-1,-2,...,and p = 0,1,2,... are removable singularities (see [23]).
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It is well known that [29, p.83, Equation (2.4)]

Do LA+D)

¥z Tlip-a) (Re(p) > -1), (2.4)

but adopting the Pochhammer-based representation for the fractional derivative this last
restriction becomes p not a negative integer.

3 The well poised fractional calculus operator ZO‘E
In this section, we recall some of the important properties of the fractional calculus oper-
ator ;O introduced by Tremblay [15] as

o .= 7 F(,B) lﬁDaﬁ -1

05 T (B not a negative integer). (3.1)

We choose to simply list them since the proofs are readily obtainable.
(1) Linearity

05 {Mf(2) + 2ag(@)} = 11208 (2) + 12.0%g(2). (3.2)
(2) Identity

0y =1 (3.3)
(3) Reductions

208,08 =02, (3.4)
ZO%ZOZ = zog' (3.5)

(4) Elementary cases
L051=1, (3.6)

o N _ (a)” n
O B

(3.7)

(5) Useful cases

o )\ (,B)F(Ol +)‘ oz+A

:057f(2) = 7(0{)1" TE O51f (2), (3.8)
@ — 2)f _LBTB-a+0) ,

zoﬂ(W_Z) f(z)|w:z = (,B Ol)r(ﬂ 9 O +gf (3‘9)

FAT(@+ (B -a+0) g o S@ (3.10)

o A 6 _
057 W=D f@lvs = R T (Ba o+ h)° OB

It is worthy to mention that operator ;O has a lot more interesting properties and ap-
plications. Tremblay introduced this operator in order to deal with special functions more
efficiently and to facilitate the obtention of new relations such as hypergeometric trans-
formations.

Page 5 of 12
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For this work, the most important property of the operator ,Of is given by the following
relation:

LT (B+) s,

Bl ) = Tla+B+y) " F z=1

(3.11)
This relation shows, in fact, that the so-called beta integral method consists in a fractional

derivative evaluated at the point z = 1.

4 Main results

In this section, we apply the fractional calculus operator ;Oj to certain transformations
involving multi-variable hypergeometric functions in order to obtain new transformations
more general than those obtained by means of the beta integral method. Many special

cases are also computed.

Theorem 4.1 Let by and b, be two nonpositive integers or o be a nonpositive integer and
letc,B #0,-1,-2,.... Then the following transformation

Fl22 a:  buoa; by,p-o;
2:0;0 %z

.pB: - -
_ Z (¢ = @) pman(b1)m(b2) (b1 + m)i(by + n)j(a)erk(ﬂ - a)n+j (-2)" (-2)" Z_k Z_l
= 2 O min(Bmsnsisj m! nl k!
(4.1)

holds true.

Proof We start from the following transformation of Appell function F;, [7, p.217,
Eq. (8.3.2)]:

Fila; by, by 9] = (1—0)"2 (1 - y) 2, [c — @by, by ——, L] (4.2)
x-1y-1

By making the substitutions x — z and y = w — z in (3.3), we obtain

Fila; by, by; c;z,w — 2]

=(1-2™0-w+2)™2F c—u;bl,bg;c;i,g . (4.3)
z-1 w—-z-1

Next, we apply the fractional calculus operator ;O on both sides of (4.3) with w = z after

operation. We thus have for the Lh.s.:

(“)m+n(b1)m(b2)n o _m n
(©)enmin! ZO’SZ (w=2) w=z

O8F[aby, by w2l = Y

m,n>0

_ Z (@) mn(01) (@) (D2) (B — 1) izn

(C)m+n(,3)m+n m! E (4.4)

m,n>0
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We obtain for the r.h.s.:

ZO%(]‘_Z)ibl(l_W*'z)iszl C—ﬂ;bl,bz;(l;i,g ‘
z-1 w—z-1[lw=

- Z (c- 62')"*"(2?:!(2’2)" (-1, 052" (1 - 2w —2)"A - w+z) 2"

w=z
m,n>0

) (¢ = Dmin(b1)m(b2)n(br + M)k (b + 1),

(©)minmnlklj!

(_1)m+nz0§2m+k(w _ Z)VH—/

w=z
m,n,k,j>0

3 o Dm0 Go)o By B+ 1; €l = sy (2" o) aa
m,n,k,j=>0 (C)m+n(,3)m+n+k+j m! Al K ]' .

(4.5)

This completes the proof. d

Let us give a special case of Theorem 4.1 in which we recover a result given recently by
Wei et al. [14, Theorem 1].

Corollary 4.2 Let b, and b, be two nonpositive integers or o be a nonpositive integer and
letc,B #0,-1,-2,.... Then the following summation formula:

1:2:2 a: bi,e+by; by,d+b—¢
2:0;0 1,1
C,d+b1+b21 -5 —;

_T(el(d-e)l'(d+b +by) Z (¢ = @) en(D1)m(D2)1(€)m—n
T T (e+by)T(d+ by —e) o (©)msn(1+e—d)_pm'n!

(4.6)

holds true.

Proof Settingz=1, =e+b, and B = d + by + by in Theorem 4.1 and using twice the Gauss

summation formula [1]

) Fl[mb; 1} _LEre—azb) - gee_a—p)>0) (4.7)

G " T(c-a)(c-b)

gives the result. U

Theorem 4.3 Let B, cand1+a+b—c+#0,-1,-2,..., and let Re(B — ) > 0. Then the

following transformation:

| ab; a, b;
Fi zz
B: ¢ l+a+b-g

m+n+k

Z () sk (@) psn (D) man (=1 — M)i 2

(,B)m+n+k(c)m(1 +a+b- C)n m!nlk!

m,n,k>0

holds true.
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Proof Beginning with the following transformation formula [30, Eq. (8)] withx =y = z:

Filasbic1+a+b-cz(l-2),2(1-2)] =.F |:a, b Z:|2F1|: @ b; z] (4.9)
G l+a+b-c

and applying the operator ;O on both sides of (4.9), we get for the Lh.s.

o (d)m+n(b)m+n Zmn (1 _ gymn
=P (O

— ! !
et l+a+b-c), m! n!

o (D min(D)men(—m — )i Zmimek
=.0% Z

— k!
m,n,k>0 (C)m(l +a+b C)n m!nlk!

m+n+k

Z (a)m+n(b)m+n(_m - n)k(a)m+n+k Z

(©)m(Q+a+b-c)()nsk minlk!

(4.10)

m,n,k>0

and for the r.h.s.

. (@) (D) (@) (D), 27"
05 )

©)m+a+b-c), mn!

(@)m(B)m(@)n (D) (@) pran 2™
@A +a+b-c)y (B)msn min!’

m,n>0

(4.11)

m,n>0

Rewriting (4.11) into the form of (1.2) leads to the desired result. a

Corollary 4.4 Let B,candl+a+b—c+#0,-1,-2,.... Then the following formula:

ool @ a,b; a,b;
Az 11|
LB ¢ l+a+b-c

o0l B —a,a,b: —; - 11
_ F@q,o[ -, _} 4.12
211 %,%: ¢ l+a+b-c 4 4 ( )
holds true.

Proof Putting z =1 in Theorem 4.3, using the Gauss summation formula (4.7) and making
elementary simplifications yields the result. O

This special case of Theorem 4.3 corresponds to a result also given by Wei et al. [14,
Eq. (2.4)].

Corollary 4.5 Let #, B,candl+a+b-c+#0,-1,-2,.... Then the following formula:

F1:2;2|:1: a, b; a, b; 1 1]
1151 )
B: ¢ l+a+b-c¢2 2
r(g)2-*# 0 ,b,1: —; - 11
_ (m—l VT F13'iqi0|:u1+ﬂ - —] (4.13)
rér&l)y LS ¢ l+va+b-g 44

holds true.
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Proof Letting z= 3 and & =1 in Theorem 4.3 gives

100 1 a,b; a, b; 11
Fa 55
LB ¢ 1+a+b-c¢ 2 2
(D) men (D) pan 3y 1 ,—m—n; 1
:Z (@) man(B)men D) (3) JF +m+n,—m—n; 1 (4.14)
= (O +a+b—)u(B)min min! B+m+n; 2
With the help of the well-known Bailey summation theorem [31]:
J1-a; 1 2l
2Fl[u ¢ —} = %C)fl (4.15)
G 2 F(T)F(T)
the result follows easily after simple calculations. O

Theorem 4.6 Letf,c,Ahandl+a+b—c+#0,-1,-2,.... Then the following transformation:

33| —: a,ab; ,a, b;
gy rel sl
- B Mlta+b-g
(a)m+n(b)m+n(a)m(V)nxmynzFl [ 773’1:;,}" x]2F1 [ 7?1;}1)’]

©mB)m1 +a+b—c),(X),m!n! (4.16)

33

m,n=>0

holds true.

Proof Considering the transformation formula [30, Eq. (8)]

Filasbiel1+a+b-cx(l-y),y1-x)] =2F |:a, b x] zFl[ abi y] (4.17)
; l+a+b-g¢

and applying successively the operator Oy and the operator ,O on both sides of (4.17)
gives the result. O

Setting x = y = 1 in Theorem 4.6 and using twice the Gauss summation formula (4.7)

leads to a result given by Wei et al. [14, p.5], that is,

Corollary 4.7 Let 8,c,handl+a+b—-c#0,-1,-2,...,Re(B—a) >0 and Re(L —y) > 0.

Then the following transformation:

s3] —: o,a,b; ,a,b;
P el vk,
- B Mlta+b-g

9. ,b: 7)\-_ 5 —-o,Y;
=F2,2,2|:“ oA=Y B -y 1,1] (4.18)

2:1;1
B, A: G l+a+b-c

holds true.
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Theorem 4.8 The following transformation:

F(3) |:(l, o] +0y 1- ,81 }32, ;— a1;09;5 —; oy x]
b toatans——r 1-Bul-fy—
(ﬂ)m+n(a1)m(a2)n(,31)n—m(ﬂ2)m—n (_x)m+n
> (Bl min! 1
m,n>0
holds true.

Proof We start from the following transformation formula between the Appell function
F, and the Horn function G; [32, Eq. (5.6)] with x > —x and y > —x:

Ga (a1, a3 B1, Po; —x, —x)

—X —X
= (1 - x)—al—a2F2 1- :81 ,32:0117 o2 1- /31) 1- ,321 PE— (4'20)
1-x"1-x

Applying the operator ,Oj on both sides of (4.20) in a similar way as in the proofs of the

previous theorems gives the result. O

If we set x =1 in Theorem 4.8, we obtain the following corollary which has been given
by Wei et al. [14, p.8].

Corollary 4.9 Let e be a nonpositive integer. Then the following transformation:

F121111|:er1—,31—ﬂ21 oq; o; 1’1:|
l+e—-d: 1-81; 1-Py;

_ T dT(a; +ay +d—e) Z (@) man (1) (02)n(BL) - (B2)m-n (4.21)

CT(d-e)T (o + oy +d) = (o1 + ay + d)yyym'in!

holds true.

Proof Making the following substitutions: @ = e, b = a1 + a3 + d, (4.20) can be written in

the form

Z (1= B1 = B2)msn(€)men(01)m(aa)(=1)"*" F[a1+a2+M+n,e+m+n; 1]

241
oy (@ +d)yin(1= B1) (1= Ba)min! ay+oy+d+m+n

)m+n

_ Z (e)m+n(a1)m(a2)n(ﬂl)n—m(ng)m—n (_1 ) (422)

(061 + oy + d)m+n m!n!

m,n>0

Summing the hypergeometric function ,Fj in the left member of (4.22) with the help of

the Gauss summation formula (4.7) gives the result. O

Note that this result has been given recently by Wei et al. [14, p.8].

Let us complete this paper by giving one last transformation.
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Theorem 4.10 The following transformation:

pm[ﬂ I ”x]
b ——-1 =
(@) men(o + By + 1) 2 (@) (BL)m(a + Br)y ™"
B 423
m%o (D) (o + lgl)Zm(Vl)m m!n! ( )
holds true.

Proof From the following identity between the triple hypergeometric function Hy and the
hypergeometric function 3 F; [10, p.103, Eq. (5.3)] withy =z = x:

(4.24)

o, P15 X
HA(O{, ,31; ,32;)/1; ﬁg;x,x,x) = (1 _x)_a_ﬂIZFl[ ﬁl ]y

Y15 (1- x)2

if we apply the operator ,Of on both sides (4.24), the result follows easily after simple
calculations. O

Corollary 4.11 Let «a and 1 be two nonpositive integers or a be a nonpositive integer. Then
the following transformation:

F(g)[ﬂ o Bumar == 1’1,1]
b —=- v
l"(b)l"(b a—ao-— ﬁl) a,a,ﬂl,l—b+a+ﬂ1; -1
T(b-a)(b- ) 1-b+a+a+fi 2-btata+p . Z (4.25)
ﬂ a ﬁl ’ 2 ) 2 ’
holds true.
Proof Putting x =1 in Theorem 4.10, we have, after simple manipulations,
F(3)|:ﬂ e 1}
b = ——=-: Y-
Z (@)m a)m(ﬂl)mzpl[a+m,a+ﬁ1+2m; 1]. (4.26)
= Om(y)mm! b+ m;
Using the Gauss summation theorem (4.7), the result follows easily. O

The previous corollary has been given by Wei et al. [14, p.11].

It is important to mention here that the fractional calculus operator ;0% used in this
paper can provide many very general transformation formulas involving hypergeometric
functions of several variables. Tremblay [15] obtained many new transformation formulas
with the help of this fractional calculus operator. A paper dealing with these new relations

is in preparation.
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