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Abstract

This paper is devoted to the study of a Wright-type hypergeometric function
(Virchenko, Kalla and Al-Zamel in Integral Transforms Spec. Funct. 12(1):89-100, 2001)
by using a Riemann-Liouville type fractional integral, a differential operator and
Lebesgue measurable real or complex-valued functions. The results obtained are
useful in the theory of special functions where the Wright function occurs naturally.
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1 Introduction and preliminaries

Special functions, particularly the hypergeometric function, play a very important role
in solving numerous problems of mathematical physics, engineering and mathematical
sciences [1-3].

The Gauss hypergeometric function is defined [4] as

(@i
(C)ik!

oF1(a,b;c;z) = Z

k=0

(l2l <Lec#0,-1,-2,...). (1)
The generalized hypergeometric function in a classical sense has been defined [5] as

a1, Ap3 2
oFq |: i| =, lay,...;apb1,...,b4 7]

bi,...,b,
0 k
Zﬂl)k (“pk‘; (p=q+1lzl<1), @)
k=0

where denominator parameters are neither zero nor negative integer.

Several generalizations of hypergeometric functions [6—13] etc. have been made and also
motivated us to further investigate the topic. Virchenko et al. [7] defined the generalized
hypergeometric function (R} (2)) in a different manner (throughout the paper, we call this
©2014 Rao et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2014/1/119
mailto:ajayshukla2@rediffmail.com
http://creativecommons.org/licenses/by/2.0

Rao et al. Advances in Difference Equations 2014, 2014:119 Page 2 of 11
http://www.advancesindifferenceequations.com/content/2014/1/119

function the Wright-type generalized hypergeometric function) as follows:

I'(c) 3 @LG*Th) o<t 3)

2R (2) = 2Ri(a, b6 752) = T(b) [(c+ tk)k! ©

k=0

If r =1, then (3) reduces to a Gauss hypergeometric function o F(a, b; ¢; z).
Rao et al. [14] obtained many properties for the function yR;(a, b; ¢; T; z) as defined in (3)
including the following result. If 4, b, c € C; Re(a) > 0, Re(d) > 0, Re(c) > 0, then

I'(c)

mle(a,b;c—m;r;wzr). (4)

A" o v c-m-1
(%) [z 2Ry (a, btz )] =z
Prajapati et al. [12], Prajapati and Shukla [15] and Srivastava et al. [16] used the fractional
calculus approach in the study of an integral operator and also generalized the Mittag-
Leffler function.

The subject of fractional calculus [17-20] deals with the investigations of integrals and
derivatives of any arbitrary real or complex order, which unify and extend the notions of
integer-order derivative and n-fold integral. It has gained importance and popularity dur-
ing the last four decades or so, mainly due to its vast potential of demonstrated applica-
tions in various seemingly diversified fields of science and engineering, such as fluid flow,
rheology, diffusion, relaxation, oscillation, anomalous diffusion, reaction-diffusion, turbu-
lence, diffusive transport, electric networks, polymer physics, chemical physics, electro-
chemistry of corrosion, relaxation processes in complex systems, propagation of seismic
waves, dynamical processes in self-similar and porous structures. Recently some interest-
ing results on fractional boundary value problems and fractional partial differential equa-
tions were also discussed by Nyamoradi et al. [21] and Baleanu et al. [22, 23].

In continuation of the study on the significance of fractional calculus, we define the
integral operator as follows:

(R“”“’b )(x) = RU%b f(x) = fx (x— t)C’lR(a, b;c; T3 0(x — t)f)f(t) dt (x>a), (5)

a+;T,C a+;T,C

where, a, b, c,w € C; Re(a) > 0, Re(b) > 0, Re(c) > 0; T > 0.
Substituting t =1, (5) reduces to the operator

Fgﬁ‘fébf(x) = /x (x— ) HLE (a, b;c; w(x — t)’)f(t) dt, x>a. (6)

First, we give preliminaries, notations and definitions.

L(a, B) is the space of Lebesgue measurable real or complex-valued functions such that

B
L(a,p) = {f= 1l E/ [f(t)|dt<00}~ 7)
The Gauss multiplication formula [4] is given as follows. If m is a positive integer and
z € C, then
- k-1
l_[ r (z + —) = (271)('”_1)/2m%"”zf‘(mz). (8)
m

k=1
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The representation of a generalized factorial function in terms of the Pochhammer symbol
[24] is given for

(A , if-0.
A#0,-1,-2,...; (W)u= G+m N Tfn 0 o)
F(A) A(A+1)...(A+n_1), lf}’l:1,2,3,,“
for
D= 0 << (-2
h=0,-1,-2,...; (Wp={ 7 ! <n=(-1), ”
0, if n > (=A).

Integration and differentiation of fractional order are traditionally defined by the left-
sided Riemann-Liouville fractional integral operator I, and the right-sided Riemann-
Liouville fractional integral operator I;_ f and the corresponding Riemann-Liouville
fractional derivative operators Dy, f and D“_f [3,17], which are given as follows.

If f(x) € L(«, B), 1 € C, Re(u) > 0, then

f@)

_ t)l—M

oD (%) = o IMf (%) = 1Y, f(%) = (I, f) (%) = F(lu) f ™ dt (x>a) (11)

is called the Riemann-Liouville left-sided fractional integral of order .
Analogously,

- . . L L0
D f () = oIy f (x) = Iy_f(x) = (I)gff)(x) = M) /x TS dt (x<p) 12)
is called the Riemann-Liouville right-sided fractional integral of order .
For u € C, Re(u) > 0; n = [Re(u)] + 1, the left-sided and right-sided Riemann-Liouville
fractional derivatives are defined as

d n

(D f)(x) = (%) (I75) ) (13)
d n

(D f) () = (—%) (L) ), (14)

respectively. Here [x] denotes the maximal integer not exceeding real x.
A generalization of the Riemann-Liouville fractional derivative operator Dy, (13) has
been made by introducing the fractional derivative operator Dj} of order 0 < 1 < 1 and

type 0 < v <1 with respect to x as follows [18]:

d

(D))= (12820 ) ) o s

This equation (15) easily reduces to the classical Riemann-Liouville fractional derivative
operator Dy, when v = 0. Moreover, in its special case when v = 1, (15) reduces to the
Caputo fractional derivative operator.

The left- and right-sided Caputo fractional derivatives of order « € C (Re(a) > 0), de-
noted by (D%, y)(x) and (CDgfy)(x) respectively, are defined on [4, b] via the Riemann-
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Liouville fractional derivatives as

C o k(d)
(“D2.y)(x) = | DL, | ¥(6) - 2: (t-a) | )@= (16)

and

(D8 y) ) = (w[n 2?““ kax 17)

where, n = [Re(x)] + 1 for @ ¢ Ny; n = o for a € Ny.
The following facts are prepared for our study.

Theorem 1.1 (Mathai and Haubold [20]) If u, B € C, Re(i) > 0, Re(B) > 0, then

r'(B)

_ )81
O )

(x— )P, (18)

Theorem 1.2 (Srivastava and Manocha [24]) Ifa function f(z), analytic in the disc |z| < R,
has the power series expansion f(z) = Y -, a.z" (|z| < R), then

F()‘ )Lﬂ/, -
1"()»+u) X(; ()»+M)n

oD {2 f(2)} = (19)

provided that Re(1) > 0, Re(u) > 0 and |z| < R.

Lemma 1.1 The following result (Srivastava and Tomovski [16]) holds true for the frac-
tional derivative operator Dy} f defined by (13) as

T'(1)

A—p—1
e .

D= ) @) =
wherex>a; 0<u<1;0 <v <1;Re(r) >0.

2 Main results
Theorem 2.1 Ifo € R, =[0,00),a,b,c, 1, w € C,Re(a) > 0,Re(b) > 0,Re(c) > 0,Re(u) >0,
>0, thenforx>a,weCandt, |wx—a)| <1,

I, [(x —a) YR, (a,b;6T;0(x - oe)’)]

_(x-a)"Ir(o)
T(c+p)

Dy, [(x —a) LR, (a, b;c; Ty (x — ot)r)]

~ (x _ a)c—u—l
ol

2Ry (a,b;c + ;106 — )F), (21)

2R1(a,b;c— u;r;a)(x—a)f)}, (22)
IfO<pu<1,0<v<1,then

(D[t - o) 5Ry(a, bs 6 T3 0(E - @)7) ) ()

I'(c)
I'(c—w)

=(x—a) !

le(a,b;c—pL;t;w(x—a)’). (23)
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Proof

I [ - o) Ry (b6 T;0(x—a)7)]

/ (t— o) YWRi(a,b;c;T;0(t — a)F)
" T

(r_ ) dt

1 T(e) o @l (b + Tk) o (t-a)!
_F(M)F(b)z T(c+ Th)k! < (x — )L~

~ 1 TI'(9 E (@ Db +7thk) of [* (=)t
- T(w) F(b)X_O: Tlc+thkl @ </a Wdt)

k=

P U a)fkdt)

_ F(C) Z (a)kr(b + Tk) klu [(x_a)c—lﬂ'k}

T P ['(c+ tk)k!

The use of (18) gives

I [ =) R (a, b6 T 0(x — @)F) |

~ I'(c) w= (@) T(b + Tk) ok I'(c+1k) prerthol
“T®) 20: Ter k@ Tlerpr® ™%

(k=) () (Tc+ 1) o @il (b + T) ((x — )"
N I'(c+w) '(b) Z I'(c+ u+ k) k!

k=0
_ (x—a)* (o)

NEP 2R1(zz,b;c+u;r;a)(x—a)f).

This completes the proof of (21).
From (22) and (13), we get

Dl [(x— a) R, (a.b;cT;0(x—a)7)]

S e Sy

and, using (21), this takes the following form:

Dh, [(x —a) R, (a, b;c;t;w(x — a)f)]

_ (i)n[wzlel(a,b;c -t - a)t)i|.

dx I'c+n-p)

Applying (4) gives

_ c—pn—-1
= F(c){%z&(m byc— ;T 0(x — ot)t) }

This is the proof of (22).
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We have
(DL [ =) 2Ry (a, b T3 00(t — @)7)]) (%)
I'(c) o= (a)iT(b + Tk)
pus| PO S @T G0t ]
r'(b) P I'(c+tk) k!

_T(o) 2 (@)L (b + Tk) &*
- F(la)Z I'(c+ k) K

. (DZ;‘)[(t _ a)cﬂ'k—l])(x);
k=0

and using the identity (20) yields

(D[ =) aRi (@, b T 00(t — @)") ) (%)

_T@ i (@i (b + Tk) 0* ( I'(c+7k) x_a)c+fk_u-1>
)

'(b) P Cc+tk) k! . IFc+thk—p
w1 @) [ Te= 1) o @ (b + Th) (w(x - a)")
— _ k-1
(x-e) F(c—u){ r'(b) kX(; T—p+7h) K }
1 L(o)
— (x — )11 e AT
(x— ) r,(C_M)le(a,b,c W Tso(x —a)’).
This completes proof of the required assertion (23). O

Corollary If yu,a,) € Cand t >0, then

Axt

ol [MaRy (4, ;157,047 | = T D

2R (a,1; 0+ 175 4%7); (24)

A € C is such that for chosen x and t, |Ax"| < 1.

Proof The result can be obtained directly by multiplying (21) by A and takinge =0, b =1,
¢=1, w = A. Remarks:
(i) This corollary can also be obtained from result (11) as given in [25] and also from
result (13) as given in [26], by putting k = 1.
(ii) We obtain the results (21) and (22) in a different manner. These can also be
obtained from results (11) and (14) as given in [25] and also from (13) and (15) as
given in [26].
(iii) Riemann-Liouville fractional integrals of order u for 3Ry (a, b; ¢; T;z) and
oF1(a, b; ¢;z) can be easily got by using Theorem 1.2 as

— (@n(B)en 1
Iﬂ+{ R (a,b;c;f;z)} = : an}
o ; (©en TA+p+n)

and

. o @, 1
]0+{2F1(u,b,6,2)}—{n2=0: (©)n F(1+u+n)z M}'
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Theorem 2.2 Fort = m € N, the generalized hypergeometric function Ry (a, b; ¢; T; z) takes

the form
Qr)r V2 TS 1 &K@, b+mn) 2"
2Ri(a, b; c;m; Z) = 1 1_[ ctk Z - ctk Ly (25)
me3  T'(b) o \L(55) = (£ nlm
a,b,c € C,Re(a) >0, Re(b) >0,Re(c) >0, |z| < 1.
Proof Putting z=n+ -~ in (8), we obtain
11 (@m)mR 1 _ (2m)lm-0 1
T(mz) T(c+mn)  m=} [T, Tz + ]%1) et mm Hkmz_oll"(n+ %)'
Thus,
1 2 (m-1)/2 1
_ @™ S (26)
['(c + mn) m2  m" [T (n+ <5)
From (26) and (3) afterwards, T = m € N, we get
() & (@), L (b+mn)  (2m)rm=Di2 gn
2Rila, by m;z) = Z ( T otk T
F®) = \mm [Ty Tn+ &5 ez !
@) D2 () ’1”_‘[1 1 i (@), (b +mn) 2"
me-s  T(b) i r(ek) (&%), nmmm |7
This is a proof of the result. O

On putting m = 1, this reduces to yF;(a, b; ¢; 2).
3 Some properties of the operator (R‘&’ij’;',b, Hx)
Theorem 3.1 Ifa,b,c, u,w € C; Re(a) > 0, Re(b) > 0, Re(c) > 0; Re(n) > 0; T > 0, then
(R4 (= o)) ()
I'(c)
I'(c+ )

= (x— )" () le(a,b;c+ ,u;r;w(x—oz)’). (27)

Proof From (5)
(Rfl‘”f;f,c )(x) = / (x - t)c‘lR(a, b;c;T;0(x — t)’)f(t) dt (x>a).
Therefore,

(RS (¢ - ) ™) (%)

a+T,C

= /x (x— t)“lR(a, b;c; Ty 0(x — t)’)(t —a)* e

Page 7 of 11
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b k x
F(b) Z Fl((CF-I(- ‘L'-'/;)I;(' k</ (t - O{)”_l(x_ t)tk+c—1 dt)

o]

_T(o) (@b +1k) 4
“TO) kXO: Tlc+ okl * (G

_ d)wfkﬂ/,—lﬁ(c + 'L'k,/L))

- )i ()L © { e+ 1) § (@b + TH) (o= o)’ }

C(c+pw) '(b) I'(c+w+tk) k!
I'(c)
TCc+p)

k=0

= (x— )"0 (w) 2R1(a, b;c+ M;t;a)(x—a)f),

this leads to the proof. O

Theorem 3.2 Ifa,b,c,w € C; Re(a) > 0, Re(b) > 0, Re(c) > 0; T > 0 and B > «a, then the
operator R¥*" is bounded on L(a, B) and

o+T,C
|R5zef 1 = Bl 28)

where

» (@Bl (B - )
B=(p-a) Z|<c>fk|[rk+Re(c>1 I (29)

Proof From (5) and (7), afterwards interchanging the order of integration by applying the

Dirichlet formula [19], we obtain

dx

B
ezt sl - [
B B
< / [f (@ =% yRy (a4, b s 0(x - 1)) | dx] If(0)] de

/x (x =) 2R (@, bi ;T 0(x — 8)7)f (¢) dt

and substituting (x — £) = u, we have

B B-t
= / |:f @R oRy (a, b; ¢ 75 0(w)") | dui| If(1)] dt.
a 0

Using (3) and further simplification gives

B [ed] |( )k| |(b)rk| |w | rk+Re(C) B-a
w;a,b
||Ra+tcf||1 S/; |:Z (C)rk| kl (‘L'k+Re(c))0 ]V(t)idt

k=0

This equation can also be written as

o kol @Il 0B - K| f
’:(ﬁ “ [§ ©ulltk+Re(@] A . trla

=B|/fll;
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where

_ _ \Re(o) - |(a)k||(b)rk| |w(ﬂ —O()T|k
B LX;‘ (©)el[Tk + Re(c)] k! ‘

This completes the proof of (28). O

Theorem 3.3 Ifa,b,c,u,w € C; Re(a) > 0, Re(b) > 0, Re(c) > 0; v >0 and B > «, then

(L RS @) = F(Z (f)m (Rt o S) ) = (RS [, F]) ) (30)

holds for any summable function f € L(«, B).

Proof From (11) and (5), we have
(2[R S )
[(RY%P )(D)]
F(u)/ oty &

f (x— t)"l( / (¢ =) SR (@, by T3 00(E - w) )f(u)du)dt

)
Interchanging the order of integration and using the Dirichlet formula [19], we get
(L[R2 S @)

= /a I:m /ux (x— )"t —u) LR, (a, b;c; Ty 0(t - u)’) dt:|j(u) du.

Substituting (¢ — u) = A, we get

(Ig+ [R;)f;,rb,c ])(x)
/x 1 X—U o . .
= [m / (x—u— "W R (@, b6 T 0(0)T) dx}/(u) du

_ (A 12R1(a b;c;T;0(A)7)
) /a [F(M) / —u) — a)n )‘]/(M) du. (31)

Making the use of (11) and applying (21) yield

(14, [ReE f1) () = —u)"** R (a, b + o — w)") |f (u) du.

e+ ) Jo

Thus, (I4,[R2%? f1)(x) = W R‘;;ffw f(x).

a+;T,C

This is the proof of the first part of (30).
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For proving the second part of the theorem, we start from the right-hand side of (30)
and, using (5), we get
(R‘;’ff’c[lg f) = / (x =) 2R (@, b T 0(x — O)F) (I, ) (£ dt

* - af 1 (" f@w
:/a (x—1t) lle(a,b;c;t;a)(x—t) )(F(M)./a T du) dt.

Using the Dirichlet formula [19] and interchanging the order of integration, we have

(Rl +f])( )

:/ F(M) |:/ (x =)t — u)*~ 12R1(a b;ct; a)(x—t) dtj|f(u)du

Substituting (x — £) = A in the above equation, we get
(R[22, 1) @)
x 1 0
:f —|:/ )N — A — ) lle(a b;c; T; w(A)°) (—dA) ]f(u
u=ua F(M) A=x—u

= /M; %ﬂ) [/Axou W) = A — u)* LR, (a, b;c;T; a)(k)’) d)u:|f(u) du.

This is the proof of (31), and using the same procedure leads to the second identity of
(30). O
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