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1 Introduction

Nowadays, with the rapid development of science and technology, many people have
realized that the theory of impulsive differential equations is not only richer than the corre-
sponding theory of differential equations but it also represents a more natural framework
for mathematical modeling of real world phenomena. Hence, it has become an effective
tool to study some problems of biology, medicine, physics and so on [1, 2]. Significant
progress has been made in the theory of systems of impulsive differential equations in
recent twenty years (see [3—8] and the references cited therein). We generally consider
impulses in the position # and #’ for the second-order differential equation u” = f(¢, u, u').
However, it is well known that in the motion of spacecraft instantaneous impulses depend
on the position, which results in jump discontinuities in velocity, with no change in the
position. This motivates us to consider the following second-order impulsive differential
equation:

—u"(t) + g)u(t) =f(t,u(t)), t#t,6€]=1[0,T],T >0,
-Au(t) = Li(u(t)), j=1,2,...,m, 1.1)
u(0) = 0, au(T)+ Bu/(T) =0,

where f € C(J x R,R), g € L*°[0,T],g(t) >0,; e C(R,R), 0=ty <ty <ty <+ <ty < b1 =
T, a, B are constants with & > 0, B > 0, and the operator A is defined as Au/'(t) = u/(tj") -
u (tj’ ), where (t].*)(u/ (t]T)) denotes the right-hand (left-hand) limit of %’ at #;.

In recent years, some classical tools such as some fixed point theorems in cones, topo-
logical degree theory and the upper and lower solutions method combined with the mono-
tone iterative technique [9-14] have been widely used to get solutions of impulsive differ-
ential equations. On the other hand, in the last few years, some researchers have studied
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the existence of solutions for impulsive differential equations with boundary conditions
via variational methods [15-19]. In this paper, we consider (1.1) by using critical point
theory and variational methods.

The rest of this paper is organized as follows. In Section 2 we present several important
lemmas. In Section 3, we present existence results of equation (1.1) by using critical point
theory and variational methods.

2 Preliminaries
In the following, we first introduce some notations and some necessary definitions.

Definition 2.1 [20] Let X be a real reflexive Banach space. For any sequence {u;} C X, if
{@(ux)} is bounded and ¢'(ux) — 0 as k — oo possesses a convergent subsequence, then
we say that ¢ satisfies the Palais-Smale condition (PS condition).

Definition 2.2 [20] Let ¢ : X — R be differentiable and ¢ € R. We say that ¢ satisfies the
(PS), condition if the existence of a sequence {u;} in X, such that ¢(ux) — ¢, ¢'(ur) — 0
as k — oo, implies that c is a critical value of ¢.

It is clear that the PS condition implies the (PS), condition for each ¢ € R.

Lemma 2.3 [21] Let H be a Hilbert space and a : H x H — R be a bounded bilinear form.
Ifa is coercive, i.e., there exists a > 0 such that a(u; u) > a||u||? for every u € H, then for any
o € H' (the conjugate space of H), there exists a unique u € H such that

a(u,v) = (o,v) foreveryveH.

Moreover, if a is also symmetric, then the functional ¢ : H — R defined by ¢ = %a(v, v) —
(o, V) attains its minimum at u.

Lemma 2.4 [20] If ¢ is weakly lower semi-continuous on a reflexive Banach space X and
has a bounded minimizing sequence, then ¢ has a minimum on X. The existence of a
bounded minimizing sequence will be in particular insured when ¢ is coercive, i.e., such
that ¢(u) — +00 if ||lu|| = oo.

Lemma 2.5 [22] For the functional F : M C X — R with M not empty, min,cy F(u) = a
has a solution in case the following hold:
(i) X is a real reflexive Banach space;
(i) M is bounded and weakly sequentially closed;
(ili) F is weakly sequentially lower semi-continuous on M, i.e., by definition, for each
sequence {uy} in M such that uy — u as k — oo, we have F(u) < lim,_, . F(u).

Lemma 2.6 [20] Let X be a Banach space and ¢ € C*(X,R). Assume that there exist ug €
X, uy € X and a bounded open neighborhood 2 of ug such that u; € X \ Q and

iargw > max{go(uo), w(ul)}~
Let

I = {heC([0,1],X) : h(0) = uo, h(1) = u;}
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and

= inf h(s)).
¢= inf max ¢(k(s))

If ¢ satisfies the (PS),, then c is a critical value of ¢ and ¢ > max{¢(u), ¢(111)}.

Lemma 2.7 [23] Let X be an infinite dimensional Banach space and let ¢ € CY(X,R) be
even, satisfying the (PS), and ¢(0) = 0. If X = V & W, where V is finite dimensional, and ¢
satisfies the following conditions:
(i) There exist constants p,o > 0 such that @las,nw > 0;
(ii) For each finite dimensional subspace V1 C X, there is an R = R(V1) such that
o(u) <0 for every u € Vy with ||u|| > R;
then ¢ possesses an unbounded sequence of critical values.

Let
H'([0,T) = {u e L*([0,T]) : ' € L*([0, T1)}
and
H*([0,T]) = {u e L*([0, T]) : u/,u” € L*([0, T1)}.

Take H = {u € H'([0, T]) : u(0) = 0}. Then H is a Hilbert space, and the inner product

T T
(u,v) :/ u ()Y (t) dt+/ g)u()v(e) dt
0 0

induces the norm

T T 1
||u||:( fo () dt + /0 g(t)uz(t)dt) .

For u € H?([0,T]), we have that u and ' are both absolutely continuous and u” €
L*([0, T]), hence Au/(t)) = u/(tj*) - u/(tj’) =0 for any ¢ € J. If u € H, then u is absolutely
continuous and #' € L%([0, T). In this case, the one-side derivatives u/(tlf) and u/(tj‘) may
not exist. So, by a classical solution of (1.1), we mean a function u € C([0, T) satisfying
) € H2(t),tj11); u satisfies the

boundary condition of (1.1) and the first equation of (1.1); u’(tj*) and u’(tj’),j =0,1,...,m,

the following conditions: For every j = 0,1,...,m, u; = ul(y4,,

exist and the impulsive conditions of (1.1) hold.
Taking v € H and multiplying (1.1) by v and integrating from 0 to T, we have

T T T
_ / " (Ov(e) dt + / g u)v(t) dt = / S (& u@®)v(e) dt.
0 0 0

This leads to

T T m o
/0 u/(t)v/(t)dt+/0 g(t)u(t)v(t)dt—le(u(tj))v(t/)+Eu(T)V(T)

j-1

T
= fo St u®)v(e) de. (2.1)
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Thus, a weak solution of (1.1) is a function # € H such that (2.1) holds for any v € H. By the
regularity theory, the weak solution is a classical solution. Now, we define ¢ : H — R by

) 1 7T R ) T m ulty) 4
o(u) = 5 /0 [(/ ()" +g(O)u(t)] dt - /0 F(t,u(t))dt—lz:l: /0 I(t)dt

+ %Lﬁ(T) (2.2)

where F(t, u(t)) = fou f(t,s)ds. Clearly, ¢ is Fréchet differentiable at any u € H and

¢ ()() = lim w

T T
= /0 [/ )V (6) + g(O)u(e)v(t) ]| dt - fo S (& u@®)v(o) dt

=3 L)) + %u(T)v(T) (2.3)
j=1

for any v € H. Obviously, ¢’ is continuous, and a critical point of ¢ gives a weak solution
of (1.1).

Lemma 2.8 [fthe function u € H is a critical point of the functional ¢, then u is a solution
of system (1.1).

Proof Suppose that u € H is a critical point of the functional ¢. Then, for any v € H, one
has

@' (u)(v) = 0. (2.4)

From (2.3), one has

m

T T
/(; [u’(t)v'(t) +g(t)u(t)v(t)] dt - ‘/0 f(t, u(t))v(t) dt — le(u(t,))v(tj) + %u(T)V(T)

Jj=1

T
= Z (AU @) + L (u(t)) ) v(t;) + /0 (—u"(t) + g@)u(®))v(¢) dt

T
- f £t u(e)) (o) dt + (u/(T) + %u(T))v(T). (2.5)
0

Combining (2.4) and (2.5), one has

m T

= (A () + I (wey) () + /0 (—u" (1) + gOu®)v(t) dt

j=1

T
_ / f(t, u(t))v(t) dt + (u'(T) + %M(T)) v(T)=0, VveH. (2.6)
0

Forje (1,2,...,m}, we choose v € H with v(£) = 0 for every ¢ € [0,£] U [£;,1, T], then

f " (—u" (@) + g@)u(e) - f (£, u(®)))(e) dt = 0.

J
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We get
—u(t) + g(O)u(®) =f (6, u(t)) ae.te(t,tn)

Thus, u satisfies the equation in (1.1).
Therefore, by (2.6) we have
- Z(Au'(tj) + I,'(u(tj)))v(tj) + (u/(T) + %u(T)) v(T)=0, VveH. (2.7)
j=1

J

Next we prove that u satisfies the impulsive and the boundary condition in (1.1). If the
impulsive condition in (1.1) does not hold, then there exist some j € {1,2,...,m} such that

Au(8) + I(u(ty)) #0. 2.8)

Pick v(¢) = ]_[Zgll?,](t —t;), then

=S (AU @) + I (ulty)) e + (u/(T) ¥ %u(T))V(T)
j=1

m+1 m+1

==Y (AW @) + L(u@) [] G-t + (u(T)+—u(T)) [] G-t
j=1 i=0,i#j ﬂ i=0,i#j
m+1
= (A () + L(uey)) [] &-1) #0. (2.9)
i=0,i#j

This is a contradiction. So u satisfies the impulsive condition in (1.1) and (2.7) implies
(u/(T) + %u(T)) WT)=0, VveH. (2.10)
If au(T) + Bu'(T) # 0, then %M(T) +u/(T) #0.
Pick v(¢) = []1,(¢ — ;). One has
a m
(w0 + 5u0) [Tt -0 70, e
i=0
This contradicts (2.10), so u satisfies the boundary condition. Therefore, u is a solution of
system (1.1). O

Lemma 2.9 Ifu e H, then |u] o < T3 llee|, where ||u]| o = maxeeo,77 |4(2)].

Proof The proof follows easily from the Holder inequality. The detailed argument is sim-
ilar to the proof of Lemma 2.2 in [24], and we thus omit it here. O

3 Main results
3.1 Existence of a unique solution
In this section we derive conditions under which system (1.1) admits a unique solution.
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Theorem 3.1 Assume that d; (j =1,2,...,m) are fixed constants, f(t,u) = o(t) € L*(0,T)
and Ii(t) = d; (j=1,2,...,m), then system (1.1) has a unique solution u, and u minimizes the
functional (2.2).

Proof We define the bilinear form
T o
a:HxH— R, a(u,v) = / (u’(t)v’(t) +g(t)u(t)v(t)) dt + EM(T)V(T)
0

and the linear operator
T m
I:H—R )= / o) dt - dv(t).
0 ,
j=1

It is evident that a is continuous and symmetric and / is bounded. Moreover, a is coercive.
By Lemma 2.3, system (1.1) has a unique solution #, and # minimizes the functional (2.2).
O

Example 3.1 Consider the following boundary value problem:

-u'(t)+u(t)=0, t#t,te]=[0,1],

-Au'(t)) =1, t= %, (3.1)

u(0) =0, u(l) +u/(1) = 0.
Hereg(¢) =1, f(t,u) =0,Lj(u) =1, T =1,j =1, = 1, B = 1. Applying Theorem 3.1, problem
(3.1) has a unique solution. By simple calculations, we obtain u(¢) = %e‘% (e-e),te(0,5],

u(t) = %(e% —e_%)e_t: te [l! 1]

3.2 Existence of at least one solution
In this section we derive conditions under which system (1.1) admits at least one solution.
For this purpose, we introduce the following assumption.

(H1) There exist a,b,a;,b; >0, y,y; € [0,1),j=1,2,...,m, such that

f&u)| <a+blul”,  |[(w)|<a+bjlul
forte].

Theorem 3.2 Assume that (H1) is satisfied, then system (1.1) has at least one solution u,
and u minimizes the functional (2.2).

Proof According to (H1), we have
L TFt t)) dt 3 u(t/)]tdt AT
ot = 31l = [ Fle uto) _,ZI/O 0de i

=

b b; i+1
2 1 ] yjt
u - T\ a|u + u v — a;||u + u

[zl ( N2l 0 +1|| ”oo ) E (1” oo J/j+1” lloo )

j-1

N =
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=

b
el — T(aT%nun ¥
y+1

m 1 b yi+l
-> (a,»Tf||u||+ LT ||u||Vf”)
- yi+1

j=1 /

yil
T> IIMII””>

N =

for all u € H. This implies that ¢ is coercive.

Let {u,} be a weakly convergent sequence to u in H, then {u,} converges uniformly to u
in C[0, T].

Set

T m u(tj)
o1(u) = - /0 F(t,u(t)) dt—; /0 L(t)dt + %zﬁ(T),

1

T 2
o2 = [ T 0) + g0l 0] e

then ¢(u) = ¢1(u) + 2 (u). So ¢, is weakly sequentially continuous. Clearly, ¢, is continuous
and convex, which implies that ¢, is weakly sequentially lower semi-continuous. There-
fore, ¢ is weakly sequentially lower semi-continuous on H.

By Lemma 2.4, the functional ¢ has a minimum which is a critical point of ¢. Hence,

system (1.1) has at least one solution. O

Example 3.2 Consider the following boundary value problem:

W) +u®) =1+ult)s, t#t,te]=101],
_Au/(tl) =1+ bl(t)%, h= %: (32)
u(0) =0, u(l)+u'(1) = 0.

Here g(¢) =1, f(t,u) =1+ u(t)%, L(u)=1+ u(t)é, T=1,j=1,a=1, B =1 Clearly, (H1) is
satisfied. Applying Theorem 3.2, problem (3.2) has at least one solution.

3.3 Existence of at least two distinct solutions
In this section, we derive some sufficient conditions under which the functional ¢ admits
at least two distinct critical points; consequently, (1.1) admits at least two distinct solu-
tions. We first introduce some assumptions.

(H2) lim,_g TACD ;) uniformly for t € J, lim,_,¢ e _ 0.

u u

(H3) There exist constants i > 2 and r > 0 such that for every ¢ € J and u € R with

lul = r,
u
0 < uF(t,u) < uf(t, u), O<M[ L(s)ds <ulj(u), j=1,2,...,m,
0

where F(t,u) = fouf(t,s) ds.

Theorem 3.3 Assume that (H2) and (H3) are satisfied. Then system (1.1) has at least two

solutions.
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Proof The proof will be given in three steps.

Step 1. The functional ¢ satisfies the PS condition.

Let {u,} C H such that {¢(u,)} is a bounded sequence and lim,,_, o, ¢'(1,,) = 0. We com-
pute

o) — 2" (0,) (0) = (3 - 1) il + (1 . 3)%5@)
2 2 2 u)B

_i/m I(s)ds+—Zl (108 (5
j=1 70

T 1 T
—/0 F(t uu(2)) dt + ;/0 S (& un () (2) dit

et <___)||un||2+z< un(t) un(t) / I(S)ds)

+/T(lf(t 1 (t))un(t) - F(t,u (t))) dt (3.3)
o M ’ n n ’ n . .
By (H3), one has
1
@) — — ' () (Wh)
"

1 1 2w 1 ult)
(D) = max [0 (un6))uns) - f 1(5)ds
2 ) up(t)e[-r.r] 0

u

1 - (2, un(2)) 1 (2) — F (£, (1)) ) dt. (3.4)

T
- max
/0 telun@)el-rr]| L

Hence, {u,} is bounded in H.

From the reflexivity of H, we may extract a weakly convergent subsequence; for simplic-
ity, we also note again by {u,}, u, — u in H. Next we prove that {u,} strongly converges
to u in H. By (2.3) we have

((P/(Mn) - <P/(M))(Mn - M)

= ot — ul)? + %(un(T) —u(T))’

—Z (un(8)) = L (u(®))) (ua(t) - u(t)))

/ (f (& un(®)) = f (£ u(2))) (ua(t) — ul2)) dit. (3.5)

u, — u in H implies that {u,} uniformly converges to u in C[0, T]. So

m

Z un(tj (t/))) (Mn(t/) - u(tj)) — 0,

j=1
3.6
/ (F (6 100(0)) — (6, 0))) (1 (0) = ()t — O, o

u,(T)—u(T)— 0 asn—> oo.
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By ¢'(u,) — 0 and u,, — u as n — +00, we have
(go’(u,,) - (p’(u))(u,, —u)—> 0 asn— oo. (3.7)

So (3.5), (3.6) and (3.7) yield ||u,, — u|| — 0 in H, i.e., {u,} strongly converges to u in H.
Therefore, the functional ¢ satisfies the PS condition.

Step 2. We show that there exists p > 0 such that the functional ¢ has a local minimum
uo € B, ={ueH:|ul <p}

Firstly, we claim that B, is bounded and weakly sequentially closed.

In fact, let {u,} C B_p and {u,} — u as n — oo. By the Mazur theorem [22], there exists

a sequence of convex combinations
n n
Vy = E oy U E Oy = 1, oy = 0,jeN
j=1 j=1

such that v, > u in H. {v,} C B, and u € B,,, since B, is a closed convex set.

Secondly, we claim that the functional ¢ is weakly sequentially lower semi-continuous
onB,.

Let

T m u(tj)
(pl(u):—/o F(t,u(t))dt—;:/() L(t)dt + %MZ(T),

1T 2
o) =3 [ 16 O) + il 0] e

then ¢(u) = ¢1(u) + @2(u). By {u,} — u on H, we see that {u,} uniformly converges to u
in C[0, T]. So ¢ is weakly sequentially continuous. Clearly, ¢, is continuous and convex,
which implies that ¢, is weakly sequentially lower semi-continuous. Therefore, ¢ is weakly
sequentially lower semi-continuous on B,.

Thirdly, we claim that ¢ has a minimum u, € B_p .

In fact, H is a reflexive Banach space, B, is bounded and weakly sequentially closed
and ¢ is weakly sequentially lower semi-continuous on B,,. So, by Lemma 2.4, there exists
Ug € B_p such that ¢(uy) = min{e(u) : u € B_p}.

Finally, we claim that ¢(u0) < inf,csn, (1)

By (H2), let e = ﬁ > 0, there exists § > 0 such that |u| < § implies

Et,w)| < Zlul, /ulj(t)dtggw forteJ. (3.8)
0

€
2

Consequently, by Lemma 2.9, for ||| < %, we have

1 r o euly)
o(u) = E||u||2—/0 F(t,u(t))dt—;:/o I(e)dt + %MZ(T)

T m
> Ly —/0 o = 3 Sfute)] + S

N =

=1
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1 eT? emT?

> —flull® - —llul®* - ——llul?
2 2 2
Lo 1 5 1.

> —ull? = 2 ul? - =|lu

_2|| I 6|| I 6|| I
1

> g||u||2.

Choose C = 2—;, p= %, then ¢(u) > C > 0 for any u € dB,. Besides, (1) < ¢(0) =0 <
C < ¢(u) for any u € 9B,. So ¢(uo) < inf,cyp, ¢(u). Hence, ¢ has a local minimum u €
B,={ueH:|ul|<p}.
Step 3. We prove that there exists u; with [lu1]| > p such that ¢(u1) < inf,cpp, ¢ (u).
Condition (H3) implies that there exist by, by, ¢, d; > 0,j=1,2,...,m, such that

F(t,u) > by|ul" — b, / Il(t) dt > C]‘|M|M - dj (3.9)
0

fort €], u € R (see [16]). Then we have

() = = ul? /TF(t (t)) dt i/u(g)I(t)dt * 2(T)
o\u)= - |u - U - i + —U
2 0 -1 0 ! 2,3
1 L i n o
= S lull® - (BiTE |l ~bo)T =Y (¢TENTI" ~dj) + %MZ(T). (3.10)
j=1

Since p > 2, (3.10) implies lim,— o ¢(#) = —00. Therefore, we can choose u; with ||u; || > p
sufficiently large such that ¢(u1) < inf,csp, (u).
Let

= inf h(?)),
¢= inf max ¢(k(1))

where
T ={heC([0,1],H) : h(0) = uo, h(1) = u1}.

By Lemma 2.6, c is a critical value of ¢, that is, there exists a critical point u#*. Therefore,

uo, u* are two critical points of ¢, and they are solutions of (1.1). O

Example 3.3 Consider the following boundary value problem:

—u(8) + u(t) = L((e) S sint, t#8,6€]=[0,1],
-AU () =1i(), j=1, (3.11)
u(0) =0, u(l)+u'(1) = 0.

Here g(t) = 1, f(t,u) = £ (u(£))5 sint, [(w) = u®, T=1,j=1, =1, f=1.Let u =3, r=1.
Clearly, (H2) and (H3) are satisfied. By Theorem 3.3, problem (3.11) has at least two solu-

tions.

Page 10 of 12
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3.4 Existence of infinitely many solutions
In this section, we derive some conditions under which system (1.1) admits infinitely many
distinct solutions. To this end, we need the following assumption.

(H4) f(t,u) and I;,j=1,2,...,m, are odd about u.

Theorem 3.4 Assume that (H2), (H3) and (H4) are satisfied. Then system (1.1) has in-

finitely many solutions.

Proof We apply Lemma 2.7 to finish the proof. Clearly, ¢ € C'(H, R) is even since f (¢, u)
and I;(«) are odd about #, and ¢(0) = 0. The arguments of Theorem 3.3 show that the
functional ¢ satisfies the PS condition. In the same way as in Theorem 3.3, we can easily
verify that conditions (i) and (ii) of Lemma 2.7 are satisfied. According to Lemma 2.7, ¢

possesses infinitely many critical points, i.e., system (1.1) has infinitely many solutions.
O

Example 3.4 Consider the following boundary value problem:

—u"(t) +u(t) =tu(t), t#t,6€]=[0,1],
-AU() = 1u(5), j=1, (3.12)
u(0) =0, u(l) +u/(1) =0.

Here g(¢) =1, f(t,u) = tu®, Ij(u) = 14, T =1, =1, =1, B = 1. Obviously, f(£, ), I;(u) are
odd about u. Let u = 3, r = 1. Clearly, (H2) and (H3) are satisfied. Applying Theorem 3.4,
problem (3.12) has infinitely many solutions.
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