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Abstract

This paper discusses the global exponential stability of a class of difference equations.
Sufficient and necessary conditions for the global exponential stability are derived.
Particularly, the equivalent relationship between the global exponential stability of
difference equations and the contractive property of the nonlinear operator of the
systems is shown.
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1 Introduction

In mathematics and automatic control, an equation system is discussed as discrete or con-
tinuous one with the type of input variables and linear or nonlinear one according to the
relationship between the input and output. The stability of the equation systems always
catches researchers’ eyes. The Lyapunov function is important for stability theory and con-
trol theory, and its existence is a necessary and sufficient condition of stability for many
differential equation systems. Linear systems received more attention than nonlinear sys-
tems because of simplicity and controllability, and many good results are shown in the
textbooks and literature. Bastinec [1] gives the sufficient condition for exponential stabil-
ity and estimation of solutions of linear differential systems with delay-dependence. Non-
linear systems are of interest to researchers and engineers because most physical systems
are inherently nonlinear in nature and difficult to solve. The converse Lyapunov problem
on the stability of nonlinear discrete dynamical systems is developed and studied by many
researchers (Gordon [2]; Ortega [3]; Mousa et al. [4]; Jiang and Wang [5]; Wang et al. [6]).
Diblik [7] considers a particular critical case and gives conditions for the stability of a zero
solution of difference systems with quadratic nonlinearities using the method of Lyapunov
functions and derives classes of stable systems. Furthermore, the author estimates the sta-
bility domains as well. Berezansky [8] considers the asymptotic convergence of solutions
in discrete and difference equations with delay and gives strong sufficient conditions of the
asymptotic convergence of all solutions without computing the limits of the solutions as
n — oo. It demonstrates that a difference equation is of exponential stability in R” if and
only if there is a Lyapunov function which is an abstract presentation of system energy
(Mousa et al. [4]; Jiang and Wang [5]; Wang et al. [9]; Wang et al. [10]). The inverse prob-
lem of exponential stability instead of the inverse Lyapunov function has been considered
from a different view in the recent literature (Wang et al. [9]; Wang and Xu [11]).
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Consider the following difference equation (Wang et al. [9]; Wang and Xu [11]):
Xea1 = Ixg, x0€D,k=0,1,2,..., 1)

where D C R" is a bounded closed set, T : D — D is nonlinear and continuously differen-
tiable in D. Then T is a Lipschitz continuous operator. x* € D is the unique equilibrium
point (fixed point). Wang et al. [9], Wang and Xu [11] show that system (1) is of expo-
nential stability in D if and only if T is contractive in D with a certain strongly equivalent
metric and also present a converse not only to the exponential stability of system (1) dif-
ferent from the Lyapunov function, but also to the Banach contraction theorem different
from the ones in Meyers [12], Leader [13], Opoitsev [14]. In other words, the two works
show that T is contractive in D with a certain strongly equivalent metric if its iterative se-
quence {x;} exponentially converges to x* for any initial point xy € D. The result is helpful
to understand the exponential stability of x” from a different view. However, Wang et al.
[9], Wang and Xu [11] only consider nonlinear discrete dynamical systems in the bounded
set D. The problem whether the result can be extended to difference equations in an un-
bounded set still remains open. It is hard to answer for general difference equations.
This paper focuses on a class of important difference equations in R” shown as follows:

Xpe1 = Ixg, x9€R",k=0,1,2,..., 2)

where x* € R" is the unique equilibrium point and 7 : R” — R” is a continuous differ-
entiable nonlinear operator in R”, and lim,_ sup || 7”(x)|| = A <1 holds for a positive
constant A (e.g., 0 < A < 1). System (2) includes the discrete-time neural network model in
Wang and Xu [10] and difference equations in Wang et al. [9], Wang and Xu [11] as the spe-
cial cases. The exponential stability of system (2) is developed and necessary and sufficient
conditions to be exponentially stable in R” (namely, globally exponentially stable) are de-
rived. Particularly, we give the result that system (2) is of global exponential stability if and
only if T is contractive in R” with a certain strongly equivalent metric. A simple method
to distinguish global exponential stability from global asymptotic stability is proposed.
The results in this paper are helpful to discover some properties of the global exponential
stability of system (2).

2 Definition and main results

A nonlinear operator 7 is Lipschitz continuous if || 7x — Ty|| <M - ||x — y|| is satisfied for
any x,y € D and the given constant M (M > 0), and contractive in E C R” with a strongly
equivalent metric d(-, -) if there is a constant 0 < 8 < 1 such that d(Tx, Ty) < B - d(x, y) holds
for any &,y € E. A metric function d(,-) : E x E — R" is a strongly equivalent metric with

the vector norm || - || (or strongly equivalent with || - ||) in the set E C R" if there are two
constants C, > C; > 0 such that for any «, y € E, the following inequalities hold (Wang and
Xu [11]):

G -dx,y) <llx-yl < Cy-d(x,9). 3)

The equilibrium point of some operator (for example, (1) or (2)) is globally asymptotically
stable in R” if it is stable in the sense of Lyapunov and limy_, » %% = ™ holds for any x € R".
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And it is exponentially stable in the set E C R” if there are constants M >0 and 0 < <1
such that for any initial point x, in E and the positive integer &,

Joic =" < M- @ oo — 2. 4)
Let @ be the set of all equivalent norms of | - ||, 2 be the set of all strongly equivalent
metrics of || - || in E C R” and © be the set of all topologically equivalent metrics of || - ||

in E. Then the inclusion relationship ® C 2 C ® is satisfied. In other words, each equiva-
lent norm of || - || is also a strongly equivalent metric, and each strongly equivalent metric
is a topologically equivalent metric. Generally, T maybe is not contractive in R” with any
equivalent norm even if system (2) is of exponential stability. Besides, system (2) is possibly
not of exponential stability in R” even if T is contractive with certain topologically equiv-
alent metric (Wang and Xu [11]). In this paper, we show that strongly equivalent metrics
are a class of appropriate equivalent metric functions describing the exponential stability
of system (2).

Suppose F : E — E is a Lipschitz continuous nonlinear operator in the arbitrary subset
E C R". Then the lub Lipschitz constants of F with || - || € ® and d(-,-) € 2 are defined as
follows, respectively (Wang and Xu [11]; Soderlind [15]):

| Fx — Fy||
Ly (F,E)= sup BX=N uFE) =
xyeEqxdy 1% =l

d(Fx, Fy)

, (5)
x,y€Ex#y d(x; y)

where Ly (F,E) and L,(F, E) are two functions determined by F, Eand || - || or d(-, -). Hence,
for any x,y € E, one obtains

Wang and Xu [11] give the result that limy_. L; | (F¥, E)* and lim_, o Ly (F*, E)V¥ exist
and the following formulas hold:

k—o00

lim Ly(F*,E)" = lim Ly (F*E)"* = infLy | (F5, )™
—00

Denote Lip(F, E) = limy_, o Ly j(F¥, E)Y¥. Then Lip(T, E) is a constant independent of dif-
ferent equivalent norms or strongly equivalent metrics. L; (F,E) and Lip(T,E) can be
regarded as nonlinear generalizations of the matrix norm and matrix spectral radius. By

Wang and Xu [11], one can have
Lip(F,E) = inf L4(F,E). 6
ip(F,E) LN 4(F,E) (6)

Namely, Lip(T, E) is a minimum Lipschitz constant. Furthermore, F is contractive in
E with respect to a certain strongly equivalent metric in Q if and only if Lip(F,E) <1 or
Ly (T™,E) <1 holds for a positive integer m.

Lemma 1 In system (2), L |(T,R") < oo holds. And for any x € R" and a positive integer j,
one obtains ||(T/) (x)|| < Ly |(T/,R") < Ly (T,R"Y.
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Hence, the nonlinear operator T in system (2) is Lipschitz continuous in R”. The main
results of this paper are presented below.

Theorem 1 [n system (2), the following five conditions are equivalent:

(A) " is globally exponentially stable in R".

(B) «” is globally asymptotically stable in R" and p(T'(x*)) < 1.

(C) Lip(T,R") <1.

(D) T is contractive in R* with certain strongly equivalent metrics of || ||.

(E) The power of T is contractive in R" with the norm || ||, i.e., there exist a positive
integer m and a constant 0 < B <1 such that | T"x — T™y|| < B - ||x — y|| holds for
any x,y € R".

As long as system (2) is of global exponential stability, we have Lip(T,R") < «, and for
any sufficiently small ¢ € (0,1 — Lip(T, R")), Lip(T, R") + ¢ is an exponential bound. Here,
a =max{A, p(T"(x*))} and p(T"(x*)) is the spectral radius of the Jacobian matrix 7" (x*).

Theorem 1 shows that we can distinguish global exponential stability from global asymp-
totic one for system (2) by calculating the spectral radius of the Jacobian matrix at the
equilibrium point x*, namely, p(T”(x*)). It tells us that the global exponential stability of
system (2) is equivalent to the contractive property of the nonlinear operator T’ with cer-
tain strongly equivalent metrics of the norm || - ||. It actually describes a new converse
to the Banach contraction theorem differing from the ones in Meyers [12], Leader [13],
Opoitsev [14].

Theorem 2 In system (2), assume limy_o sup | T'(x)|| < p(T"(x*)). If x* is globally ex-
ponentially stable in R", then Lip(T,R") = p(T"(x*)) and p(T'(x*)) is the infimum of all
exponential bounds of convergent trajectories. Particularly,

* C() [ F *
- = S8 (o) o) o]

holds for any € > 0 and xy € R", where C(g)y > C(g); > 0 are the same constants as in The-
orem 1.

Theorem 2 shows that exponential bounds of convergent trajectories describing the
global property of trajectory motion in the whole space actually can be determined by
the local information at the equilibrium point, namely p(7”(x*)).

3 Proofs

In this section, the proofs of results and theorems will be given.

Proof of Lemma 1 Since limy_,o sup | T'(x)| = A, for any & > 0, there is b > 0 such that
1T %) <Xi+eas|lx—a*|| > b. Let F(b) = {x € R" : ||x — x*|| < b}. Since T is continuously
differentiable in R”, || T’(x)|| is a continuous function in the compact set F(b). Thus, we
have sup,.p [IT'(2)|| < oo. This implies that M = sup,p« [|T'(2)| < 0o holds. From the
mid-value theorem, for any x,y € R”, one obtains

I Tx — Tyl < sup | T'(2)| - llx =yl <M - [l — yll.
zZ€R"
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This implies that L (T, R") <M < 0o holds. Since 77 is continuously differentiable, with
the definition of the Gateaux differential, for any x € R” and any & € R” with ||z|| =1,

1T+ ¢-h)— Tl i I T/ (x + £ ) — Tx|

j, . - 1 — ] n
|(T) @) k] = Jim, . lim Tl <1y (T, R").
This implies that
|(T) @) = sup |(7)' @) k| <Ly (T, R") <Ly (T, R"Y-
The proof is done. 0

Proof of Theorem 1 The equivalent relationships between (C), (D) and (E) can be easily
gotten from Wang and Xu [11]. And it is also easy to deduce (B) from (A). Next, we mainly
prove (C) = (A) and (B) = (C).

Firstly, prove (C) = (A).

If Lip(T,R") < 1, then system (2) is of global exponential stability in R”. With equation
(6), for any sufficiently small ¢ € (0,1 — Lip(7, R")), there is a strongly equivalent metric
de(-,+) € Q such that Ly, (T, R") < Lip(T,R") + ¢ < 1. Assume that d(-,-) and || - || have the
following strongly equivalent relationships:

C(e)1 - de(x,y) < llx =yl < Cle)z - de(x,9) Vx,y € R, (7)

where C(g), > C(g); > 0 are two constants. For any positive integer k and any x € R", we
have

|T5% — x| = | T - T"%*| < C(e)s - de (TFx, T*x¥)
< Cle)y - La, (T, R")" - dy (,%%)
< Cle), - (Lip(T, R") + &) - d, (x,%%)

< C(e)a

. . Koo ok
< o - (Lip(T,R") + &) - | —x*]. (8)

Thus, system (2) is of global exponential stability in R” with the exponential bound
Lip(T,R") + e.

Secondly, prove (B) = (C); namely, if system (2) is of global exponential stability in R"
and p(7"(x*)) <1, then Lip(T,R") < 1.

Since limj—oosup | T'(x)|l = A <« <1, for any ¢ € (0,1 — «), there is a constant b > 0
such that ||T’(x)|| <a+e<las|x—x*|| >b.Let E(b) ={x e R" : ||x —x*|| > b}, F(b) = {x €
R": |lx—«*|| < b}, B(b) = {x € R" : |x —x*|| <2b}. For any z € E(b) and any given positive
integer m, if Tiz € E(b) holds for any positive integer i = 0,1,...,m — 1, then by the chain-

rule of derivative, one gets

m

1_[ Tmz

i=1

[ @ =

<[TIT(T""2) | < (@+e)™. )
i=1

For the fixed ¢ € (0,1-«), there exists an equivalent norm || - || such that the subordinated
matrix norm || 7"(x*)|. < p(T"(x*)) + €/2. Since T is continuously differentiable, || 7" (x) .
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is a continuous function of x € R”. It implies that there exists a spherical neighborhood
U(r)={x e R": |lx —x*||; <r} such that for any x € U(r),

1T, < 7@, +er2p(T () +e.

By the mid-value theorem, for any x,y € U(r), we have

zel!

ITx - Tylle < W%Hr&wgwx—ﬂbf(pﬁqﬁ»+8%Hx—ﬂb (10)
edlr,

If system (2) is of global exponential stability in R”, it is globally uniformly asymptotically
stable in R” as well (Elaydi [16]). Therefore, there exists a positive integer N such that for
any positive integer k > N and any x € B(b), T*x € U(r) holds. With equation (10), for any
x,y € B(b), if k > N, we have
[T =T, < (o(T' (%)) +2) - [T =Ty, < -
" k=N
< (1) +e) N | TV5- T,

@)+ )Ly (TR - -yl

IA
—
ke
—_
bﬂ

It implies that for any positive integer k > N, one obtains
Ly (T4 B®) = (p(T' (%)) +6) 7 - Ly (T.R7).
Since Ly 1, (T, R") < 00, then
Lip(T,B®)) = lim L, 1 (%, Bb))™*
< lim (o(T"(x")) + e) T Jim Iy i (TR
= (p(T'(x")) +e).

Lip(T,B(b)) < p(T"(x*)) holds for ¢ is an arbitrary positive number. Thus, there exists a
positive integer Nj such that L (T*, B(b)) < (p(T"(x*)) + &)X for the fixed & > 0 as a positive
integer k > Nj. For any positive integer k > Nj, Tk is continuously differentiable, and for
any x € F(b) C B(b), x is an inner point of B(b). By the definition of the Gateaux differential,
for any x € F(b), k = N; and & € R" with ||| =1, one can obtain

IT*x+t-h) = Tr|| | T*(x+t-h) - T
t T It- A

i\ . _
(1 -] = tim
<Ly (T B(®)).
It implies that for any x € F(b) and k > Nj,

[Ty @l = ‘ilﬁEIH(T")/(x) k| <Ly (T B®))

< (p(I'(@*) +e) < (@+e) (1)
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holds. For any z € R", either z € F(b) or z € E(b), the result that if z € F(b), then
I(T*Y (z)|| < B holds for any positive integer k > Nj is shown above. Next, we will prove
that a similar result exists for any z € E(b). For any given z € E(b) and any given positive
integer k > Nj, there are the following two different cases.

Case 1: Tz € E(b) for any positive integer i < k. From equation (9), one may have
(T @)l < ( + &)k

Case 2: There exists a positive integer j < k such that T"z € E(b) for any positive integer
i <jand T'z € F(b). If k — j > Nj, then by the chain-rule of derivative and equations (9)
and (11), we have

[T @] = [(T*7) (772) - (T') @)
= [(T) (T2)| - [(T) @)

k—j k

<(@+&) (@+ey <(a+e).

If k — j < N1, then from equation (9) and Lemma 1, one gets

(T @] = [(T"7) (T72) - (T) @) < [(T*7) (%) | - | (T) @
Ly (T’R")>k_’

o +e&

<L (TR (@ +e) <(a+e)- ( (12)

Since & > 0 is an arbitrary positive number, with equation (12), we have [|(T%) (z)|| < a* -

(M)k . Andsince || T'(x)|| < L (T, R") holds for any x € R” (Wang et al. [9]), we have
% =y LT, R") and p(T'(x") < Ly (T, R"). It implies that ““{2 > 1 and (T (2)| <
ok . (AR H(TR N

From the above two cases, for any k > Nj and z € E(b),

7\ \ N1
[T @] < (o + et - (LERIY T 13)
o

By combining equations (11) and (13), one can conclude that for any positive integer k > N;
and any z € R”,

ny\ N1
(T @) < (a +e)*- <W>

For any x,y € R” and k > Nj,

ko Tk S N
pp(r) = s T < supl (1Y @) < @ o (D)
x,yER™ xFy ||x - y” ZERN o

It implies that

L(T,R")\ *
Lip(T,R") = Jim 1 (75, R”) <(x+e¢)- lirglo< ( - )> =a+e<l

Since ¢ is an arbitrary positive number, Lip(T, R"”) < « holds. O
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Proof of Theorem 2 Since system (2) is of global exponential stability in R”, there are con-
stants M > 0 and 0 < o < 1 such that for any x, € R” and any positive integer k, we have
llxx —x*|| <M - a* - ||xo — x*||. With Lemma 1, for any positive integer k and x € R", then
(TR ()| < Lyy (T*,R"). By the chain-rule of derivative, for any given positive integer &,
one obtains (T%) (x*) = ]_[f=1 T'(T*x*) = T'(x*)¥. This implies that

T\ T sk Uk . N (s || 1k
p(T'(x7)) = lim [|7°(")"[ ™ = lim [[(T%) (") |
=< klingoLH I (Tk,Rn)l/k = Lip(T,Rn).
Lip(T,R") < a = p(T"(x*)) holds from Theorem 1 and Lip(7, R") = p(T"(x*)) if system (2)
is globally exponentially stable in R”. And from equation (8), for any ¢ > 0 and k, we have

C
C

&) . _ C(e)2 _
eh

[75-0] = o2 (Lin(TRY) o) = = GO (ol () + ) -

’

(
(

where C(g); > C(¢); > 0 are the same constants as in equation (7). It implies that p(7”(x*))
is not less than the infimum of exponential bounds of convergent trajectories. Moreover,
from Wang et al. [9], Wang and Xu [11] if system (2) is of global exponential stability in
R" with an exponential bound «, then o > p(T”(x*)). Therefore, p(T"(x*)) is not larger
than the infimum of exponential bounds of convergent trajectories. Finally, o(7"(x*)) is
the infimum of exponential bounds of convergent trajectories. g

4 Examples
In this section, we present two examples to clarify the concepts introduced in this paper

and apply the obtained results to several concrete nonlinear discrete systems.

Example 1 Consider the following recurrent neural network model studied in Jin [17]:
Xie1 = —Axy + WE(Bxy) +u, xo € R", (14)

where x” € R" is an equilibrium point, A = diag{a1, 23, ..., .} isa diagonal state feedback
coefficient matrix, B = diag{b11,b22,...,bun} with b; > 0 is the activation gain matrix; the

interconnection matrix W is the lower triangular given by

win 0 0 s 0
Wo1  Wao 0 e 0
W=|wa wsp wig - 0 |
_Wnl W2 Wyz - Wrm_

F(x) = (fi(x1),f2(x2), ..., fu(x,))T is the activation mapping that is diagonally nonlinear, con-
tinuously differentiable in R”, and each f; satisfies 0 < f;'(x;) < 1 for any x; € R*.

In Jin et al. [17], it has been shown that (14) will be of global asymptotical stability in R”
if |a;| + |wi|by; <1 for any 1 < i < n. In Wang and Xu [11], (14) is proven to be of the global
exponential stability of x” in a bounded convergence region. Since the global exponential
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stability in the whole space is more interesting than in a bounded region, we will focus on
it in the following.

Denote T'(x) = —Ax+ WF(B(x)) + u, x € R". Then it is easy to see that the Jacobian matrix
of T at x" is given by T’(x") = —A + WF'(B(x))B and its eigenvalues are given by

—a;; + Wj; 'f;'/(bii x:) . hii :1<i<n.

Thus, whenever |a;| + [w;|b;; < 1, we have p(T"(x")) < 1 and lim o sup || T/ (x)|| < 1; thus
system (14) is of global exponential stability.

Example 2 Consider a general class of discrete-time dynamic neural networks with con-
tinuous states described in (Jin [17]) as follows:

x(k +1) = —Ax(k) + Wo [wx(k)] +5, (15)

where x = (x1,%3,...,%,)7 is the neural state vector, W = (Wij)nxn is the synaptic weight ma-
trix, s = (s1,52,...,5,)" is the constant threshold vector, A = diag{ay, 4, ...,a,} with |a;| <1
is the feedback coefficient matrix, ¥ = diag{us, o, ..., n,} is the matrix of activation gains
for controlling state decaying, and o (¥x) = (0 (u1%1), & (42%2), ..., 0 (u,x,)) T is the vector-
valued activation function with a gain matrix .

The nonlinear neural activation function o () may be chosen as a continuous and differ-
entiable nonlinear sigmoid function satisfying the following conditions: (1) o (x) — £1 as
x — F00; (2) o (x) is bounded with the upper bound 1 and the lower bound -1; (3) o (x) = 0
at a unique point x = 0; (4) o’(x) > 0 and o/(x) — 0 as x —> £00; and (5) o’ (x) has a global
maximal value one.

Jin [17] only shows the global asymptotic stability of system (15). The global exponential
stability is discussed as follows.

Denote T(x) = -Ax + Wo(¥x) +s, x € R", then T'(x) = -A + Wo'(yx)¥. From
1T &) < Al + |Wo'(¥x)¢| and o'(x) — 0 as x — oo, it is easy to know that
limyy— oo sup | 77(x)|| < 1as 0 < |a;] < 1. If p(T'(x")) < 1 is obtained at x*, then system (15)
is of global exponential stability.
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