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Abstract

In this paper, we study the zeros of difference polynomials of meromorphic functions
of the forms

d

(k) (k)
<P(f) ]_[ flz+ g)%) —a), (P(f) n[f(z +6) -]’ ) —a),

J=

where P(f) is a nonzero polynomial of degree n,¢; € C\ {0} =1,...,d) are distinct
constants, n,k,d,s; (=1,...,d) € Ny, and a(2) is a small function of f. Our results of
this paper are an improvement of the previous theorems given by Chen and Chen
(Chinese Ann. Math,, Ser. A 33(3):359-374, 2012) and Liu et al. (Appl. Math. J. Chin. Univ.
Ser. B 27(1):94-104, 2012). In addition, we also investigate the uniqueness for
difference polynomials of transcendental entire functions sharing one value and
obtain some results which extend the recent theorem given by Liu et al. (Adv. Differ.
Equ. 2011:234215, 2012).
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1 Introduction and main results

This purpose of this paper is to study the problem of the zeros and uniqueness of com-
plex difference polynomials of meromorphic functions. The fundamental results and the
standard notations of the Nevanlinna value distribution theory of meromorphic functions
are used (see [1, 2]). In addition, for a meromorphic function f, we use S(r,f) to denote

any quantity satisfying S(r,f) = o(T(r,f)) for all r outside a possible exceptional set E of

dt
NE t

a small function with respect to f if T(r, a(z)) = S(r,f), and the hyper order of a meromor-

finite logarithmic measure lim,_, f[l ” < 00. A meromorphic function a(z) is called

phic function f is defined by

loglog T'(r,
() = lim sup 2102 L)
r—00 log r

Recently, the topic of a difference equation and a difference product in the complex plane
C has attracted many mathematicians, a number of papers have focused on value distri-
© 2013 Xu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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bution and uniqueness of differences and differences operator analogues of Nevanlinna
theory (including [3-7]).

For a transcendental meromorphic function f of finite order, a nonzero complex con-
stant ¢ and «(z) € S(f), Liu et al. [8], Chen et al. [9], Luo and Lin [10] studied the ze-
ros distributions of difference polynomials of meromorphic functions and obtained: If
n > 6, then f(2)"f(z + ¢) — a(z) has infinitely many zeros [8, Theorem 1.2]; if n > m,
then P(f)f(z + ¢) — a(z) has infinitely many zeros (see [10, Theorem 1]), where P(z) =
a,2" + a,_1Z2"1 + - - - + a1z + ay is a nonzero polynomial, where ag, ai,...,a, (#0) are com-
plex constants and m is the number of the distinct zeros of P(z).

In 2012, Liu et al. [11] studied the zeros distribution of difference-differential polynomi-
als, which are the derivatives of difference products of entire functions, and obtained the
result as follows.

Theorem 1.1 (see [11, Theorem 1.1]) Let f be a transcendental entire function of finite
order. If n > k + 2, then the difference-differential polynomial [f(2)"f(z + ¢)]® — a(z) has
infinitely many zeros.

In the same year, Chen and Chen [12] studied the zeros of difference polynomials " (f" —
1) ]_[l‘ilf(z+ c;)7, where c; € C\ {0} (j=1,...,d) are distinct constants, n,d,s; (j=1,...,d) €
N,, and obtained the following theorem.

Theorem 1.2 (see [12, Theorem 1.1]) Let f be a transcendental entire function of finite
order. If n > 2, then f"(f" — 1) ]_[]‘ilf(z +¢))Y — a(z) has infinitely many zeros.

Let
d
F@2) =P(f) ] [flz+ )7, ()
j=1
d
E(2) =P [ [[fe+ ) -f@]". @)
j=1

We investigate the value distribution of difference polynomials of a more general form

d (k)
(F)" - = (P(f) [+ cjw) - a(2),

j-1

d (k)
(F@)" -e(2) = (P(f) [Tre+o —f(z)]s"> ~a(2),

j=1

where P(f) is a nonzero polynomial of degree n, m is the number of the distinct zeros of
P(z),cje C\ {0} (j=1,...,d) are distinct constants, n,d,s; (j=1,...,d) e N,, and a(z) is a
small function of f. Set A = s; + 55 + - - - + 54, we obtain the following results.

Theorem 1.3 Let f be a transcendental meromorphic (resp. entire) function of p,(f) < 1,
and let F(z) be stated as in (1). If c; € C\ {0} (j=1,...,d) are distinct constants, n,d, s; (j =
L...,d) e N, satisfy n > m(k +1) +2d + 1+ A (resp. n > m(k +1) + d — 1), then (F(z))© — a(z)
has infinitely many zeros.
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Theorem 1.4 Let f be a transcendental meromorphic (resp. entire) function of p,(f) < 1,
and let F(z) be stated as in (2). If c; e C\ {0} (j=1,...,d) are distinct constants, n,d, s; (j =

.,d) e N, satisfyn > (m+2d)(k+1) + A +d +1 (resp. n > (m +2d)(k +1)), then (Fy(z))© —
a(z) has infinitely many zeros, provided that f(z + ¢;) #f(2) forj=1,2,...,d.

Let f(z) and g(z) be two nonconstant meromorphic functions for some a € C U {c0}. If
the zeros of f(z) — a and g(z) — a (if a = oo, zeros of f(z) — a and g(z) — a are the poles of
f(z) and g(z) respectively) coincide in locations and multiplicities, we say that f(z) and g(z)
share the value a CM (counting multiplicities), and if they coincide in locations only, we
say that f(z) and g(z) share a IM (ignoring multiplicities).

For the uniqueness of difference of meromorphic functions, some results have been ob-

tained (see [8, 10, 13-15]). Here, we only state some newest theorems as follows.

Theorem 1.5 [10, Theorem 2] Let f and g be transcendental entire functions of finite order,
let ¢ be a nonzero complex constant, let P(z) be stated as in Theorem 1.3, and let n > 2Ty +1
be an integer, where 'y = my + 2my, my is the number of simple zeros of P(z), and my is the
number of multiple zeros of P(z). If P(f)f (z + ¢) and P(g)g(z + ¢) share 1 CM, then one of the
following results holds:

(i) f = tg for a constant t such that t' = 1, where | = GCD{\o, A1,..., Ay} and

i+1l, a;#0,
Ai= i=0,12,...,n
n+l, a;=0,

(ii) f and g satisfy the algebraic equation R(f,g) = 0, where
R(wy, w) = P(wr)wi(z + ¢) — P(wy)wa(z + ¢);

(ili) f(z2) = e*?, g(z) = eP?, where a(z) and B(z) are two polynomials, b is a constant
satisfying o + B = b and a’e" VP = 1.

In this paper, we investigate the uniqueness problem of difference polynomials of entire

functions
d d
F=f("-1)]](fe+c)’ and G@)=¢g"(g"-1)]](glz+¢))
=1 j=1

and obtain the following results.

Theorem 1.6 Let f, g be transcendental entire functions of ps(f), p2(g) < 1. If (F" (2))® and
(G (2))% share 1 CM and n > max{2(k + d + 2) + m — A,2d + 2 + A, k + 1}, where ¢ eC,
mm,k,d,s; (j=1,2,...,d) € N, then f = tg for a constant t such that t“ = 1, where k =
GCD{m,n + A}.

Theorem 1.7 Under the assumptions of Theorem 1.6, if (F' (2))® and (G (z))©) share 1 IM
and n>max{5(k + d) + 4m + 7 — A, k + 1}, then the conclusions of Theorem 1.6 hold.

2 Some lemmas
To prove our theorems, we require some lemmas as follows.
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Lemma 2.1 [2] Let f be a nonconstant meromorphic function, and let P(f) = ao + a1f +
ayf? + -+ a,f", where ay, a1, as, ..., a, are constants and a, # 0. Then

T(r,P(f)) = nT(r,f) + S(r,f).

Lemma 2.2 [16, Theorem 5.1] Letf be a transcendental meromorphic function of p2(f) < 1,
¢ <1, and let ¢ be an enough small number. Then

f(z + C) B T(r,f) )
m<r’ ) ) - "( e ) = S(r,f)

for all r outside of a set of finite logarithmic measure.

Lemma 2.3 [16, Lemma 8.3] Let T : [0, +00) — [0, +00) be a non-decreasing continuous
function, and let s € (0, +00). If the hyper order of T is strictly less that one, that is,

. loglog T'(r)
limsup —— <1,
r—00 10g r

and § € (0,1 - ¢), then

T(r+s)=T(r)+ 0(&;))
r

for all r runs to infinity outside of a set of finite logarithmic measure.
From Lemma 2.3, we can get the following lemma easily.

Lemma 2.4 Let f(z) be a transcendental meromorphic function of hyper order px(f) <1,
and let ¢ be a nonzero complex constant. Then we have

T(r,f(z+0)) = T(r.f(2)) + S(r.f) N(r.f(z+¢)) =N(r.f(2) + S(r.f),

and

1 1
N(r,m) :N(r,;) +S(7',f).

Lemma 2.5 Let f be a transcendental meromorphic function of p2(f) <1, let F(z) be stated
as in (1). Then we have

(n =T (r,f) +S(r,f) < T(r,F(2)) < (n+M)T(r,f) + S(r.f). 3)
Iff is a transcendental entire function of p,(f) < 1, we have

T(r,F(2)) = T(r, P()*) + S(r.f) = (n + M) T(r,f) + S(r.,f), (4)

where . =81 + 83 + -+ + 84.
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Proof Iff is a transcendental entire function of p,(f) <1, from Lemma 2.1-Lemma 2.3, we

have
d 5
T(r,F(z)) = m(r,F(2)) < m(r, P(f)f*(2)) + m(r, W)
= m(n P @) + S = T(r PO @) +S0)

=m+M)T(r,f)+Sr.f).
On the other hand, from Lemma 2.1, we have
(n+ )T (r.f) = T(r,Pf)f*(2)) + S(r.f) = m(r, P(f)f*(2)) + S(r.f)

f(2)

, F Yy —
< m(r (z)) + m(r l_[;ilf(z o)

>+S(r,f)

= T(r,F(2)) + S(r.f).

Thus, we can get (4).
If f is a meromorphic function of p;(f) < 1, from Lemma 2.1 and Lemma 2.4, we have

d d
T(r,P(f) [[re+ c,)%') < T(r,P(f)) + T(r, []fz+ c,)sf‘) <+ NT(r,f) + S(r,f).

i=1 i=1

On the other hand, from Lemma 2.1 and Lemma 2.4, we have

(m+A)T(r,f) = T(r,P(f)j“) +8(r.f) = m(r,P(f)f*) +N(r,P(f)ﬂ) +S(r.f)

fH2) ) < fH2) )
F(z)————— | + N|( r,F(z) ———— ) + S(r,
<m <r (2) ]_[;ilf(z o +N|(rF(z) Hilf(z oy +S8(r.f)
< T(r, F(z)) + 20T (r,f) + S(r,f).
Thus, we can get (3). O

Using the same method as in Lemma 2.5, we can get the following lemma easily.

Lemma 2.6 Let f be a transcendental meromorphic function of px(f) < 1, and let F(z) be
stated as in (2). Then we have

(m=A)T(r,f)+S(rf) < T(r,Fl(z)) <(m+20)T(r.f) +S(r.f).

Iff is a transcendental entire function of p,(f) < 1, we have

d
T(r,F(2)) = T<r, P(f) l_[[f(z +¢)— f(z)]S/) > nT(r,f) + S(r,f).

j=1

In the following, we explain some definitions and notations which are used in this paper.
For a € C U 0o and k is a positive integer, we denote by Ny(r, ﬁ) the counting function
of those a-points of f whose multiplicities are not less than &; in counting the a-points
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of f, we ignore the multiplicities (see [1, 17]) and Nk(r,}%a) = ]T](r,j%ﬂ) + ﬁz(r,f%ﬂ) +oeet
Nk (I", f%ﬂ )'

Definition 2.7 [18] When f and g share 1 /M, we denote by N(r, flTl) the counting func-
tion of the 1-points of f whose multiplicities are greater than 1-points of g, where each
zero is counted only once; similarly, we have N (r, -1 7). Let zo be a zero of f — 1 of mul-
tiplicity p and a zero of g — 1 of multiplicity g. We also denote by Ny (r, f—l) the counting
function of those 1-points of f where p = g =1.

Lemma 2.8 [2] and [7, Lemma 2.4] Let f be a nonconstant meromorphic function, and let
P, k be positive integers. Then

( ) T(r.f +kﬁ(r,f)+$(r,f),
Np< ]%) (rf ) T(r.f) +Np+k(r,f>+5(rf)
1
Np<r,f ) kN(r,f)+Np+k<r,f) +8(r.f).

Lemma 2.9 [19] Let f and g be two meromorphic functions. If f and g share 1 CM, then
one of the following three cases holds:

(@)
T(rf)+ T(r,g) <2Ny(r,f) + 2Ny(r,g) + 2N, (r,}) + 2N, (r, }g)
+ S(T‘,f) + S(r,g);

(ii) f=g
(iil) f-g=1.

Lemma 2.10 [20] Let f and g be two meromorphic functions. If f and g share 1 IM, then
one of the following cases must occur:

(i)
T(rf)+T(rg) < 2|:N2(r,f) + Ny (r,}c) +No(r,g) + Ny (r, é)]
3N ! 3N !
P ) < 55 )
+S(r.f) + S(rg)
(i) f= %’4:;;1), where a (#0), b are two constants.

Lemma 2.11 [21, Theorem 2.1] Let ay(2),...,a,(2),b(z) be polynomials such that
ao(z)a,(z) £ 0, deg(zdegaj:d aj) = d, where d = max<j<,{dega;}. I f (2) is a transcendental
meromorphic solution of

ao(2)f (2) + a(2)f (z+ ¢)) + - - - + an(2)f (z + cu) = b(2),

then p(f) > 1.
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Lemma 2.12 Let f(z) and g(z) be transcendental entire functions of po(f) <1, p2(g) < 1. If
n>k+1and

d (k) d (k)

(f " -) ] [fe+ C;)S") (g"(g'” ~)[Jetz+ C;)S’) =1, (5)
j=1 j=1
thenf=g.

Proof Suppose that f = g. Since f(z) and g(z) are transcendental entire functions of p,(f) <
1, p2(g) <1 and 7 > k + 1, we have that f and g have no zeros. Then we can set f(z) = %@

and g(z) = e’@, where a(z), B(z) are entire functions with order less than one. Substituting
f and g into (5), we get

[emx(z) (ema(z) _ 1) ez;lzl Sju(z+cj)](k) [enﬂ(l) (emﬂ(l) _ 1) ezﬁ:l Siﬂ(z+ci)](k) =1.

Set

d

d
Ai(z) = (n+ ma(z) + Zs,oz(z +j), Ay(2) = na(z) + Zsja(z +¢),
j=1 j=1

d d
Bi(z)=(n+m)B(z) + Zsjﬁ(z +¢j), By(z) =nB(z) + Zs,ﬂ(z +¢).
j=1

j=1
If k =1, we have
[4](2)e"@ — A} (2)e*@][ B, ()@ — B)(2)e"@] =1,

which implies that A (z)e*1® — A (z)e*?® has no zeros. If A;(z) # 0, then A}(z) = 0, and
thus A,(z) has to be a constant, that is,
d
na(z) + Zs}-a(z +¢)=§,

-1

where & € C. Then from Lemma 2.11, we get p(x(z)) > 1, which implies p(f) > 1. Hence,
we can get a contradiction. If A|(z) = 0, then A;(z) has to be a constant, that is,

d
(n+ m)a(z) + Zsja(z +¢) =&,

j-1

where & € C. Thus, from Lemma 2.11 we can get that p,(f) > 1, a contradiction.
If k > 2, then we have

[(U] + Ajth)e™ — (Uy + AyUL) e ] [(V] + BiVi)e™ — (V; + By V) e ] =1, (6)

where
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¢y, d, are positive integers, i,j, € N (t = 1,2,...,k = 1), I = {i1,i,...,ix1} and ] =
{j1J2s- - »ji1) satisfy

i1 +2ip+-+(k=1ix =k-1, Ji+2p+ -+ (k=1jrg=k-1.

From (6), we have (U] + A} UL)e™ — (U, + ALU,)e*? has no zeros. If U] + AjU; # 0, then

u, + AyU, = 0. If A, is transcendental entire, we have

/

m(r,Aj) :m(r,%) =S(r,u}) = o(T(r, U3)). (7)

2

Since A;, A, are entire, we have

T(rA) =m(rA),  T(r(4)"“) < T(r,A) +S(rA), keN,i=1,2. (8)
Thus, from (7), (8) and the definition of U5, we can get T(r, A}) < o(T'(r, A})), a contradic-
tion with A/, is transcendental entire. Hence, A, is a polynomial. From Lemma 2.11, we can
get p»(f) > 1, which is a contradiction. If U] + A1l = 0, similar to the above argument, we
can get a contradiction.

Therefore, we can get that f = g. O

3 Proofs of Theorems 1.3 and 1.4
3.1 The Proof of Theorem 1.3
From (1), by Lemma 2.5 and Lemma 2.8, we have that F(z) is not constant and S(r, F®) =
S(r, F) = S(r,f). Next, we consider two cases.

Case 1. If f is a transcendental meromorphic function of py(f) < 1, we first suppose that
(P(f) ]_[;i=1 f(z +¢;)%)® = a(z) has finitely solutions. By the second fundamental theorem
for three small functions (see [1, Theorem 2.25]) and Lemma 2.8, we have

_ — 1 — 1
T(r,F(k)) < N(r,F(k)) +N<r, m) +N(r, m) + S(r,F(k))

d
<N@f)+ Y N(rnflz+¢)) +Ny <r, %) +S(r, F®)

Jj=1

1
< d+1T(rf)+ T(r,FP) = T(r,F) + N (r, 1—3) +8(r, EW).
By Lemma 2.4, Lemma 2.5 and Lemma 2.8, we obtain

(m=AT(r,f)+Srf)<T(rF)<(d+1)T(r,f) + Nrn (r, Il-") +S(r.f)

d
<(d+1)T(r.f)+m(k + IW(V'}) * Zﬁ(r’f(z;w)

j=1
+8(r.f)
< [m(k +1)+2d + 1] T(r.f)+ S(r.f). 9)
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From f is transcendental and n > m(k + 1) + 2d + 1 + A, we can get a contradiction to (10).
Then F(z)®) — a(z) has infinitely many zeros.

Case 2. If f is a transcendental entire function of py(f) < 1. Suppose that (P(f) ]_[]’ilf(z +
K )% = a(z) has finitely solutions. By using the same argument as in Case 1 and (4), we

have

(n+k)T(r,f)+S(r,f)_[ (k+1)+d] rf) +S(r.f),

which is a contradiction with n > m(k +1) +d — A.

Thus, we complete the proof of Theorem 1.3.

3.2 The Proof of Theorem 1.4
We consider two cases as follows.
Case 1. Suppose that f is a transcendental meromorphic function of py(f) < 1. Similar to

the proof of Case 1 in Theorem 1.3, and using Lemma 2.6, we have

(n=NT(r,f) +S(r.f) < T(r,Fy) <(d+1)N(r,f) + Nea (r, %) +S(r,f)
1

< @d+1)T(r.f)+m(k + 1)ﬁ<r,})

d
— 1
+(k+1) N|r, S(r,
+ Z (r e T@ ) +5(1,f)
< [(m +2d)(k+1)+d + I]T(r,f) +S(r,f).
Since n> (m + 2d)(k +1) +d + 1 + A and f is transcendental, we can get a contradiction.

Case 2. Suppose that f is a transcendental entire function of p,(f) < 1. Similar to the

proof of Case 1 in Theorem 1.4, by Lemma 2.6, we can get

nT(r,f) < (m+2d)(k + )T (r,f) + S(r,f),

which is a contradiction with #n > (m + 2d)(k + 1) and f is transcendental.

Thus, from Cases 1 and 2, we prove Theorem 1.4.

4 Proofs of Theorems 1.6 and 1.7

4.1 The proof of Theorem 1.6

Let H(z) = (F'(2))® and G(z) = (G (2))©). From the assumptions of Theorem 1.6, we have
that H(z), G(z) share 1 CM. By Lemma 2.8, we have

T(r,H(2)) < T(r,f”(f’” l_[(f(z+c, ) +S<rf”(f”’—1 l_[(f(z+c,) )

By Lemma 2.4 and Lemma 2.5, we can get S(r,H) = S(r,f). Similarly, we have S(r, G) =

S(r,g). Then the following three cases are considered.
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Case 1. Suppose that H(z), G(z) satisfy Lemma 2.9(i). Since f(z), g(z) are entire functions
of pa(f), p2(g) <1, from Lemma 2.4 and Lemma 2.5, we have

N2(r, i) 5Nk+2<r, ld ) +8(r.f)
H S =1) Hj:l(f(z +¢))7

<(k+m+d+2)T(r,f)+S(rf) (10)

NQ(V,i)§N2<V’ dl . )
H (7~ DT (e + )

d
< T(r,H) - T(r,f” -y JJre+ cﬂ)s”)
j=1

1
- DTN (FE + )

+ Niyo <r ) +S8(r.f). (11)

From (11) and by Lemma 2.5, we have
d
(m+m+N)T(r.f) = T(r,f”(fm -1) H(f(z + cj))si> +8(r.f)
j=1

<T(r,H)-N, <r, l)

H
Near H;mm,«»s/’) el "
Similarly, we have
Ng(}‘,é) <(k+m+d+2)T(r,g) +S(r,g) (13)
and
(n+m+ VT (rg) < T(r,G) - Ny (r, é)
Near o T ) e "

Then, from Lemma 2.9(i) and (10)-(14), we have

(m+m+ A)[T(r,f) + T(r,g)]

1
< 2Nis2 (V»fn (fm —1) Hjil(f(z +¢))¥ )
1
2@ - DL ez +¢))
<2k+m+d+ 2)[T(r,f) + T(r,g)] +S8(r.f) + S(r,2). (15)

+ 2Niyo (r, ) +S8(r,f)+S(r,g)

Page 10 of 15
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Since f, g are transcendental and n > 2(k + d + 2) + m — A, we can get a contradiction.
Case 2. If H(z) = G(z), then we have

1~

d
- [(Fe+)” =g"(¢" -1) [ [(ez + )7 + Q) (16)
j=1

N
—_

J

where Q(z) is a polynomial of degree at most k —1. If Q(z) # 0, by the second fundamental
theorem and Lemma 2.5, we have

n(fm _ d )5
(n+m+N)T(r.f) = T(r,f - gz;l)(f(z +9) ) +S(r.f)
(r fn(fm 1) H} 1(f(Z+C] )SI)
Q(2)

— ( Q(2) )
+N|r, = .
frfm =D F e+ )

- Q(2) )
N|(r, S(r.f)
' <r e Dheeron)
<(m+d+D)[T(r,f)+ T(r,g)] +Sr.f) + S(r,g). (17)
Similarly, we have
(n+m+NT(r,g) < (m+d+D[T(r.f)+ T(r,g)] + Sr.f) + S(r.g). (18)

From (17), (18) and n > 2(k + d + 2) + m — A > 2d + m + 2 — A, we can get a contradiction.
Thus, Q(z) = 0, that is,

d d
fn (fm l_[(f Z+ c]) l_[ g(Z + C]) (19)
Jj=1 j=1

Seth = %. If 1 is a constant. Substituting f = gh into (19), we can get

d
Hg(z + Cj)si [gn+m (hn+m+k _ 1) +gn (hn+k _ 1)] =0. (20)

j=1

Since g is a transcendental entire function, we have ]_[;il g(z+¢;)¥ # 0. Then, from (20),

we have
gm (hn+m+k _ 1) + (hnM _ 1) =0. (21)

Suppose that #"** #1, by Lemma 2.4 and (21), we have T'(r,g) = S(r,g), which is contra-
diction with a transcendental function g. Then #"** = 1. Similar to this discussion, we can
get that #"*"** = 1. If & is not a constant, from (19) we have

_ " [Ttz + )7 -1

g(z) h(z)rm l—[ h(Z+ 61 )s, _ 1
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If 1 is a Picard value of /s(z)"+™ ]_[;il(h(z +¢;))¥, then by the second fundamental theorem

and Lemma 2.5,

d
T(r, e H(h(z + c,-))sj)

Jj=1

_ 4 g\ — 1
N ’hn+m h . ] N f
= (r 1_[( (Z + C/)) ) + (r P l_Ldzl(h(z n Cj))sj )

j=1

m( ! ) +S(r, )
hnm ]_[ (h(z+¢;) -1

<2d+2)T(r,h) + S(r, h).

From the above inequality and # > 2d + 2 + > > A + 2d + 2 — m, by Lemma 2.5, we can get
a contradiction. Therefore, 1 is a Picard value of "+ ]_[;il(h(z +¢;))¥. Now, two cases are

considered as follows.
Subcase 2.1. " ]_[ _1(h(z +¢;))7 # 1. Then from (22), we have

N( hn+ml_[ h(z + ¢;))Y _1) 5N(r7 7 _1> <mT(r,h) + S(r, h). (23)

Then from (23) and by the second fundamental theorem and Lemma 2.5, we have
d
T(r, Hrm H(h(z + c,'))57>
j=1

_ 4 g\ — 1
N r,nm h A N| r,
< (V’ 1_[( (Z + C})) ) + (V’ P l_[]d:I(h(Z 4 Cj))sj )

j=1

— 1
+ N(r, -
hrm l_[j=1(h(z +¢)) -1

<(m+2d+2)T(r,h) +S(r,h),

) +S(r, h)

which is a contradiction with 7 > 2d + 2 + A.
Subcase 2.2. k""" ]_[;.il(h(z +¢;))% = 1. Thus, we have

(n+m)T(r,h) < AT (r,h) + S(r, h),

which is a contradiction with n>2d + 2 + A > 1 — m.
Case 3. If H(z)G(z) = 1. From Lemma 2.12, we can get that f = g.
Thus, this completes the proof of Theorem 1.6.
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4.2 The proof of Theorem 1.7
From the assumptions of Theorem 1.7, we have H(z), G(z) share 1 IM. From the definitions
of H(z), G(z), by Lemma 2.4, Lemma 2.5 and Lemma 2.8, we have

_ 1 H H' — 1
Ni(r, <N|(r,— |=N\{|r,— )| +S(r,H) <N|r,— ) +S(r,H)
H-1 H H H

<(tk+m+d+1)T(r,f)+S(rf), (24)

similarly, we have

]T[L<r,Gl_1> <(k+m+d+1)T(r,g)+S(r,f). (25)

Case 1. Suppose that H(z), G(z) satisfy Lemma 2.10(i). From (9), (11)-(13), (24) and (25),
we have

(n+m+ A)[T(r,f) + T(r,g)] < [S(k +m+d)+ 7][T(r,f) + T(r,g)] +S(r.f) +S(r, ).

Since n > 5(k + d) + 4m + 7 — A and f, g are transcendental, we can get a contradiction.
Case 2. If H(z), G(z) satisfy Lemma 2.10(ii), that is,

_(b+1)G+(a-b-1)
H= bG +(a-Db)

; (26)

where a (#0), b are two constants.
We consider three cases as follows.
Subcase 2.1. b #0,-1. If a — b — 1 #0, then by (26) we know

— 1 — 1
N(r,m) =N<V,—).
G+ b+l H

Since f, g are entire functions of py(f) < 1, p2(g) < 1, by the second fundamental theorem

and Lemma 2.5, we have

1 1
T(r,g) <T(r,G)+Ni|r, -=N\|r — S(r,
(m+m+M)T(rg) <TrG)+ k(r g”(gm—l)]_[;lzl(g(z+c/))sf) (r G)+ (rg)

L V(i
g"@" =Dz +c))” G+ 59
<tk+m+d)T(r,g)+ (k+m+d+1)T(r,f)+Srf)+Sg),

SNk<V, ) +8(r,)

that is,

(m+r—k-d)T(r,g) <(k+m+d+1)T(r,f) +S(r.f)+S(r,g). (27)

Similarly, we have

m+r—k-a)T(r.f)<(k+m+d+1)T(r,g) + S(r.f) + S(r,g). (28)
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From (27) and (28), we have
nm+A—=2k-2d—-m- 1)[T(r,f) + T(r,g)] <S@r.f)+Srg),

which is a contradiction with n > 5(k + d) + 4m + 7 — A.

If a— b-1=0, then by (26) we know H = ((b + 1)G)/(bG + 1). Since f, g are entire
functions, we get that —% is a Picard exceptional value of G(z). By the second fundamental
theorem, we have

(m+m+1)T(r,g) < T(r,G)+Nk<r, ld ) —N<r,l) +S(r,g)
(@ -1z +¢)7 G
§Nk(r, ld _>+ﬁ<r, L 1>+S(;",g)
g'@" -DIl.(glz +¢)7 G+

<(k+m+d)T(r,g) +S(r,2),

which is a contradiction with n > 5(k + d) + 4m + 7 — A.

Subcase 2.2. b = 1. Then (26) becomes H = a/(a +1 - G).

If a +1+#0, then a + 1 is a Picard exceptional value of G. Similar to the discussion in
Subcase 2.1, we can deduce a contradiction again.

Ifa+1=0, then HG =1. From Lemma 2.12, we can get that f = g.

Subcase 2.3. b = 0. Then (26) becomes H = (G + a —1)/a.

If a—1+0, then N(r, ﬁ) =N(r, %). Similar to the discussion in Subcase 2.1, we can
deduce a contradiction again.

If a—1=0, then H = G. Using the same argument as in the proof of Case 2 in Theo-
rem 1.6, we can get that f, g satisfy f = g for a constant ¢ such that #” =1 and ¢"** = 1.
Thus, we complete the proof of Theorem 1.7.
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