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1 Introduction
Let A(n) be the class of functions of the form

f@)=z+a, 7" +apnz"t +--- (1=2,3,...), 1.1)

which are analytic in the unit disk U = {z: |z| < 1}. We write A(2) = A.
A function f(z) € A is said to be starlike in |z| <7 (r <1) if and only if it satisfies

zf'(2)

Re ® >

0 (Izl < r). (1.2)

A function f(z) € A is said to be close-to-convex in |z| < 7 (r < 1) if and only if there is a
starlike function g(z) such that

zf'(2)

ke g(2)

>0 (lzl <7). (L3)

Let f(z) and g(z) be analytic in U. Then we say that f(z) is subordinate to g(z) in U,
written f(z) < g(z), if there exists an analytic function w(z) in U, such that |w(z)| < |z|
and f(z) = gw(2)) (z € U). If g(z) is univalent in U, then the subordination f(z) < g(z) is
equivalent to £(0) = g(0) and f(U) C g(U).

Recently, several authors showed some new criteria for univalency of analytic functions
(see, e.g., [1-7]). In this note, we shall derive certain sufficient conditions for univalency of
analytic functions with missing coefficients.

For our purpose, we shall need the following lemma.

Lemma (see [8, 9]) Let f(z) and g(z) be analytic in U with f(0) = g(0). If h(z) = z¢g'(2) is
starlike in U and zf' (z) < h(z), then

fz) <f(0) + /0 @ dt. (1.4)

t
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2 Main results
Our first theorem is given by the following.

Theorem 1 Letf(z) =z+a,z" +--- € A(n) with f(z) #0 for 0 < |z| < 1. If

z \®
(7)

where 0 < B <2[1 — (n-2)|ay,l|], then f(z) is univalent in U.

<B (zel),

Proof Let

NG
Md=<;—> (ze l),
(2)

then p(z) is analytic in U. By integration from 0 to z n-times, we obtain

z Wn w2
LI l-az" '+ f a’w,,/ aw,_1 - f pw)dw;  (ze lU).
f(2) 0 0 0

Thus, we have

f@) = (zel),

1-a,z"1 +¢(2)

where
z Wy w2
o(z) = / dwy, aw,_1 - / piw)dw (zel).
0 0 0
It is easily seen from (2.1), (2.2) and (2.5) that
()| <B (zel)
and, in consequence,

¥ (2| <B (zel).

Since
z z= Jo
we get
I 1 z
()| e} o
and so
V&ﬁ_mm):/ﬂ(ﬂ@)mvsém—a
2 z1 2 w 2

for z1,2zp € U and z; # z5.

2.1)

(2.2)

(2.4)

(2.5)

(2.6)

(2.7)
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Now it follows from (2.4) and (2.7) that

V(Zz) —f(z1) |

(22~ 21) + anzr2a(2y > — 27%) - lez(w(z?) B

£20))

21

11— a,2/ 7 + (@)1l - anzs™ + ¢(2)]
122 - 2|1 = (n - 2)|a,| - §)
11— a2 + 9@l - anzy™ + ¢(22)]
> 0.

Hence, f(z) is univalent in U. The proof of the theorem is complete. O

Let S,(B) denote the class of functions f(z) = z + a,z" + - -- € A(n) with f(z) # 0 for 0 <
|z| < 1, which satisfy the condition (2.1) given by Theorem 1.
Next we derive the following.

Theorem 2 Let f(2) =z +a,z" +--- € S,(B). Then, forz € U,

z n-1 13 .
@ 1‘ <lz| (Ianl + 5|Z|>, (2.8)
- |z|"-1(|un| ) §|z|> <Re J% <1+ |z|"-1<|an| " §|z|); 2.9)
If(2)| = il (2.10)

1+ |aullzlnt + Bizn”

Proof In view of (2.1), we have

z (n)
Z<j_> < Bz (zel). (2.11)
()

Applying Lemma to (2.11), we get

(n-1)
(/%) +(n-1a, < Bz (zelU). (2.12)

By using the lemma repeatedly, we finally have

(/i) +(n-1)a,2? < Bz (zel). (2.13)
(2)

According to a result of Hallenbeck and Ruscheweyh [1, Theorem 1], (2.13) gives

171/ ¢t . B
2/0 [(/E) +(n—1ay,t i|dt< EZ (ze U, (2.14)

]% =1-a,z2" '+ gzw(z) (z e l), (2.15)

where w(z) is analytic in U and |w(z)| < |z|"! (z € U).
Now, from (2.15), we can easily derive the inequalities (2.8), (2.9) and (2.10). O
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Finally, we discuss the following theorem.

Theorem 3 Let f(z) € S,(B8) and have the form
f@) =2+ a2 + a0+ (ze ). (2.16)

(i) [f% < B <2, then f(z) is starlike in |z| < \’/% %\/5;
(ii) Ifv/3-1<p <2, then f(2) is close-to-convex in |z| < |/ %

Proof 1f we put

~ sz/(Z)
G

p(2) =l+p, 2"+ (zel), (2.17)

then by (2.1) and the proof of Theorem 2 with a, = 0, we have

zp/(z) = -2 (J%)) < Bz. (2.18)

It follows from the lemma that
p(z) <1+ Bz, (2.19)

which implies that

2’f'(2)
f(2)

2 1
|Z|<7’1=\V/;'T\/§. (2.21)

Then by (2.20), we have

- 1} <BlzI" (zel). (2.20)

2
< arcsin —. (2.22)

‘ Z2f,(Z)
NG

e fH2)

Also, from (2.8) in Theorem 2 with a,, = 0, we obtain

]% 1)< grf’ (223)
and so
z 1
‘arg% < ﬁ (2.24)
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Therefore, it follows from (2.22) and (2.24) that

zf'(2) 2°f'(2) z
|arg e < ’arg 0 ’+ ’arg%
< arcsin i + arcsin L

V5 V5

b4
2

for |z| < 1. This proves that f(z) is starlike in |z| < r;.
(ii) Let +/3-1< B <2 and

n \/g_l

2.25
5 (2.25)

lz| <7y =

Then we have

2¢
zf(z)‘ +2‘argi

132 f@)
arcsin (,3 rg’) + 2arcsin ( g rg’)

|argf'(2)| < ‘arg

A

3-1
arcsin(+v/3 —1) + 2 arcsin(fT)
T
5

Thus, Ref’(z) > 0 for |z| < r,. This shows that f(z) is close-to-convex in |z| < r,. O
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