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for the existence of positive solutions.

MSC: Primary 39A11; secondary 39A12

Keywords: second-order linear difference equation; variable delays; existence;
positive solutions; non-oscillatory solutions; sufficient conditions

Introduction

In the past few years, oscillation and non-oscillation theory of second-order linear and
nonlinear difference equations has attracted considerable attention, and we refer the
reader to the papers of Diblik et al. [1], El-Sheik et al. [2], He [3], Huiqin and Zhen [4],
Koplatadze and Kvinikadze [5], Krasznai et al. [6], Li et al. [7], Liu and Cheng [8], Medina
and Pituk [9], Tang [10], Tang and Yu [11], Zhang [12], Zhang and Li [13], and the ref-
erences therein. For comprehensive treatment, see the papers by Bastinec et al. [14-17],
Cermak [18, 19], Deng [20], Dosly and Fisnarova [21], Hille [22], Jaro$ and Stavroulakis
[23], Thandapani et al. [24], Yang [25] and the monographs [26, 27]. Some sharp condi-
tions of Hille-type criterion on the existence of oscillatory and non-oscillatory solutions
of second-order differential equations are given by Kusano et al. [28, 29], by Péics and
Karsai [30], by Bastinec et al. [31] and by Berezansky et al. [32]. Some sufficient condi-
tions of oscillation and non-oscillation of second-order difference equations can be found
in the papers by Lei [33], by Li and Jiang [34], by Zhou and Zhang [35], and the references
therein.

Consider the second-order delay differential equation of the form
m
'@+ ) pix(t- ) =0 (1)
i=1
for ty <t < T < 0o, where the following hypotheses are satisfied:

© 2013 Peics; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/82
mailto:peics@gf.uns.ac.rs
http://creativecommons.org/licenses/by/2.0

Peics Advances in Difference Equations 2013, 2013:82 Page 2 of 12
http://www.advancesindifferenceequations.com/content/2013/1/82

(Hik) bi € C[[to, T),R], i= 1L2,...,m;
(H3) 7 eClito, T)R*],i=12,...,m.

As a special case we can formulate the following results given in [30] for half-linear delay

differential equations.

Theorem A (see Theorem 2 in [30]) Assume that (Hf) and (H}) hold and there exists a
positive function p(t) for t > ty such that

/ {M(t)z 0] exp( / ()M(E)déﬂ ds < u(t)
¢ i=1

s—Ti(s
holds for t large enough. Then equation (1) has a positive solution.

Theorem B (see Corollary 2 in [30]) Assume that (H}) and (H}) hold and the functions
7;(t), where i =1,2,...,m, are bounded. If

oo m 1
limsupt/t i2=1:|pi(s)|ds§ 7

t—00
then equation (1) has a positive solution.

Consider the second-order difference equation of the form
A’a(n) + P(n)a(n) =0, n> ny, (2)

where 19 € N, N is the set of positive integers and {P(n)} is a sequence of real numbers.
The following result is a sufficient condition for the existence of non-oscillatory solu-

tions of equation (2) and it is demonstrated in the paper [35].

Theorem C (see Lemma 4 in [35]) Assume that {P(n)} is a real sequence with P(n) > 0 for
alln>ny. If

> 1
n Z Pi(s) = o
i=n+1

for all large n, then equation (2) has a non-oscillatory solution.

Consider now the second-order difference equation with variable delays
Ala(n) + ZPi(n)zz(n - ki(n)) =0, n=>no, (3)
i=1
where 1y € N, N is the set of positive integers and the following hypotheses are satisfied:

(Hy) {P:i(n)} is a sequence of real numbers for i = 1,2,...,m and n > ny;
(Hp) {ki(n)} is a sequence of positive integers such that k;(n) < n for i =1,2,...,m and

n=ngp.
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Let M > ngy be an arbitrary natural number and set
Ny ={n|ln e N,n > M}.

By a solution of equation (3) we mean a sequence of real numbers {a(#n)} defined for n €
N, which satisfies equation (3) for all # € Nj;. A nontrivial solution {a(n)} of equation (3)
is said to be oscillatory if for every v > ny, there exists an # > v such that a(n)a(n + 1) < 0.
Otherwise, it is non-oscillatory. Thus, a non-oscillatory solution is either eventually pos-
itive or eventually negative.

The basic idea in the paper is to use the Riccati transformation technique by the substi-

tution

where {a(n)} is a solution sequence of equation (3). This transformation leads to the gener-
alization of the Riccati-type equation associated with equation (3). The aim of this paper is
to prove theorems for the existence of positive solutions of equation (3), using the Riccati-
type equation associated with equation (3). The obtained results are discrete analogues of
results given for some differential equations and generalize results given for second-order
linear difference equations with constant delays or without delays.

Let R® := {{E(m)}2,:E(m) eR,n=1,2,...} and

¢ :={{m)} eR®: |£(n)| < n(n),n € Ny},

where {14(n)} is a fixed positive bounded sequence.
Let {x,(n)} denote the sequence of sequences defined for all natural numbers # € [, 00)
andp=1,2,3,....

Theorem D (Schauder-Tychonoff, see [36—-38]) Let F = £*°, and let {j1(n)} be a fixed pos-
itive bounded sequence. Let S be a mapping of F into itself with the properties:
(i) S is continuous in the sense that if x,(n) € F for all natural number n > ny,
p=12,...,and x,(n) — x(n), p — 00, uniformly on every compact subinterval of
(1, 00), then Sx,(n) — Sx(n), p — oo, uniformly on every compact subinterval of
(110, 00);
(ii) the sequences in the image set SF are bounded at every point of [ng, 00).

Then the mapping S has at least one fixed point in F.

Main results
First, we apply the Riccati transformation and show the relationship between equation (3)

and the Riccati-type equation (4).

Lemma 1 Assume that conditions (H;) and (Hy) hold. Then the following statements are
equivalent.

(a) Equation (3) has an eventually positive solution.
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(b) There is a sequence {X(n)}, n € Ny, for some M > ng such that A(n) +1 > 0 for all
n € Ny and {A(n)} satisfies the Riccati-type equation

m n-1
AM(m) + A+ D) + Y Pin) [ 10 forneNu (4)
i=1 j=n—k;(n)

Proof (a) = (b): Let {a(n)} be the solution of difference equation (3) and suppose, accord-
ing to the hypotheses, that a(n) > 0 for n > M > ny. It will be shown that the sequence

{\(n)} defined by
A(n) = A”—(”), ne Ny, (5)
a(n)

is a solution of the Riccati-type equation (4) for n € Nj;. Expressing Aa(n) from (5) and

applying the difference operator to the transformed equality, we get that
Aa(n) = a(n)A(n) and A[Au(n)] =a(mi(n+1DA(n) + a(n) Ar(n). (6)

It follows from the first equality of (6) that

n-1
an+1)= a(n)(k(n) + 1) and a(n) = a(M) H(A(j) + 1) for n € Ny,
j=M

and hence the following equalities are valid:

an-km) a5 00 +) = 1

= P . 7)
a(n) a(M) [T/ () +1) ],_nl_k!(n) A() +1
By dividing both sides of difference equation (3) by a(n), we obtain that
AlAa(n “ a(n—k;(n
Bale)] | g @tk ®

a(n)

= a(n)

In virtue of the equalities (6) and (7), we obtain that

a(mA(n + DA(n) + a(n) Ar(n) =1
+ ZPi(n) 1_[ - =0.
a(n) — for ko) A() +1
After reducing the first term, we get that
m n-1 1
An+DA(n) + Ad(n) + ;Pi(n)lznl__l(l(n) TGS =0,

and we conclude that the sequence {A(n)} satisfies the Riccati-type equation (4), and the
first part of the proof is complete.

Page 4 of 12
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(b) = (a): Let now {A(n)} be a solution sequence of Riccati-type equation (4) for n € Ny,
such that A(n) + 1> 0 for all # € N);. We show by direct substitution that the sequence

defined by
n-1
a(n) = H(A(j) + 1) for n e Ny
j=M

is the positive solution of difference equation (3). Completing the following transforma-
tions, we get

A[Aa(n)] =a(n) (A(Vt +1)A(n) + A)L(n))

m n-1 1
n) (—;Pi(n) I fr 1)

j=n-ki(n

- aln) ZP a(n kl(n))

- ZPi(n)a(Vl - ki(n))

i=1
for n € Ny and the proof of Lemma 1 is complete. O

Now, we introduce an antidifference equation associated with the Riccati-type equa-
tion (4), and we show in the main results that it is very useful to study the antidifference
equation instead of equation (4).

Lemma 2 Assume that conditions (Hy) and (Hy) hold. Then the following statements are
equivalent.
(a) There is a solution sequence {A(n)}, n € Ny, of the Riccati-type equation (4) for some
M > ng such that M(n) + 1> 0 for all n € Ny and

[e'e) m -1 1
Z (Z Pi(0) )+ 1) < 00. )

t=n \ i=1 j=t—ki(€)

(b) There is a sequence {w(n)}, n € Ny, for some M > ng such that w(n) +1 > 0 for all
n € Ny and

0 0 m -1 1
o(n) = gw(f + Doo(l) + Z(Z ro) [ P 1) (10)

l=n \ i=1 J=l—k;(€

Proof (a) = (b): Let the sequence {A(n)}, defined by formula A(n) = w(n) for n € Ny, be a
solution of the Riccati-type equation (4) for n € N, with the property (9). Let n > M be a
natural number fixed arbitrarily, and let us sum up both sides of the Riccati-type equation
(4) from n to M; — 1, where M; > n. Then we get the equality

Mp-1 My -1 1
o(My) - o(n) + Y ol + 1o €)+Z<ZP I w(j)+1>=0‘ 11)

l=n l=n i=1 j=0-k;(£)
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We claim that
oo
> ot +1oe) < co. 12)
L=n

To this end, assume the contrary statement that ) -, @(¢ + 1)w(€) = 0o. Now, in view of
(11) and the statement ) _,-, o(£ + 1)w(£) = 0o, there are natural numbers M; and M* large
enough such that M; > M* and

Mi-1
o)+ Y ot +1)w(l)
{=M*
M*-1 Mi-1 / m -1 1
=on) - ) ol +Dolt)- (Za(«) [T 25 1) <-1
l=n t=n \ i=1 Jj=t—k;(£) wy)+
for M; > M* > n, or, equivalently,
Mi-1
—w(M;) > Z ol + Da(e) +1.
L=M*

Because of the substitution (5), it follows that

a(M; +1) iy
Ervaa —w(M;) -1> ZXM: ol + Dw(L).

Since M; > M is an arbitrary large number, then the inequality

Mp-1

> o+ o) <0

£=M*

holds. If M; — oo, then the inequality Y-, @(£ + 1)w(£) < 0 must hold, which contra-
dicts the assumption

> ot + 1) = co.
L=n

We now let M; — oo in (11). Using inequalities (12) and (9), we find that w(A;) tends to a
finite limit ws. But ws must be zero because in the other case inequality (12) would fail
to hold. These argumentations complete the first part of the proof.

(b) = (a): Assume that there is a sequence {w(n)} which satisfies equation (10) for n €
Ny, where M > ny is an arbitrary natural number such that w(n) + 1 > 0 for all # € Ny,.
Applying the difference operator to both sides of equation (10), we show that the sequence
{1(n)}, defined by formula A(n) = w(n) for n € Ny, is a solution of the Riccati-type equation
(4) for n € Ny, and it satisfies assumption (9). The proof of the theorem is complete. [

Now we can formulate the main theorem.

Theorem 1 Assume that conditions (Hy) and (Hy) hold. Then the following statements are
equivalent.
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(a) There exists a natural number M > ny and there exist the real sequences {8(n)} and
{y (n)} such that -1 < B(n) < y(n), sup,, y(n) < 0o for n € Ny,

-1 1
|Pi( , ) <0 (13)
2 (Z /:41—_/(!(0 BG) +1

l=n

and such that

Bn) <&(n) <y(n) impliesthat p(n) < S&(n) < y(n) (14)

for n € Nyt and for real sequences {&(n)}, where

[ee) 00 m -1
S?;(n)=Z$(€+1)é(£)+Z<ZPi(€) I so‘)lu)' (15)

t=n t=n \ i=1 j=t—k;(£)

(b) There exists a real solution sequence {w(n)} of equation (10) which satisfies the
inequality B(n) < w(n) < y(n) for n € Ny.

Proof (a) = (b): We have to show that equation (10) has a solution sequence {w(n)} for
n € Ny. To this end, using Theorem D, we prove that operator S, defined by (15), has a
fixed point {w(n)}, which is a solution sequence of equation (10), and obviously satisfies
the estimate B(n) < w(n) < y(n) for n € Ny,.

Let now M; and M, be natural numbers such that M < M; < M, < 0o. Then the set

N2 = {nln e N,M; < n < M,}

is an arbitrary compact subset of the set Njs. Set

G := sup y(n),
n>M

M<n<M2
. m
B:= min B(n), K:=max max k;(n),
M<n<Mj i=1 M=n=<M;
max}; maxXyr<p<m, ki(n), -1<B <0,
I(B =
min}’; miny<,<pm, ki(n), B>0,
max, maxXy<,<m, ki(n), G>1,
I(G =

min}}; minyi<,<p, ki(m), G<1L

Let

)|, 1}.

It follows from assumptions (13) and (14) that the operator S, defined for {§(n)} € F, sat-
isfies the inequality ) -, £(£ + 1)§(¢) < oo and maps F to F. It follows immediately from
assumption (14) that the sequences in the image set SF are uniformly bounded on any
subset of N.

= {{g(n)} €eR™: |§(n)| <un),ne NM}, where pu(n) = 21370({
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Let the sequence of sequences {&,(n)} € F tend to the sequence {£(n)}, p — 00, uni-
formly on any finite interval of N, which means this convergence is uniform for all
ne N1,2.

In virtue of the following transformations:

|E(€ + 1)E(L) - £,(€ + DE,(0)|
= [E(+1)E(0) — £,(€ + 1)E(L) + &,(€ + DE(L) — &,(€£ + 1)E,(0)
<[g(€+1) =&, +D|[E(O)| + [E(0) - &,(0)]| |5,

we obtain that

My My+1
D e+ DEE) - &,(€ + DE(0)] <2G Y |5(0) -5,
t=n l=n

and also we obtain that the inequalities

ﬁ 1 _ ﬁ 1 Hf@lk (ép(})+1) H]Zk(l s(])+1
it SP0) +1 T EG) + D(E() +1)
(K=1)GXe + 1) 370 () 16(0) = &,(0)]
[Tk 0 (BO) + D(BP() + 1)

- (KG e +1) Z, o 1E(€) = £,(0)]
- (B +1)%Ks

are valid. Using the previous inequalities, we can get the following transformations:
|S& (n) - S&,(n))|

My
< Jim_ (;w +DE(O) ~ (0 + D5,(0)|

My m -1 1 -1 1
+ZZ{Pi(£)|<,H o ] ép(i)+1>)

l=n i=1 -k j=t-k;(£)

Ma+1 KGK 1) My -1
leziglm<zGZ|s<z)—sp(z>| (BH);(B IOMEGE w)

l=n l=n j=t-K

The uniform convergence of the sequence &,(n) — £(n), p — oo, for all € Ny, implies
that

’é(n) - ép(n)| <§ for sufficiently large p and n € Ny .

If we use the following form of §:

e LK(KGXé +1)
=——, whereC=2G+ ———,
con,+2) € T T B )X

Page 8 of 12


http://www.advancesindifferenceequations.com/content/2013/1/82

Peics Advances in Difference Equations 2013, 2013:82 Page 9 of 12
http://www.advancesindifferenceequations.com/content/2013/1/82

we obtain

, L(KGXG +1)
’Sé(n) - Sép(n)| < Mlzlin (2G8(M2 +2-n)+ W

o]

KS(My +1 —n))

im (26 + 2EG D s, 42
< legloo * (B +1)%Ks W +2)
. & .
= lim C—(My+2)= lim g=¢
My—oe  C(Mjy +2) Ma—00

for n € Ny, if p is sufficiently large. Thus, S&,(n) — S&(n), p — oo, uniformly on any finite
subset Nj;.

We obtained that the conditions of the Schauder-Tychonoff theorem are satisfied, and
hence the mapping S has at least one fixed point {w(#n)} in F. Moreover, because of the
equality w(n) = Sw(n) for n € Ny, we conclude that {w(n)} is the solution sequence of
equation (10) with the property that B(n) < w(n) < y(n) for n € Ny, The first part of the
proof is complete.

(b) = (a): If {w(n)} is a solution sequence of (10), then taking B(n) = y(n) = w(n) for
n € Ny, the conditions of Theorem 1 are satisfied because of the fact that w(n) = Sw(n).
The proof is complete. 0

Existence of positive solutions

Let the sequence {u(n)} be such that 0 < u(n) < 1, and set 8(n) = —u(n) and y (1) = pu(n) in
Theorem 1. Now we can formulate the conditions for the existence of positive solutions
of equation (3).

Theorem 2 Assume that conditions (Hy) and (Hy) hold and there exists a positive sequence
{u(n)} for n € Ny for some natural number M > ng such that 0 < u(n) <1 for n € Ny and

00 m -1
Z(u(z D@+ Y |Po] ] %) < pn) (16)
t=n i=1 jetiey M "

holds for n large enough. Then equation (3) has a positive solution {a(n)} for n € Ny;.

Proof Letthe sequence {u(n)} be given such that the conditions of the theorem hold. Since
0 < u(n) <1, hence -1 < —u(n) < 0 and 0 <1 — u(n) < 1. We show that the conditions of
Theorem 1 are satisfied with 8(n) = —u(n) and y (n) = u(n) for n large enough.

Let {£(n)} be a real sequence such that |§(n)| < wu(n). Because of the property that
—u(n) < &(n) < u(n), the inequality

1

1-pu(n) <&@m)+1 implies that 5(”; 1 =< 1- 1)

for n € Ny;.

Because of assumption (16) and some transformations, it follows that

[ee) m -1 1
yss(n)}52<|5(6+1)Hs(6)l+Z\Pi(e)\ I1 g(}.)ﬂ)

t=n i-1 j=t—k;(6)

00 m -1 1
<Y | rean@) + ) |Pie)| . ) < u(n).
e=n< ! IZ=1: j:@l—_k!(l) 1-p0)
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Therefore, in virtue of Theorem 1, equation (3) has a positive solution and the proof is

complete. d

Remark1 The result of Theorem 2 is the discrete analogue of the result presented in The-
orem A and generalizes the result given in [39] for first-order linear difference equations

with variable delays.

Now we would like to find the sequence {u(n)} in the form p(n) = %, where A is some
constant. Since
[e'9) [e'9) A2 M A2 M A2 A2
Z+1 EZ —zl.m —:l'm —_—

;“( ul®) gz(zn) Mim;mn) MLOO;< ¢ e+1)
A? A? A? A? A? A? A?
= lim | — - + - doot — — = —
M—-oo\ n n+l1 n+l n+2 M M+1 n

and
-1 1 -1 1 ﬁ j
— = ~ é = —_ ,
j=t—k; () 1 M(l) j=t=k;(£) 1 j 1'=43—/<i(€)} 4

condition (16) takes the form
00 m -1 , 2
Ji A A
P;(¢ —_— )< =—=—.
Z(ZI ©f ] '_A>- -
t=n \ i=1 j=l—k;(£)

Choosing A such that the function f(A) = A — A% takes the maximum value, we obtain

A= % and we can formulate the following corollary of Theorem 2.

Corollary 1 Assume that conditions (Hy) and (Hy) hold and

0 m -1 2], 1
n \ 2ol T] 575 ) =3 17)
ton \ il =tk (0)

holds for n large enough. Then equation (3) has an eventually positive solution.

In particular, if the sequences of delays {k;(n)} (i = 1,2,...,m) are bounded by K, we have

0 m -1 . K oo m
2j - 2(n - K) ‘
Sl TT 5% = () (2w

f=n \ i=1 j=t—k;(£) t=n

and

s 2m-K) \X .
1 U N — =1.
n%oop 2(n-K)-1

Hence, we obtain the following non-oscillation criterion.

Page 10 of 12
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Corollary 2 Assume that conditions (Hy) and (Hy) hold and the sequences of delays {k;(n)}
(i=1,2,...,m) are bounded. If

limsupn » Y | P,(0)] < i (18)

l=n i=1
holds, then equation (3) has an eventually positive solution.

Remark 2 The result of Corollary 2 is the discrete analogue of the result presented in
Theorem B and at the same time generalizes the result given in Theorem C for second-
order linear difference equations with variable delays.
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