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polynomials include the family of polynomials which were introduced and/or
investigated in (Srivastava in Indian J. Math. 14:1-6, 1972; Gonzalez et al. in Math.
Comput. Model. 34:133-175, 2001; Altin et al. in Integral Transforms Spec. Funct.
17(5):315-320, 2006; Srivastava et al. in Integral Transforms Spec. Funct. 21(12):885-896,
2010; Kaanoglu and Ozarslan in Math. Comput. Model. 54:625-631, 2011). We prove
several two-sided linear generating relations and obtain various series identities for
these polynomials. Furthermore, we exhibit some illustrative consequences of the
main results for some well-known special polynomials which are contained by the
two-parameter Srivastava polynomials.
MSC: 33C45

1 Introduction

Let {An,k}szo be a bounded double sequence of real or complex numbers, let [a] denote
the greatest integer in a € R, and let (1),, (A)o =1, denote the Pochhammer symbol de-
fined by

(A +v)

Wy = ———
I'(2)

by means of familiar gamma functions. In 1972, Srivastava [1] introduced the following

family of polynomials:

(£
SN(2)=) (_Z?NkAn,kzk (neNy=NU{0};N eN), Q)
k=0 '

where N is the set of positive integers.

Afterward, Gonzalez et al. [2] extended the Srivastava polynomials SY (z) as follows:

4]
SNu@) =) (Z#Amm,kzk (m,n € No;N € N) )
k=0 :
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and investigated their properties extensively. Motivated essentially by the definitions (1)
and (2), scientists investigated and studied various classes of Srivastava polynomials in
one and more variables.

In [3], the following family of bivariate polynomials was introduced:

(%] Nk

SmN ZAWHVII( Nk)'-)l:lj (Vl,m € NOrN € N):

and it was shown that the polynomials S7"N(x,7) include many well-known polynomials
such as Lagrange-Hermite polynomials, Lagrange polynomials and Hermite-Kampé de
Feriét polynomials.

In [4], Srivastava et al. introduced the three-variable polynomials

SN (x, 9, 2)
[%J (A7) yk—Ml 2Nk
m n, ) eN ;M;NGN » 3
2.2 . kl (k — M) (1 ~NR! (m,n e Ny ) 3)

where {A,,,«} is a triple sequence of complex numbers. Suitable choices of {A,,,} in
equation (3) give a three-variable version of well-known polynomials (see also [5]). Re-
cently, in [6], the multivariable extension of the Srivastava polynomials in r-variable was
introduced

m,N1,N2,....Ny_
Sn L2 rl(xl)xZ;'H)xr)

(N5 [ ][ 2]
k1 k2—N1k1 xn—N,_lk,_l

-2 ¥ S A Rl N G N

kr_1=0 ky_2=0 ko=0 k=0

(Wl,l’lEN();Nl,Nz,...,Nr_l EN), (4)

where {A,. k., ki k... o} IS @ sequence of complex numbers.

In this paper we introduce the two-parameter Srivastava polynomials in one and more
variables by inserting new indices. These polynomials include the family of polynomials
which were introduced and/or investigated in [1-4, 6, 7] and [8]. We prove several two-
sided linear generating relations and obtain various series identities for these polynomials.
Furthermore, we exhibit some illustrative consequences of the main results for some well-
known special polynomials which are contained by the two-parameter Srivastava polyno-

mials.

2 Two-parameter one-variable Srivastava polynomials
In this section we introduce the following family of two-parameter one-variable polyno-

mials:

(=n)x
S:lﬂlymz (x) = T(Am1+m2+n,m2+kxk (mly my, n, k € NO): (5)

k=0
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where {4, } is a bounded double sequence of real or complex numbers. Note that appro-
priate choices of the sequence A, « give one-variable versions of the well-known polyno-

mials.

Remark 2.1 Choosing A, = (—o — m), (m,n € Ny) in (5), we get

n!
)

-1
Spm2 (—) =(-1)"(a +m + 1+ 1),
x

where L (x) are the classical Laguerre polynomials given by

(=x)"

-1
Fy (—n, -0 —n;—; —)
n 2 X

Remark 2.2 Setting

L@(x) =

_ (O( + ﬂ + I)Zm(_ﬂ - m)n
A = (s B Dl — poam),  PEN

in (5), we obtain

Smlva 2
" 1+

_ (O[ + :3 + 1)2m1+2m2+2n(_/3 -y —my — n)mz (1 to+ ﬁ + 2Wll + mZ)n
(Ol + :3 + 1)m1+m2+n(_a - /3 - 2Wll - 2m2 - 2”)m2(1 ta+ ,3 + 2Wll + m2)2n

2 n
% n|<1_> P£a+m1+m2,ﬁ+m1)(x)’
+ X

where Pﬁ,""'S )(x) are the classical Jacobi polynomials.

Remark 2.3 If weset A,,, = (@ + m—1), (m,n € Ny) in (5), then we get
Spm2 (%) =(o+m +my+n—1),y, (%0 +m +2my,B) (B#0),
where y,(x, o, B) are the classical Bessel polynomials given by

Yulx,a, B) = 2Fo (—n,a +n-1;—; %)

Theorem 2.4 Let {f(n)}.°, be a bounded sequence of complex numbers. Then

R Wml sz "
n+my + ny Rx) —— ———
( )S:lnl 7)) 1 2 '

=0 my! my! n!

(wi + )™ (wa + (=w2))"?

W11! le!

00
= Z f(ml + m2)Am1+m2,m2

my,mp=0

, (6)

provided each member of the series identity (6) exists.
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Proof Let the left-hand side of (6) be denoted by W(x). Then, using the definition of

S "2 (x) on the left-hand side of (6), we have

(- n)k Wyt g
lIJ(x Z f(l’l +rm + le) Z m1+m2+n,m2+kx —' —' _'
P—— mi. myp. n.
o0 n
1 w1 w2 t"
Do SO me) Y Ay (=)~ ,
0 — k! my! my! (n—k)!
( ) W;” m2 tn
= Z f(”l +my + my + k) ——— m1+m2+n+k mytk —' ik
my,my,n,k=0 m: n:

Let my — my —n,
m1 n V25
Wy

( xt)k
o= Z S+ ma 4+ )= k! Amyrma ok Z( — ) | my!

my,my,k=0
oy (m% Lot ()W i
f(ml +ma + k) m1+m2+k,m2+k = | 1
mi. 175X
n1,mM3, k=0
00 . k
(wy +8)™ wy?* (—«t)
E f(ml + my + k)Am1+mg+k,mz+k . n ,
my. my. k!
my,my,k=0

Let my — my — k,
(W + )™ < Wy (—xp)k

(o]
Am +my,m
Z Fm 4 12) A somy ml = (my — k)]

my,my=0
= 4 (w1 + )™ (wp + (—=x£))™
Z f(ml + m2) my+mo,my m1! YYI2! .

my,mp=0

O

Remark 2.5 Choosing A,,,, = (o — m), (m,n € Ny) and x — —;lc, then by Theorem 2.4

we get
ad wit W £\"
Z fn+my +my)(-1)" (¢ + my + n+ 1), L‘“"’l)( ) —— =2 (——)
ey =0 my! my! X
wy + )™ (wa + (L))
> f(ml+mz)(—a—ml—mz)m2( e e
1119 =0 Wll! W[z!

If we set wy = —i and f =1 into the above equation, then we have

my (_£)n+m2
x

o0
Z (-1 (a + my + n+ 1), L “*ml)(x)L —x
p—— l/}’Il! l/l’Iz!

o0

m
Z (W +t) ' — Mt
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Remark 2.6 Setting

_ (Ol + /3 + 1)2m(_/3 - m)n
e (@ +B+1)u(-a—-p-2m),

(m,n € Ny)

and x — % in equation (6), we have

Z fn+my +my)

my,ma,n=0

(o0 + B+ 1)2m1+2m2+2n(_,3 — My —my — n)mg (1+o+ B +2m; + M),
(C( + ,B + 1)m1+m2+n(_a - ,3 - 2Wll - 2}’7’!2 - 21’1),”2(1 t+o+ ﬂ + 2Wll + m2)2n

2 \" w™ w2
x n! P(a+m1+m2,ﬂ+m1)(x) 1 2 "
1+x " my! my!

(o + B+ 1)2m1+2m2 (_,3 —rmy — mZ)mz
(o0 + B+ 1)y ey (— = B = 20m11 — 21m13)

= Y flm+m)

my,my=0

1+x

(wy + )™ (wa + (—12:8))"2
X

}’}’11! le!

x

7 in (6), then we can write

Remark 2.7 IfwesetA,,, = (¢ +m-1), (m,neNy)andx — —

ad w;”ll W;’Q "
Z S(m+my + my)(o + my + my + 1= 1), ¥, (%, o + 1y + 2m2,,3)—‘ ——
my,my,n=0 my. my. n.
ad x pyma
(wy + )™ (wa + 3 t)
= Z Smy + ma)(a + my + my — 1), ‘ —
my,mp=0 m: nmy:
Ifwesetf=1and w, = —%t, then
S Wi (50" g
Z (o0 + 1y + iy + 1= 1), Vi (0, 00 + 1111 + 2m2,,3)—' S
my,mo,n=0 my . my. n!
o0
B )
1
=0 mi.

Remark 2.8 If we consider Remarks 2.5 and 2.7, we get the following relation between

Laguerre polynomials Lﬁ,a)(x) and Bessel polynomials y,(x, o, B):

(o] Wml (_£)n+m2
Z (-1)"2(a+my +n+ l)mngl“””l)(x)% x ‘
my,ma,n=0 -
> Wi (<58

= Z (o + 1y + Mz + 1= 1), Y0 (%, 0 + 111 + 2115, B)

m!  my! n
my,mp,n=0 1 2
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3 Two-parameter two-variable Srivastava polynomials
In this section we introduce the following two-parameter family of bivariate polynomials:
xk yn—k

F m (m1,my, n,k € Ny), (7)

n
S;nwnz (x,y) = ZAm1+m2+n,m2+k
k=0

where {4, x} is a bounded double sequence of real or complex numbers. Note that in the
particular case these polynomials include the Lagrange polynomials.

Remark 3.1 Choosing A,,, = (®)m-n(B)n (m,n € Ny) in (7), we have

Sy (,9) = () (Bhma @ ™7 (3, ),

where g,(,a’ﬁ (, y) are the Lagrange polynomials given by

gila,ﬂ)(x,y) _ i () -k (B)k sk

P (n - k)'k!

Using similar techniques as in the proof of Theorem 2.4, we get the following theorem.

Theorem 3.2 Let {f(n)}32, be a bounded sequence of complex numbers. Then

S Wml sz
(1 + my + M) STV (%, y) —2— 2"
n J
Wlll }’}’12!
my,m2,n=0
nd (wy + y6)™ (wy + xt)™2
= > flm+ m) Ay emym, , —, (8)
P my. my.

provided each member of the series identity (8) exists.

Remark 3.3 If weset A,,, = (@)u_n(B), (m,n € Np) in (8), we have

oo Wml sz
S F1+ 4 ) (@) (B @) ) A 2
e miy. my.
o0

- Z S (my + m2) (@) imy (B)m, w :;—qi/[t)ml (ws +xt)"™

my,mp=0

1’1’12!

Choosing f =1 gives

0 my . my

w- w.
D @ (B g (s, ) g
111 g 1=0 Wll! Wl2!

=1 =—w —yt) (A= wy —xt)P.

Furthermore, since we have the relation between P (x, y) Jacobi polynomials and

Lagrange polynomials [9] as

X+
29PN (x,9) = (y — x)"ple—m=bn) (_y>,
x=y
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we get the following generating relation for Jacobi polynomials PP (x, y):

> x+y\ Wyt wh?
Y @ (B ly =) P (—) e ieid
P ——— X—=Yy) my. myp.

=(1-w —y) (- wy—xt) .

4 Two-parameter three-variable Srivastava polynomials

In this section we define two-parameter three-variable Srivastava polynomials as follows:

" n [ X yk -ML ek
SmlvaJ ’ AWI +myo+n,m9 +.
WMD) i= ) ) Ammemmskt e (k= MI)! (1 —k)!
k=0 i=0
(mlrm21n)krl€ NO;ME N): (9)

where {A, x};_, is a bounded triple sequence of real or complex numbers.
Using similar techniques as in the proof of Theorem 2.4, we get the following theorem.

Theorem 4.1 Let {f(n)};°, be a bounded sequence of complex numbers. Then

[o¢]
W
Z S+ my + ma) S m2M(x y, 2 g
my,my,n=0 mll W[z'
Kt (wy + zE)™ (wy + yE)™2
Z f(ml + my +M1)Am1+m2+Ml,m2+Ml,l( ) ( ! ) ( 21y ) ’ (10)
=0 I Wll! le!
1,m2,l=

provided each member of the series identity (10) exists.

Theorem 4.2 Let {f(n)}32, be a bounded sequence of complex numbers, and let Syom2M (e
y,z) be defined by (9). Suppose also that two-parameter two-variable polynomials P% oy (%5
y) are defined by

)

(

gy (50 Y) =

g3

]
xM2 -Ml yl

A tm,ma,l T T gt 11
e Gy — MO IS )

I
<}

Then the family of two-sided linear generating relations holds true between the two-

parameter three-variable Srivastava polynomials ;"% M(x,,2) and PM oy (5 9):

oo my o

w w
Z f(n+m1+m2)S,’f‘1’m2’M(x,y,z) L 22 g

WII! ng!

my,mp,n=0

Z flmy + my (Wl ;Zt)ml e (wz +yt,xtM). 12)

my,my=0
Suitable choices of A,k in equations (9) and (11) give some known polynomials.

Remark 4.3 Choosing M =2 and A,k = (@) m-n (¥ )n—2t(B)x (m,n € Np) in (9), we get

S:lnlvm%z(x’y, ) = (a)ml ('}/)mz (ctmy,fuy +m) (Z1x;y)7
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where 4?7 (x, 9,2) is the polynomial given by

[SE

Zk—Zl

I (n—k) (k=20

n 13 )k
U@V (x,y,2) = (B)i( ko2 ()i
k=0 [=0

Now, by setting M =1 and Ay = (@)(B)n i (¥ )m_n (m,n € No) in the definition (9), we
obtain

S:lnl,mz,l (x:y: Z) = (y)ml (ﬁ)ngna Bemay tm) (x’y’ Z)’
where g,(,a’ﬁ M (x, y,z) are the Lagrange polynomials given by

n l k-1 n—k

&PV (x,y,2) = kX:lZ(a)l(lB k=1(Y )k (y TCET
0 0

Remark 4.4 Ifweset M =2 and A, x = (&) m-n(¥)n-2k(B)k (m,n € Np) in (11), then
P2 (9) = (@) M2 (3, ),
where h%’ﬂ )(x, y) denotes the Lagrange-Hermite polynomials given explicitly by

!

my—21
A)( Z x Yy
V x»)’) (V my— 2[ 2[), l'

Furthermore, choosing M =1 and A,k = (@)k(B8)n—k(V)m-n (m,n € Np) in the definition
(11), we have

P @) = (V) g5 (x,9),

where gff,‘z’ﬁ (x, y) are the Lagrange polynomials given by

(@B) < a2l
9P (x,9) = ;(a)mz-l(ﬁ)lmﬁ.

Remark 4.5 If we set w; — —zt and w, — —yt in Theorem 4.1, then we get

(0]
—zt)"™ (—yt)"2
Z f(n+m1+mz)S;”1'm2’M(x,y,z)( )™ (20) "

P }’}’11! le!
(tM)!
ZfMlAMl,Mll T (13)
=0

Now, if weset f =1, M =2 and A,k = (&) m-n (¥ )n_2k(B)k (m,n € Ny) in (13), then

> @y (V) ) g, )

my,mp,n=0

zt)™ ( yl‘)’”2 2
M1! Wl2! (1_ t)
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Furthermore, if we set M = 2 and A, = (@) m—n(Y )n—2k(B)x (m, n € Np) in (12), then

oo Wm1 sz
D2 S0 )@ () 2, 9) P g
= my. mjp.

(wq + zt)™

o0
= Z Smy + mz)Tﬂ(a)mlh(yj,’z'ﬂ) (w +yt, x8%).
my,my=0 :
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