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Abstract

We study a new class of boundary value problems of nonlinear fractional differential
equations whose nonlinear term depends on a lower-order fractional derivative with
fractional separated boundary conditions. Some existence and uniqueness results are
obtained by using standard fixed point theorems. Examples are given to illustrate the
results.
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1 Introduction

In this paper, we study the existence and uniqueness of solutions for a class of fractional dif-
ferential equations whose nonlinear term f depends on the lower-order fractional deriva-
tive of the unknown function x(¢) with the fractional separated boundary conditions given
by

°Dx(t) = f(t,%(t),°DPx(t)), te€[0,T],1<a<2,0<B<1,
a1x(0) + b1 (°Dx(0)) = ¢4, arx(T) + by(°DYx(T)) =¢c3, O0<y <1,

1)

where ¢D7 denotes the Caputo fractional derivative of order g, f is a continuous function
on [0,7] x R x R and a;, b;, ¢;, i = 1,2 are real constants with a; # 0 and T > 0.

Ahmad and Ntouyas [1] investigated the existence of solutions for a fractional boundary
value problem with fractional separated boundary conditions given by

‘Dix(t) =f (¢,x(t)), t€[0,1],1<q=<2, o)
2
a1x(0) + B (DPx(0)) =y1,  @x(1) + Bo(DPx(1)) =y2, O<p<l,

where °D? denotes the Caputo fractional derivative of order g, f is a given continuous
function and «;, B;, y; (i =1,2) are real constants, with o7 # 0.
In [2] the same authors considered the following fractional differential inclusion:

‘Dix(t) € F(t,x()), te€[0,1],1<q<2,

with the boundary condition given by (2). Here F: [0,1] x R — 2K is a multivalued map.
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Recently, the subject of fractional differential equations has emerged as an important
area of investigation. Indeed, we can find numerous applications of fractional order deriva-
tives in engineering and sciences such as physics, mechanics, chemistry, economics and
biology, etc. [3-5]. For some recent developments on the existence results of fractional
differential equations, we can refer to, for instance, [6—22] and the references therein.

Fractional differential equations whose nonlinear term f depends on a fractional deriva-
tive of the unknown function x(¢) have not been studied extensively. In this direction, we
can see [23, 24] (fractional anti-periodic boundary value problem) and [25] (anti-periodic
boundary value problem) for example.

We remark that when the third variable of the function f in (1) vanishes, the problem
(1) reduces to the case considered in [1] by Ahmad and Ntouyas.

2 Preliminaries

Definition 2.1 ([26]) The Riemann-Liouville fractional integral of order g for a function
f is defined as

L6
[qf(t)_% ; md& q>0,

provided the integral exists.

Definition 2.2 ([26]) For a continuous function f, the Caputo derivative of order g is
defined as

1
I'(n-q)

‘Dif(t) = fot(t - s)"_q_lf(”)(s) ds, n-l<qg<nmn=][q]+1,

where [g] denotes the integer part of the real number g.
The following lemma obtained in [1] is useful in the rest of the paper.

Lemma 2.1 ([1]) Foragiveny € C([0, T],R), the unique solution of the fractional boundary
value problem

D*x(t) =y(t), tel0,T],l<a <2,

3)
a1x(0) + b1 (°D” x(0)) = ¢4, arx(T) + by(‘DYx(T)) =c3, O0<y <],
is given by
t a-1 T a—-1
(t—5s) t { f (T -s)
x(t) = ———y(s)ds— —3a ——y(s)ds
© fo s [ S0
T T— a-y-1
+ b2/ ﬁy(s)ds} + Vot + C—l, (4)
o Tla-vy) am
where
LB TTQ2-y)+ by T a1Cy — drCy
1= = )

) V2 -
re-y) avi
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We notice that the solution (4) of the problem (3) does not depend on the parameter
by, that is to say, the parameter b; is of arbitrary nature for this problem. And by (4), we
should assume that a, TYT'(2 — y) # —b,.

Let C([0, T],R) be the space of all continuous functions defined on [0, T']. Define the
space X = {x : x and “Dfx € C([0, T],R)} (0 < B < 1) endowed with the norm |x| =
max;e(o,7] |*¥(£)| + max;epo,7) |°DPx(£)|. We know that (X, | - ||) is a Banach space.

Theorem 2.1 (Schauder fixed point theorem) Let U be a closed, convex and nonempty
subset of a Banach space X, let P: U — U be a continuous mapping such that P(U) is a
relatively compact subset of X. Then P has at least one fixed point in U.

Theorem 2.2 (Nonlinear alternative for single-valued maps) Let X be a Banach space, let
C be a closed, convex subset of X, let U be an open subset of C and 0 € U. Suppose that
P:U — C is a continuous and compact map. Then either (a) P has a fixed point in U, or
(b) there exist an x € U (the boundary of U) and X € (0,1) with x = AP(x).

3 Existence results
In this section, we give some existence results for the problem (1).
In view of Lemma 2.1, we define an operator F : X — X as

(t _ S)a—l

0= [ CE T, D) s

i T (T_S)a—l B
- {a2/0 T f (s,%(s), “DP x(s)) dis

T eyl
+b2/o %f (S’x(s)’CDﬁx(S))dS}+V2t+;_11- (5)

It is clear that the problem (1) has solutions if and only if the operator equation Fx = x has
fixed points. For any x € &, let

W)@ =f(t,%(2),°DPx(t)), tel0,T).

Since the function f is continuous and

k=P
cnB _ (728 -
( D Fx)(t) = (1 J\/x)(t) r@_p) (6)

we know that the operator F maps & into X'. Here k is a constant given by

~ i T (T_S)oz—l T (T_S)a—y—l ~
k= " {az/o T (./\/x)(s)ds+b2/o T (Nx)(s)ds} vy.

We put Fx = Fix + Fox, where

t(+_ -1
(le)(t) = /(; %(Nx)(s) dS, (sz)(t) = —kxt + ;—11'

Here k, means that the constant k is related to x.
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Now we are in a position to present our main results. The methods used to prove the
existence results are standard; however, their exposition in the framework of the problem

(1) is new.

Theorem 3.1 Suppose that the continuous function f satisfies the following assumption:

[f (& 20, 01) = f (&, %2, 52) | < m()(Jx1 = %] + [y1 = y2l)

forte[O,T],x,',yiER,i:1,20mdmeL%([0,T],R+),rG(O,a—l).lf
||VV1||T°’_T(1—T>1_T< lax| T |ﬂ2|T1_ﬁ>
—_— 1+ +
M) \a-t il T2 -8)
( T+ >||m|||b2|T“V”1( 1-1 )”
+{1+
re-a) T (a -y) a-y-T

I T (1= N @)
" T@-p) <a—ﬂ—f) i

then the problem (1) has a unique solution.

Proof Denote ||m| = (fOT Im(s)l% ds)". For any x,y € X and for each ¢ € [0, T], by the

Holder inequality, we have

[(Fi)(®) - (Fiy)(@))|

¢ _ a1
fo (tr(so)z) (V)(s) = (Vy)(s)) dis

Lt —s)et - Cﬂ
<) Ty O~y + [*DFals) ~ D y(s)]) ds
_ llmllx -y (1—r )“TM
- F(Ol) oa—-1 ’

|(Fax)(®) - (Fay)(@))|

= |tk ~ k)|
T (T _g)e-1
=1 [ %((Nx)(s) ~N)) ds

@ T (T_S)uz—y—l
nJto Tle-y)

_ lIml lay| T (1=t \YT by T* 7" 1-7 \! ” ”
T T(a) + x—y.
— n ') oa—-T T —y) a—y-t y

Similarly, we have

(Wx)(s) = (Ny)(s)) ds

|(“DP Fx)(t) - (“D° Fy)(v)]

kot =P
re-g)

kyt' =P
F2-p)

- ’(za—ﬁ/\/x)(t) _ (N0 +
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||| T*P~* 1-1 \'7 l|m| T
< =yl + ——5—F%
MNa-p) \a-B-7 nIl(@2-B)
T (1o ST by T 1-1 \T iy
—_ + x—yl.
MNa) \a-1 Fa-y) \a-y -1 Y
From the above inequalities, we obtain
T (1-7\"° T T'-#
| Fx— Fyll < { || ( f) (1+ |as| . |as| )
MNa) \a-t il mIT'(2-B)
( T-8 >||m|||b2|T"“V‘”1( 1-1 >11:
+(1+
re-p) ININCESD a-y-t1
miTet e Y
MNae-8) \a-B-1 -

It follows from (7) that F is a contraction mapping. Hence the Banach fixed point the-

orem implies that  has a unique fixed point which is the unique solution of the problem
(1). This is the end of the proof. a

Corollary 3.1 Suppose that the continuous function f satisfies
[f (& x0,01) = f(&:%2,52)| < H (1 = %2] + [y1 = y21)

forte0,T],x;,y;€R,i=1,2,and H >0 is a constant. If

HT® ( las| T |ag| TP ) HT*#
+
[ +1) il mil2-p)/) Tle-B+1)

( T ) H|by| T* 7+
+1+ <1,
Fr2-p)/ mll(e-y +1)

then the problem (1) has a unique solution.

Theorem 3.2 Suppose that there exist a constant v € (0,0 — 1) and a function m €
L7 ([0, T], R*) such that

lf(t;xry)| <m(t) + di|x|™* + d |y|p2»
whered; > 0,0 < p; <1 fori=1,2. Then the problem (1) has at least one solution.

Proof Denote ||m| = (fOT |m(s)|% ds)". Let B, ={x € X : ||x|| <r}, and r > O is a positive
number which will be given below (see (9)). It is clear that B, is a closed, bounded and
convex subset of the Banach space X.

The operator F maps B, into B,. For any x € B,, we have

(F0] < s / (69 s+ S0 / (t -5 ds

||| T¢F (1 -7 ) T (dhr + dyr2) T
I'(«) o Mo +1)

)
-7
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(Fa)(©)] < kol T + ||c1||

ol < vl ¢ [0l T (1= N laal(r? + dor) T
Xl = 2 —
vl

') o-T INa+1)
ol lm|| T~ [ 1=7 \'"  |bal(dyr™ +dor??) T4
+ +
I -1y) a—-y-T MNoa—-y+1)

So, we have

Te T 1-— 1-7 T
(o] = 9L AT (1Y T
1 o o —

[v1l
ol lm|| To 7= 1—7 \'T
+ W T@=7) P +(d1r”1 +d2r”2)

( T |ﬂg| Toz+l |b2| Ta—y+l )
X +

Ta+1) Mm@+l  miTa—-y+1)

Since

(N0 < s f (t - 9" m(s) ds
d1r01 +d2r/72 /‘ (- S a pr1 g
[l || TP~ ( 1-1 )H (dir” + dyrP?) TP
=< +

Fl@-p) \a-p-1 Fle-g+1)

then from (6) and the estimation of k,, we have

(‘D Fa)(@)]

||| TP~ ( -7 )“ Ty |
=< +
= T-8) \a-f-t r@2-p)

L mI TP (a7 (1-7 “+|b2|T“-V-f 1-t \'7
M-\ T \a-t Ta-y) \a-y-t

1 ) 7B T-F las| T* by | T
+(dur” + dar? ){ Fa-g+1)  mIT2-p) (F(a +1)  T-y +1))}'

Denote

L A N
|a1 | M) \a-t (vl re-p)

|by | ||| T ”l( -7 )1" ||m||T°f-ﬂ-f< 1-1 )I-T
+ +
miFa-y) \a-y-t Fle-B) \a-B-1

lm| T (aol T (1-7\"" |bo)Te7 " 1-1 \'°
+ + )
M-\ Tl \e-t Fla-y) \a-y-1
T |a2|T01+1 |b2|Toz—y+l
M= + +
o+ il (o + 141 o—-y +
r 1 r 1 r 1

T*# T < |aa| T |by| T )
"T@-B+1) mre-p\T@+1) T@-y+1)

(8)
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Now let r be a positive number such that
1 1
r>max{3L, 3Md,) 1, (3Md,) 2 }. 9)
Then it is obvious that for any x € B,,

| Fxll <L+ M(dir™ +dor™) < = +

[SSRE

r
—+
3

[SSRI

It is easy to verify that the operator F is continuous since f is continuous. Next, we
show that F is equicontinuous on bounded subsets of X. Let B be any bounded sub-
set of X. Since f is continuous, we can assume, without any loss of generality, that
[f (&, x(¢),°DPx(t))| < N forany x € Band ¢ € [0, T].

Now let 0 < ¢; < £, < T. We have the following facts:

|(Fix)(&2) — (Fix)(t1) |

12} _ Y20 _ o)1
_ f B =9 7 s ds+ / (2=~ =9 \rvs)ds

INC)) [ (e)
<N(t2—t1) +N|tg—(t2—t1) — 7]
IN'a+1) '« +1)

- 2N(t; —t1)*  NIt5 — 17|
+ ,
Mo +1) IMa+1)
a

kt2+—+kt1——
a1

< N (a1 + 1bo| T + || (2 — 1)
T\ \I'ae+1) T(@-y+1) 2 2T

|(“DF Fx)(t:) - (“DF Fx)(t)]

|(]—'2x)(t2) - (fzx)(t1)|

kety " s kyt) "
ro_p TN 5o

1 N T« by | T*Y
- (_ |as| s 124 vl |t§—ﬁ_ti—ﬁ|
reg-g\ml\r'e+1) T'(e-y+1)

NIg" - 47" 2N( - t)
MNa-8+1) MNa-g+1)

_ ‘(I“"ﬁj\/x)(tz) -

Hence we have (sincea >1,a —>0and1- 8> 0)
||(]-"x)(t2) - (]-"x)(tl)” -0 asth—> 1

and the limit is independent of x € B. Therefore the operator F : B, — B, is equicontin-
uous and uniformly bounded. The Arzela-Ascoli theorem implies that F(B,) is relatively

compact in X.
From Theorem 2.1, the problem (1) has at least one solution. The proof is completed.
d

Corollary 3.2 Assume that |f(t,x,y)| < v(t) for t € [0,T], x,y € R with v € C([0, T],R").
Then the problem (1) has at least one solution.
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In this situation, since for any 7 € (0,a — 1), v € Lt ([0, T],R*), then let d; =dy = 0 in

Theorem 3.2, we get the result.

Corollary 3.3 Assume that there exist a constant t € (0,0 — 1) and a function m €
Lt ([0, T1,R*) such that

lf(t,xry)| Sm(t)+d1|x|+d2|y|x diZOyl':LZ.
If (dy + do)M <1 (M is defined by (3)), then the problem (1) has at least one solution.
The proof of this corollary is similar to Theorem 3.2.

Theorem 3.3 Assume that: (1) there exist two nondecreasing functions py, p3 : [0,00) —
[0, 00) and a function m € Lt ([0, T],R*) with t € (0, — 1) such that

[ (&, %,9)| < m@)(p1(1x]) + p2(Iy1))

fort€[0,T] and x,y € R.
(2) There exists a constant Z > 0 such that

Z
la| , 1P
Tlval + 12 + v el + (01(2) + p2(2)) m| A

a1l

>1, (10)

here ||m| = (fOT |m(s)|% ds)" and A denotes the following number:

Te T (1—1T 1-t Te-p-t 1-1 1-1 T T1-8
{F(a)<ﬁ> +F(a—,3)(a—,3—t) +(m+m>
(|612|T°’r (1— T )1_I |by| T YT ( 1-1 )1-f)}
X + '
MNa) \a-t Ta-y) \a—y-1

Then the problem (1) has at least one solution.

Proof Firstly, we show that the operator F defined by (5) maps bounded sets into bounded

sets in the space X'. Let B, = {x: x € X and ||x|| <r}, r > 0. For any x € B,, we have

(F)0)| = ﬁ fo (- " W x)(s) ds

_ a0+ ;) | (- 9o ds

I'(«) 0
_ (palr) + par) ) T (1 e )H
- () a—-T ’
Tlmll(py(r) + pa (1) [ 1l T (1= 7\
[(Fa)e)| = Tival + il { r@) <a—r>

|bz|T“”< -t )1} a1
+ +—,
MNa-y) \a-y -1 ||

Page80of 11
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T+
cnB a—p
("D Fx) ()] < |(I"P Nx)(2)| + ra_p &

<mewmmW%X ht)H
(

- o - B) a-B-1

I {||+anm
re-gl -

(|ﬂ2|TaT <1— T >1r |by| T YT ( 1-t )1T>}
x [ ————— + '
INGY a—-T Fa-y) \a-y-1

|c1] -k
—_— + R —
la;]  T(2-p)

{T‘H<1—r>” T“‘ﬁ‘f< 1-1 )“ (T T'# )
X —_— + |\ — =
M) \a-7 Fle-p)\a-B-7 il M2 -B)
(|a2|Ta-f<1—f>“ |b2|T“‘V"< 1-1 )1)}
X + .

INa) \a-1 IMNae-y) \a-y -1

That is to say, we have

r) + pa(7))
v

Therefore we have

I Fxll < Tlva| + val + (1(r) + pa(1))

C T-P
1 Fxll < Tival + 1920

2l 1*(2——/3)|V2| + (pr(r) + pa(r)) I ml| A. )

Secondly, we claim that F is equicontinuous on bounded sets of X. To prove it, we only
need to repeat verbatim the corresponding part in the proof of Theorem 3.2.
Finally, for A € (0,1), let x = A Fx. Due to (11), we have

|e1l T'-F
=AM Fx|<T —_—t — A.
llxll = |AF x|l < T|vo| + ] + F(2—,3)|V2| + (o1 (Ilxl) + o2 (ll1) ) 1l
On the other hand, we have
[l

B
Tlvy| + {4+ 12 Wﬂ+wMMM+mmwnwmA

a1l

From (10), there exists Z > 0 such that ||x|| # Z. Define a set
U={xeX:|xl<Z}.

It is obvious that the operator F : U — X is continuous and completely continuous. By
the definition of the set U/, there is no x € 9/ such that x = AFx for some 0 < A < 1. Con-
sequently, by Theorem 2.2, we obtain that J has a fixed point x € i which is a solution of
the problem (1). This is the end of the proof. d

4 Examples
7

Examplel Let T =1, =7, = % and y = i. We consider the boundary value problem

3
5y (sina(t) + ADEAOLY ¢ e [0,1],
1D 2(0) (12)

CD4x(t) —3In(¢+1) + (
%(0) + by (cD1x(0)) = 5L 1x(1) + g(cmxu)) =2.

2sin(£2)+5
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From (12), we know that

-3In(¢ +1) 1 . 1yl
t’ ) =
J&:x) 2sin(£2) + 5 i (t +3)2 (s1nx+ 1+ |yl

anda; =1,¢; = %, as = %, by = % and ¢y = 2. It is clear that

1
|f(t,x1»y1) —f(t,xz,y2)| < §(|x1 = x2| + 0 —y2|)

and

HT® ( las| T ao| TP ) HT P
+ +
I +1) vil  mIT'(@2-B) Ma-B+1)

( T8 ) H|by| T*7+1
+

1
A =(1.2333 + 1 +0.4933) < 1.

12 mire—y+1 9

Hence all the assumptions of Corollary 3.1 are satisfied. Therefore the problem (12) has a

unique solution.
Example 2 Consider the following fractional differential equation:

3
D3x(t) = (58> - 3t)e O + L ()3 + (L2503 ¢ eo,1],

1+sin? x(¢)

x(0) + by ((D2x(0)) =25, 2x(1) + L(D2x(1)) = 7.

+

In this case, we have

1+sin?x

1
1 2
ftx,y) = (5t2 _3t)e—x2 + 2_|x|% + (L)
b1

anda:%,ﬂ:%,y: ,T=1,a1=1,¢,=25,a,=2,by =z, ¢y = . Since

1
5
]| = |58 ~3¢] + 5 el + i,

letdy =1, dy =1, p1 = %, 02 = % and m(t) = |5t — 3t] € L*(0,1). Thus it follows from

o’

Theorem 3.2 that the problem (13) has at least one solution on [0,1].
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