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Abstract

In view of the Nevanlinna theory, we study the growth and poles of solutions of some
classes of systems of complex difference equations and obtain some interesting
results such as the lower bounds for Nevanlinna lower order, a counting function of
poles and maximum modulus for solutions of such systems. They extend some results
concerning functional equations to the systems of functional equations in the fields
of complex equations.
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1 Introduction and main results
The purpose of this paper is to study some properties of the poles and growth of meromor-
phic solutions of the systems of complex difference equations. The fundamental results
and the standard notations of the Nevanlinna value distribution theory of meromorphic
functions are used (see [1-3]). In this paper, a meromorphic function means being mero-
morphic in the whole complex plane C; for a meromorphic function f, S(r, f) denotes any
quantity satisfying S(r,f) = o(T'(r,f)) for all r outside a possible exceptional set E of finite
logarithmic measure lim,_, » f[l,r)mE % < 00, and a meromorphic function a(z) is called a
small function with respect to f if T'(r,a(z)) = S(r,f) = o(T(r,f)).

In 1980, Shimomura [4] and Yanagihara [5] studied some existence of solutions of dif-
ference equations and obtained some theorems as follows.

Theorem 1.1 (see [4, Theorem 2.5]) For any non-constant polynomial P(y), the difference
equation

y(z+1) = P(y(2)
has a non-trivial entire solution.

Theorem 1.2 (see [5, Corollary 6]) For any non-constant rational function R(y), the dif-
ference equation

y(z+1) =R(y(2))

has a non-trivial meromorphic solution in the complex plane.
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It was proposed that the existence of sufficiently many meromorphic solutions of finite
order would be a strong indicator of integrability of an equation (see [6-8]).

In 2000, Ablowitz, Halburd and Herbst [6] studied some classes of complex difference
equations

ao(2) + a(2)f + - - + a,(2)f?
bo(2) + b1(2)f + - - + by(2)f1 ’
ao(2) + a(2)f + - - - + a,(2)f?

JE+flz-1)= bo(2) + bi(2)f +-- - + byl2)f1 ’ @

fz+)+f(z-1) =

)

where the coefficients are meromorphic functions, and obtained the following results.

Theorem 1.3 (see [6]) If difference equation (1) (or (2)) with polynomial coefficients a;(z),
bi(z) admits a transcendental meromorphic solution of finite order, then d = max{p, q} < 2.

In 2001, Heittokangas et al. [9] further investigated some complex difference equations
which are similar to (1) and (2) and obtained the following results which are improvements
of Theorems 1.1 and 1.2.

Theorem 1.4 (see [9, Proposition 8 and Proposition 9]) Let ¢y, ...,c, € C\{0}. If the equa-
tions

Zf(z +¢) = R(z,f(2)), Hf(z +¢) = R(z,f (),
i=1 i=1

Pf(2) a2 +am@)f +--- +a2)f*
Qz,f(2))  bo(2) + bi(2)f + - - + by(2)f*

R(z,f(2)) :=

with rational coefficients a;(z), b;(z) admit a transcendental meromorphic solution of finite
order, then d = max{s, t} < n.

In the same paper, some results of the lower bound for the characteristic functions, poles
and maximum modulus of transcendental meromorphic solutions of some complex dif-

ference equations are obtained as follows.

Theorem 1.5 (see [9, Theorem 10]) Let cy,...,c, € C\{0} and let m > 2. Suppose y is a
transcendental meromorphic solution of the difference equation

n m
Y a@yz+c) =) b))
i=1

i=0

with rational coefficients a;(z), bi(z). Denote C := max{|ci|,...,|cq|}-
(1) Ify is entire or has finitely many poles, then there exist constants K >0 and ry > 0
such that

log M(r,y) > Km"'¢

holds for all r > ry.
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(2) Ify has infinitely many poles, then there exist constants K > 0 and ro > 0 such that
n(r,y) > Km''*
holds for all r > ry.

Theorem 1.6 (see [9, Theorem 11]) Let ci,...,c, € C\{0} and suppose that y is a non-

rational meromorphic solution of

ao(2) + a1 (2)f + -+ + a,(2)f?
bo(2) + bi(2)f + - - + by(2)f? ’

Y di@y(z+c) =

i=1

3)

where all coefficients in (3) are of growth o(T(r,y)) without an exceptional set as r — oo,
and d;’s are non-vanishing. If d = max{p, q} > n, then for any ¢ (0 < & < (d —n)/(d + n)), there

exists an ro > 0 such that

r/C
ron=x(4(55))
n\l+e

forall r > ry, where C := max{|c1|,...,|c,|} and K > 0 is a constant.

Recently, a number of papers have focused on difference equations, difference product
and g-difference in the complex plane C, and considerable attention has been paid to the
growth of solutions of difference equations, value distribution and uniqueness of differ-
ences analogues of Nevanlinna’s theory [4, 6-25].

In 2012, Gao [14-16] also investigated the growth and existence of meromorphic so-
lutions of some systems of complex difference equations and obtained some existence
theorems and estimates on the proximity function and the counting function of solutions
of some systems of complex difference equations.

Inspired by the ideas of Refs. [14—16] and Ref. [9], we investigate the growth and poles of
meromorphic solutions of some systems of complex difference equations and obtain the

following results.

Theorem 1.7 Suppose that (f1,f) is a transcendental meromorphic solution of a system of

difference equations of the form

Yihia@h(e +¢) = X b)),

| @
S @2@fe+g) = X5 B RfE),

where didy > 2 and the coefficients a]t.(z), bi(z) (t = 1,2) are rational functions. Denote
C:=max{|c1l,...,|cyl}. If f; (t =1,2) are entire or have finitely many poles, then there exist
constants K; > 0 (t =1,2) and ro > 0 such that for all r > rg

log M(r,f;) = Ki(chd)"??),  £=1,2.
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Theorem 1.8 Suppose that (f1,f2) is a transcendental meromorphic solution of a system of

difference equations of the form

Y a@fi(z+¢) = Ra(z,fo(2)) =
YA a(@h(z+¢) =Rz fiz) =

Py(zfa(2)

Q2(zf2(2)”

Py (zfi(2) (5)
Qi(z/1(2)’

where the coefficients a; (2), t = 1,2 are rational functions, and P,, Q, are relatively prime

polynomials in f; over the field of rational functions satisfying p, = degy, Py, I, = deg;, Q,
dy=pr—1;>2,t=1,2. Denote C := max{|ci1|,..., |c,|}. If f; have infinitely many poles, then

for sufficiently large r,

n(r,f) > K(did,)"*9, t=1,2.

Remark 1.1 Since system (4) is a particular case of system (5), from the conclusions of

Theorem 1.8, we can get the following result.

Under the assumptions of Theorem 1.7, if f; (¢ = 1,2) have infinitely many poles, then

there exist constants K; > 0 (¢ = 1,2) and rg > 0 such that for all » > r,

n(r.fy) > Ki(ddy)"?9),  t=1,2.

Theorem 1.9 Suppose that (,f>) is a transcendental meromorphic solution of a system of

complex difference equations of the form

i1 i1
Yolen ha@falere)) 1 foleren) M

Yl @iy

j 1 1
Yulep €t @falzrer) M1 fy(z4em) M1

ikf 3y 52 2 j
Xo2er, G2 @filere) 1 filereny) Xt @fE

o @i

(6)

=07

J 2

2
Y20, €2 @fiera) 1 filzreny) 72

TR PEAE]

where I, = {i*i’ ixg’ e i/\Z L= {jui’jué’ . "’juil } are finite index sets satisfying
t t

Max{iy + b+ kgl o+ =0

Mt

t=12,

dy = max{s;,[;} > 2,t=1,2, m,ny € N, and all coefficients of (6) are of growth o(T(r,f1)),
o(T (r,f2)) without an exceptional set. Denote C := max{|ci|,..., |c,|}. If didy > 4nyny0109,

then for any ¢ satisfying

Jdidy — \/Amnyo10,
Jdidy + amnyoi0y

O<ex<

there exist constants ro >0 and K; >0 (t =1,2) for all r > ry,

did 1-¢ 2\ r/(2C)
Tof) 2 K| ———( — , t=12.
4dmnyooo \1+¢

Theorem 1.10 Suppose that all coefficients in (6) are of growth S(r,f1), S(r,f2) and that all
the other assumptions of Theorem 1.9 hold. Then u(f;) = oo (t = 1,2).
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2 Some lemmas
Lemma 2.1 (Valiron-Mohon’ko [21]) Let f(z) be a meromorphic function. Then for all ir-

reducible rational functions in f,

Y ity @) (2

R(z,f(2)) = STob (2

with meromorphic coefficients a;(z), bj(z), the characteristic function of R(z, f (2)) satisfies

T(r,R(2.f(2))) = dT(r,f) + O(¥(r)),
where d = max{m, n} and V(r) = max;;{T(r,a;), T(r, bj)}.

Lemma 2.2 (see [25]) Letfi,fa,...,fu be meromorphic functions. Then

T( Z z)qfl/\z ,ﬁjkn) SOZT(F,ﬁ)+IOgS,
rel i=1

where I = {i,,i5,,...,i,} is an index set consisting of s elements, and o = max,er{is, + i, +

-+ l')w}.

Lemma 2.3 (see [21]) Letg:(0,+00) = R, /: (0, +00) — R be monotone increasing func-
tions such that g(r) < h(r) outside of an exceptional set of finite logarithmic measure. Then
for any a > 1, there exists ro > 0 such that g(r) < h(ar) forall r > ry.

Lemma 2.4 (see [6, Lemma 1]) Given € > 0 and a meromorphic function y, the Nevanlinna

characteristic function T satisfies
T(r,y(z£1) <1 +&)T(r+1Ly() +«
for all r > 1/, for some constant k.

3 The proof of Theorem 1.7
Since the coefficients a]t. (2), b(2) (¢ =1,2) are rational functions, we can rewrite (4) as

Y ARG+ ) = Y Bz z)‘

7
LA e+ ) = Z;oBZ 7
where the coefficients A; (2), Bi(2) (t =1,2) are polynomials.
Next, two cases will be considered as follows.
Case 1. Since (fi,f2) is a transcendental solution of system (4) or (7) and f; (¢ = 1,2)
are entire, set p} = degA; (j=1,2,...,n), qf =degB; (i=0,1,...,d;), t = 1,2, taking m, =
max{pt,...,p"} + 1, we have that

M(r, Zdl Bl (2)f2(2)") = M(r, Z;’zl A} (@)fi(z +¢;)) < nr™M(r + C,f1),

, ®)
M(r, Y% B 2)fi(2)) = M(r, Y1 A2(@)fa(z + ) < nr™M(r + C, o),
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when r is sufficiently large. Since f; are transcendental entire functions and B! (i =
0,1,...,ds; t = 1,2) are polynomials, we have M(r, Zilgl Blf(2))) = o(M(r, fo(z)™)) and
M(r, Zflf(; ' B2£(2)") = o(M(r,fi(2)®)). Thus, for sufficiently large r, we have

M(r, Y8 BN @A) = MG, B f(2)),

4 4 )
M(r, Zizzo B?(z)fl(z)l) > 1M rrBSbfl d2)
From (8) and (9), we have
logM(r + C,f1) > di log M(r,f>) + g1 (r) (10)

logM(r + C,fo) > dylog M(r,f1) + £(r),

where |g;(r)| < K;logr, t = 1,2 for some constants K; > 0 and sufficiently large r. From (10),
for sufficiently large r, we have

logM(r + 2C,f1) > didy log M(r,f1) + ;1 (r + C) + dig (7). (11)
Iterating (11), we have

log M(r + 2kC,f1) > (dldg)klogM(r,fl) + E,1<(r) + E,%(r) (ke N), (12)
where

[Ex(r)] = [(dhda) " gi(r + C) + (dhda) g1 (r +3C) + -+ + g1 (r + (2k = 1)C)|

< Ki(did, )k lzlog[r"' 2] 1)C]

(didr)
e log[r+ (2/-1)C)
Ky(dydy)* 1y —=—
< Ki(d:d>) ; (dydo) T
and
’Ez | ’dl dvdy) o (r) + di(drdo) gy (r +2C) + - -- +d1g2(r+2(k—1)C)’

log[r +2(j —1)C]

< I(gdl(dldz k= IZ (d d )} 1
142

log[r +2(j —1)C]

< I(Zdl(dldz k= IZ (d (:l )} 1
162

Since log[r+ kC] < logr x log kC for sufficiently large » and k, and since d;dy > 2, we know
that the series Z,' 1 % and )% % are convergent. Thus, for sufficiently
large r, we have

|EL(r)| < K(dido)*logr, t=1,2, (13)
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where K] > 0 (¢ =1,2) are some constants. Since f; is a transcendental entire function, for
sufficiently large r, we have

log M(r,f1) > 3K’ logr, (14)

where K’ > max{K], K}}. Hence, from (12)-(14), there exists ro > e such that for r > ry, we

have
log M(r + 2kC,f,) > K'(dyd>)* log r. (15)

Choosing r € [rg, 7o + C) and letting k — oo for each choice of r, and for each sufficiently
large R :=r + 2kC > Ry :=ry + C, we have
R - ro — C

Re[ro+2kC,ro + (2k+1)C), ie k> —c (16)

From (15) and (16), we have
log M(R,f) > log M(ro + 2kC,f,) > K'(dydy)* logrg > K" (dydy)X 9,

-rg-C
where K" = K'(d1d») 5 log ry.
By using the same argument as above, we can get that there exist constants K > 0 and
ro > 0 such that for all R > ry,

log M(R,f>) > K(dyd,)RX'?©. (17)

Case 2. Suppose that (f,f2) is a solution of system (4) and f; (¢ = 1,2) are meromor-
phic functions with finitely many poles. Then there exist polynomials P;(z) such that
g:(2) = Pi(2)f;(z) (¢ = 1,2) are entire functions. Substituting f;(z) = fft (é))
multiplying away the denominators, we can get a system similar to (7). By using the same

into (7) and again

argument as above, we can obtain that for sufficiently large r > r; > ry,

1
log M(r,f;) = log M(r, g) + log M (r, P—(z)> > (K] - &)(didr)"*O > K" (dhd)" ),
t

where K]” (> 0) (¢ =1,2) are some constants.
From Case 1 and Case 2, this completes the proof of Theorem 1.7.

4 The proof of Theorem 1.8

Suppose that (f;, /) is a solution of system (5) and f; (¢ = 1,2) are transcendental. Since the
coefficients of P;(z,f;(z)), Q:(z,f:(z)) are rational functions, we can choose a sufficiently
large constant R (> 0) such that the coefficients of P;(z,f;(z)), Q:(z,f:(z)) have no zeros or
poles in {z € C: |z| > R}. Since f; (t = 1,2) have infinitely many poles, we can choose a pole
zo of fi of multiplicity T > 1 satisfying |zo| > R. Then the right-hand side of the second
equation in system (5) has a pole of multiplicity d;t at zo. Then there exists at least one
index j; € {1,2,...,n,} such that zy + ¢, is a pole of f, of multiplicity t; > d; 7. Replacing z
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by zo + ¢;, in the first equation of (5), we have

n

Z ﬂ} (Zo + le)fl(Z() +C + Cj) =R, (Z() +Cjp, 2(Z() +Cj )) (18)
j=1

We now have two possibilities as follows.

(i) If zo + ¢j; is a pole or a zero of the coefficients of Ry(z, f2(2)), then this process will be
terminated and we can choose another pole zj of f; in the way we did above.

(ii) If zo + ¢;, is neither a pole nor a zero of the coefficients of R (z, f2(2)), thus the right-
hand side of (18) has a pole of multiplicity dy 1] at zy + ¢;;, then there exists at least one
indexj; € {1,2,...,m} such that zy + ¢;, + ¢ isa pole of fi of multiplicity r; > dy1{ > dyid,7.
Replacing z by zo + ¢;, + ¢;; in the second equation of (5), we have

ny
Zaf(zo + Gy + ¢ (20 + ¢y + ¢p + ) = Ri(20 + ¢, + ¢, filz0 + 6y + 1))
j1

We proceed to follow the step above. Since the coefficients of R;(z,f;(z)) have finitely
many zeros and poles in {z € C: |z| > R} and f; has infinitely many poles again, we may
construct poles &k = zo +¢j + Cjp +Cjp + G+ H G+ (iell,2,...,m}, /i €{1,2,...,m},
i=1,2,...,k) of f; of multiplicity 74 satisfying t¥ > (d1d,)*t as k — o0, k € N. Since | ¢ | —

00 as k — oo, for sufficiently large k, say k > ko and any %, € [|zo], |2z0| + C), we have

t(didy)* < t(1+didy + -+ + (dhd)") < n(|¢l.fi)
= n(|zo| + 2kC,fi) < n(% + 2kC, f;). (19)

If we can choose a pole z; of f; of multiplicity 7’ > 1 satisfying |z;| > R, similar to the above
discussion, we can get that for sufficiently large k and any %, € [|z1], |z1] + C),

'(didy)* < n(|z1| + 2kC, £5) < (%> + 2kC, ). (20)

Thus, for each sufficiently large Z := %1 + 2kC > rg := |zo| + 2(ko + 1)C, there exists a
k € N such that Z € [|zo| + 2kC, |zo| + (2k + 1)C) (or Z € [|z1] + 2kC, |z1| + (2k + 1)C)), by
using the same method as in the proof of Theorem 1.7, from (19) (or (20)), we have

R—|z9|-C

W&,fi) > t(dido)* > t(ddy) ™ 3¢ > Ki(dhdy)?'?), (21)
or
W, f) > T (i)t > T(dhdy) “H > Kyldidy) O, (22)

—lzp|-C —lz11-C

where Kj = t(d1d,) 2¢ and K, = t/(dyd,) 2C
Thus, from (21) and (22), this completes the proof of Theorem 1.8.

5 The proof of Theorem 1.9
From the assumptions of Theorem 1.9 and f; (¢ = 1,2) are transcendental, applying
Lemma 2.1 and Lemma 2.2 for (6) and by Lemma 2.4, for any given ¢ (0 < ¢ <
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Jdidy—/Aninyo109

1
> > =
Ndvdy+ 4;41;42(,102) and all r = ry = o we have

di(1=&)T(rfi) < di T(r,fi) + o(T(r,f0) < 201 312 T(r + C, fo) + o(T(r, f2))

<2mo1(l+&)T(r+ C,f2), (23)
dy(1-8)T(r,f2) <dy T(r,fo) + o(T(r,f2)) < 209 Z]"fl T(r+C,f1) +o(T(r,f1))
<2my05(1+&)T(r+C,f).
From (23) and for all r > ry > %, we have
didy(1 - ¢)? T(r,f1) < 4mnyo10o(1 + )T (r + 2C,f1), (24)
didy(1 - ¢)? T(r,fo) <4mmnyo105(1 + e)2T(r+ 2C, f>). (25)
Iterating (24) and (25), we can get
dyd 1-2\%\*

T(r + 2kC,f;) > (172 <—8> ) Trf), t=1,2, (26)

4n1n201(72 1+e¢

which holds for » > ry and k € N. Let k — oo, for any r € [ro,r9 + C), set R:=r + 2kC >

ro + C, we have k > % Then from (26) we can get

2 BpeC
TR.f) > (%C‘—S) ) T(ro,f)

41’[1}’120102 l+e¢

d1d2 1-¢ 2
K\ —— | ——
4”1”20’102 1+e¢

&=

5 -rg—-C
dldz 1-¢ 2
I<t =\—"\ — T(r(), t)! t= 1, 2.
4}’11}’[20’10'2 l+e

Thus, this completes the proof of Theorem 1.9.

6 The Proof of Theorem 1.10

From the assumptions of Theorem 1.10, by using the same argument as in Theorem 1.9,

. Jdido—/4nmnyo109 1
NVA142 —/ 2111120102 > > 1
for any given & (0 <€EL dydy /Ay 0100 2) and all 7 1o pe) we have

di(1-e)T(r.fi) <diT(r,fi) +S(r, fi) <201 Z,n:ll T(r+C,f) +S(r.f)
<2mo1(1+&)T(r+ C,fa),

dy(1-&)T(r,fo) < o T(r,fo) + S(r,fo) < 202 3% T(r + C,f1) + S(r, /1)
<2mo(1+&)T(r+C,f),

outside of a possible exceptional set of finite logarithmic measure.
It follows that

did>(1 - 8)2 T(r,f;) <4mmnyo105(1 + 8)2 T(r+2Cf), t=12, (27)
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outside of a possible exceptional set of finite logarithmic measure. From (27) and

Lemma 2.3, it follows that for every « > 1, there exists o > 0 such that

d1d2(1—8)2
T(a?r +2C, — e Y T(nf)=¢TWf), t=1,2, 28
(a?r + Cﬁ)z4nlnzolaz(1+8)2 (rf)=:¢T(r.f), t (28)

and T'(r,f;) > 1 holds for all r > ry, where ¢ > 1. Inductively, for any positive integer k € N

and r > ry, from (28), we have

2k
-1
T<a2kr+ O(;z—_lzc,ft> >*T(n,f), t=1,2. (29)

By using the same argument as in [9, Theorem 1.11], we can get that u(f;) = oo (t = 1,2)

easily.

Thus, this completes the proof of Theorem 1.10.
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