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1 Introduction

The Hermite polynomials are defined by the generating function to be
2 it "
ertft — eH(x)t — ZHn(x); (11)
n=0

with the usual convention about replacing H"(x) by H,(x) (see [1]). In the special case,
x =0, H,(0) = H, are called the nth Hermite numbers. From (1.1) we have

n

Ho@) = (H+22)" =Y (?)H,,_,xlzl. (1.2)
=0
Thus, by (1.2), we get
k n!
Z @) = 2500 Hy () = 2kan_k(x), (1.3)

where (x)r =x(x—1)--- (x —k +1).
As is well known, the Bernoulli polynomials of order r are defined by the generating
function to be

¢ rxt - r t
(et_1>e :;B;)(x); (reR). (1.4)

In the special case, x = 0, Bﬁ,r)(O) = Bﬁf) are called the nth Bernoulli numbers of order r (see
[1-4]).
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The Euler polynomials of order r are also defined by the generating function to be

( 2 )rexfzgg,g')(x)g (r eR). (1.5)

et +1

In the special case, x = 0, Eﬁ,r)(O) = E,(f) are called the nth Euler numbers of order r.

For AL(#1) € C, the Frobenius-Euler polynomials of order r are given by

1-A
et — X

In the special case, x = 0, Hf,r)(OM) = H,(f) (1) are called the nth Frobenius-Euler numbers of
order r (see [1-16]).
The Stirling numbers of the first kind are defined by the generating function to be

) &= Y HIGN S (e ). (16)
n=0

@n=)_Simk)x*  (see[11,14]), (17)
k=0

and the Stirling numbers of the second kind are given by
(e -1)"=n)_ 5, g (see[14]). (1.8)
I=n

In [1] it is known that Hy(x), H; (%), . .., H,(x) from an orthogonal basis for the space

P, = {p(x) € Qlx]| deg p(x) < n} (1.9)

with respect to the inner product

o]

(p1(x), p2 (%)) = / e pipa(x)dx (see [1]). (1.10)

—00

For p(x) € P, let us assume that

p@&) =Y CeHi(®). (1.11)

k=0

Then, from the orthogonality of Hermite polynomials and Rodrigues’ formula, we have

G = ﬁ/ e Hy(e)p(x) d
_1\k 00 dk )
- 22,;;; (d—xke" )p(x)dx (see [1]). (1.12)
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In particular, for p(x) = 2™ (m > 0), we easily get

oo d}’l
[ G}

0 if n>morn<mwith m—n=0 (mod2), 113)

% if n <mwith m —n=0 (mod?2). '
Iy

Let F be the set of all formal power series in the variable ¢ over C with
00 a
_ _ Ak k
f—:f(t)—zk!t ‘ake(C}. (1.14)

k=0

Let us assume that P is the algebra of polynomials in the variable x over C and that P’
is the vector space of all linear functionals on P. (L|p(x)) denotes the action of the linear
functional L on polynomials p(x), and we remind that the vector space structure on P is
defined by

(L +Mip()) = (LIp&)) + (M|p(x)),

(cLIp(x)) = c(L|p(x)),

where ¢ is a complex constant (see [2, 11, 14]).
The formal power series

o]

f0=3" %tk eF (L15)

k=0

defines a linear functional on P by setting

(f(t)|x”> =a, forallneZ,=NU{0}. (1.16)
Thus, by (1.15) and (1.16), we get

(12" = nt8p  (m,k>0), (1.17)

where §,,x is the Kronecker symbol (see [2, 11, 14]).
Letf1.(6) = Y 2o “Zk) t*. By (1.16), we get

(L@x") = (Llx"), n=o0. (1.18)

Thus, by (1.18), we see that f;(t) = L. The map L > f;(¢) is a vector space isomorphism
from P" onto F. Henceforth, F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra. The umbral calculus is the study of umbral
algebra (see [2, 11, 14]).

The order o(f(¢)) of the nonzero power series f(¢) is the smallest integer k for which the
coefficient of ¥ does not vanish. A series f(¢) having o(f(£)) = 1 is called a delta series, and
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a series f(£) having o(f(¢)) = 0 is called an invertible series (see [2, 11, 14]). By (1.16) and
(1.17), we see that (" |p(x)) = p(y). For f(¢) € F and p(x) € P, we have

ad k 0 sk
f@=y <f<2!x L = > (”iﬂx". (119)
k=0 ' k=0 :

Let £(£),g(t) € F and p(x) € P. Then we easily see that
{f(g@®)p()) = (f (D)Ig(Opx)) = [g@)If (H)p(x)). (1.20)
From (1.19), we can derive the following equation:
PY0) = (tlp) and (1p® @)= p*(0). (1.21)
Thus, by (1.21), we get

k
o) = pO () = & ;; (kx) (see [2, 11, 14]). (1.22)

Let f(¢) be a delta series, and let g(¢) be an invertible series. Then there exists a unique
sequence S, (x) of polynomials with (g(£)f (£)¥|S,,(x)) = n!8,.x, where n,k > 0 (see [2, 11, 14]).
The sequence S, (x) is called Sheffer sequence for (g(t),f(¢)), which is denoted by S, (x) ~
(g(®),f(¢)). For f(¢t) € F and p(x) € P, we have

eyt_l y
< . ]p(x)>= [ e (@ -11pw) = p) - 10 (1.23)
and

{f@)lxp(x)) = {f @) Ip(x). (1.24)

In this paper, we introduce the identities of several special polynomials which are derived
from the orthogonality of Hermite polynomials. Finally, we give some new and interesting
identities of the higher-order Bernoulli, Euler and Frobenius-Euler polynomials arising
from umbral calculus.

2 Some identities of several special polynomials
From (1.5), we note that

(eil)r:(“etz_l)r:i(_;xetz_l)j- (1)

j=0

By (2.1), we get

2 rext:
et +1

~

()5
i;( :0 (7) (etz_ 1>jxn) % (2.2)
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From (1.5) and (2.2), we have
ED(x) = Z (—‘r) 27 (e - 1)/ X"
J

j=0

By (1.8) and (1.9), we get

”2’: (5|t -1)1x I (e — 1) |k x)

k!
k=0 k=0

k=0

k=j

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1 For n > 0, we have

ORI ( )( ) S, (k, j)x"*

0<j<nmj<k<n

Lz ()
=y )5 Sa(kj) |«
0<k<n (k 0<j<k J Y

By (1.5), we easily see that

E}(q’)(x) = Z <Z>E}(r)x”—k'

k=0

Therefore, by Theorem 2.1 and (2.5), we obtain the following corollary.

Corollary 2.2 For k > 0, we have

k

E) =Y (‘]) Sa(k,))-
j=0

Let us take p(x) = Eﬁ,r) (x) € P,. Then, by (1.11), we get

EN(x) = Z CrHi (%)
par

From (1.12), we can derive the computation of Cy as follows:

(—l)k 0 dke—x2
Cy = EV(x) dx,
= g |\ JEr e

xk

n—j n k e
,'2(”)& 3 (5 ekt
k=0

(2.4)

(2.5)

(2.7)
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where

0 k ,—x2
f (ddek )E’(“r) i
oo X

= (—n)(—(n - 1)) . (—(n —k+ 1)) /00 e‘szflr_)k(x) dx

—00

kY Lo
(Vl k)'/ Z <n ) it)k—lxldx
n-k

(=1)kn! n—k\ 2
=i 2= )Ef’-)k-l/ ¢l dx
" 1=0 o

n—k-1

=(Dnvm Y :

0<l<n-k,l:even

From (2.7) and (2.8), we can derive the following equation:

T
Cr=n! nero

k+l( L
0<l<n-k,l:even k‘(}’l —k- l)'2 ’ (2)'

! 'Sz(l’l k—=1))

n—k—
=) k' (n— k— k(D)

0<i<n-k,:even j=0

Therefore, by Corollary 2.2, (2.6) and (2.9), we obtain the following theorem.

Theorem 2.3 For n > 0, we have

n

EY,
E}(;’)(x) = n‘Z{ Z k‘(l’l—k_;()'lzk”(%)'}]—[k(x)

k=0 “0<l<n-kl:even °

n n—k-1 152(’,[ k — )
:I’I!Z{ Z ]20: k'(}’l k — l)|2k+l+;( )'}Hk(X).

k=0 \0</<n-k,l:even

By (1.4), we easily see that

() -6 R

Thus, by (2.10), we get

(=) -2 OE))n

From (1.4) and (2.11), we have

o5 () (1)

A\ !
(n—k——l)'zl(%)';(l> =S (n—k—1,j).

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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By (1.19), we easily get
¢—t-1Y , Ay
( t ) v g k! *

AR o A (m\ 5 (7 gy (€=
SIS0 (e

From (1.8), (1.21) and (2.13), we have
e—t-1 L n\ (j
(=) ()0
k=0 I=0
Thus, by (2.12) and (2.14), we get
50 n nli( )( )() 1)1_152(;q—k+l,l)xk
=0 0 =0 N (n_;(”)

"o(”>[,i§< )0

Therefore, by (2.12) and (2.15), we obtain the following theorem.

1(”’ k!
(n—k+1)

So(n =k + 1, )k

5

Theorem 2.4 For n > 0, we have

o S OELCI 0}

By (1.4), we easily get

- n " n-
B =) (k)gg)x .

k=0
Therefore, by Theorem 2.4 and (2.16), we obtain the following corollary.
Corollary 2.5 For k > 0, we have
50 kL M\ 7\ Sa2(k + 1,)
-2 ()0 e

Let us consider p(x) = BEI) (x) € P,,. Then, by (1.11), Bff) (x) can be written as

D(x) =Y CeHi(x).

k=0

(2.14)

(2.15)

(2.16)

(2.17)
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Now, we compute Ci’s for B,(:) (x) as follows:

(—l)k (dk —x

Ck=2’<k!ﬁ - ) ") (x) dx, (2.18)

where

[} k ,—x2
[ e

= (=m)(=(n=1)) -+ (~(n -k +1)) / N e BY, (x)dx

-0
(—].)kl’l! nili (I’l —k) (r) o 2
= Bn_k_l/ e x'dx
-kt =\ .
(r)
Bn—k—l

=(-Davm Y

0<I<n-k,l:even

(n—k-Daihy (2.19)

By Corollary 2.5 and (2.19), we get

0o k —x2
e o
nk- J )’”‘( N (/)Sa(n—k =1+ m,m)

=Dy Y SZZ RS S (2.20)

0<i<n-k(l:even j=0 m=0

From (2.18) and (2.20), we have

B(r)k ;
Go=rt D, i Dkl (L);

0<l<n-k,l:even

nk-l Jj (_1)- ( )(f)sz(n—k—l+m,m)

= Z Z Z (n -k — I)\ki2k+1(L )(n kml+m) . 221

0<l<n-k,l:even j=0 m=0

Therefore, by (2.17) and (2.21), we obtain the following theorem.

Theorem 2.6 For n > 0, we have

r - Bitrzk—l
BE’)(’C):"!Z{ 2 (n—k—l)!k!2’<+l(é)!}Hk(x)

k=0 *0<l<n-k,l:even

(- )"”’( N(/)S2(n—k—1+m,m)

n n—k-1 j
= H'Z{ Z Z (Vl ko — l)|k12k+l( )(n —k— l+m) }Hk(x)

k=0 \0<i<n-k,l:even j=0 m=0

It is easy to show that

1-2Y et -
=1+
et — A 1-

V) e

]
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From (1.6) and (2.22), we have
HD(xl2) =) <_,r> (1—1)7 (e — 1) "
o 7
where

. % *
(e —1)x" =t ZSz(k,j)Fx”

k=j

(1 .
=/!Z(k)sz(k,;>x ¢
k=j

Thus, by (2.24), we get
. n n
t—]_ln:'! "n—k
(¢ —1Ya" =j Z (k>82(k i
k=j
From (2.23) and (2.25), we can derive the following equation:

HY (x[3) = ZZ()( )(1 Wsz(k])x"k

j=0 k=j

k

) o;z(n)( Valaser
S admsen)

By (1.6), we easily see that

HPl2) =" <Z>H,§’)(x)x"-k .

k=0

Therefore, by (2.26) and (2.27), we obtain the following theorem.

Theorem 2.7 For k > 0, we have

k
w0 =3 () Lyt
j=0

Let us take p(x) = HY (x|1) € P,.. Then, by (1.11), H (x|2) is given by

Hfl’)(xM) = Z CrHy(x).
k=0

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Page 9 of 11


http://www.advancesindifferenceequations.com/content/2013/1/73

Kim et al. Advances in Difference Equations 2013, 2013:73
http://www.advancesindifferenceequations.com/content/2013/1/73

By (1.12), we get
(—l)k 0 dke—x2 .
Cy = NG — |H (x1) dx, (2.29)
where

0 dke—x2
HY (x| 2
/_oo( i ) ) dx
( l)k”l' n—-k %2
T =k Z( ) n—k- z()‘)/ ol dx
H(’) )
_1)kn!ﬁ _ kMY
Oflfiq—zk,l:even (l/l k- l)'2l(%)'
kL ()iSy(n -k~ 1))

= (- l)kl’l'x/_ Z Z - / e A)( ) (2.30)

0<i<n-k,l:even j=0 <=

By (2.29) and (2.30), we get

(r)
Cy = n! Z Hn—k—l()‘l) _
0<l<n-k,l:even (I’l —k- l)‘k'z - (5)'
n—k-1 )‘S(Vl—k—l)
]:02 JJ
- ’ 2.31
LSNP (n — k = DIk12k+(1 =AY (L) (2.31)

0<I<n-k,l:even j=0

Therefore, by (2.28) and (2.31), we obtain the following theorem.

Corollary 2.8 For n > 0, we have

. n H(r ()\)
HY(x|1) = n'Z{ Z ”n —k—l])(!/ilz“k(%)! }Hk(x)

k=0 ‘0<l<n-k,l:even

d ()20~ k — L))

n—k-1
:n!Z Z Z (n— k D)1ki2k+(1 — )\)1( )! Hi(x).

k=0 \0<i<n-k,Ll:even j=0
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