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1 Introduction

In this paper, we assume that readers are familiar with the fundamental results and stan-
dard notation of Nevanlinna’s theory of meromorphic functions (see [1, 2]). First, we in-
troduce some notations. Let us define inductively, for r € [0,00), exp, r = €" and exp;,; r =
exp(exp;r),j € N. For all sufficiently large r, we define log, r = log rand log;,, r = log(log; r),
j € N; wealso denote exp, r = r = log, r and exp_, r = log; r. Moreover, we denote the linear
measure and the logarithmic measure of a set E C [1, +00) by mE = [, dt and m;E = [, dt/t
respectively. Let f(z), a(z) be meromorphic functions in the complex plane satisfying
T(r,a) = of{T(r,f)} except possibly for a set of r having finite logarithmic measure, then
we call that a(z) is a small function of f(z). We use p to denote a positive integer through-
out this paper, not necessarily the same at each occurrence. In order to describe the infi-
nite order of fast growing entire functions precisely, we recall some definitions of entire
functions of finite iterated order (e.g., see [3-8]).

Definition 1.1 The p-iterated order of a meromorphic function f(z) is defined by

—log, T(r,f)
o,(f) = rgrrolo ';OT. 1.1)
Remark 1.1 If f(z) is an entire function, the p-iterated order of f(z) is defined by
—log T(r’f) _]Og + M(V,f)
op(f) = lim — == }L‘&”QT~ (1.2)
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It is easy to see that 0, (f) = 00 if 6,,,1(f) > 0. If p = 2, the hyper-order of f(z) is defined by
(see [9])

on(f) = T 2 T0)) _rlogs MO-f)

r—oo  logr r—oo  logr

(1.3)

Definition 1.2 The p-iterated type of an entire function f(z) with 0 < 0,(f) = 0 < 00 is
defined by

T,(f) = rlim _ (1.4)

Definition 1.3 The finiteness degree of the iterated order of an entire function f(z) is
defined by

0 for f polynomial,

min{j € N:0j(f) < oo} for f transcendental for which some

iff) = (15)

j € N with oj(f) < 0o exists,
00 for f with o;(f) = oo for all j € N.

Definition 1.4 Suppose that ¢(z) is an entire function satisfying o,(¢) < 0,(f) or i(¢) <
i(f), then the p-iterated order exponent of convergence of zero-sequence of f(z) — ¢(z) is
defined by

log, N(r, /~)
Ap(f — @) = Tim —2— ¢

(1.6)
r—00 logr

Especially, if ¢(z) = z, the p-iterated order exponent of convergence of fixed points of f(z)
is defined to be

log, N(r,f%z)

Ap(f —2) = lim

1.7)
r—00 logr

If p(z) = 0, the p-iterated exponent of convergence of zero-sequence of f(z) is defined to
be

(1.8)

Definition 1.5 The p-iterated exponent of convergence of distinct zero-sequence of
f(z) — ¢(2) and the p-iterated exponent of convergence of distinct fixed points of f(z) are
respectively defined to be

_ ___log,N(r, )
@)= Tim &Sz’
ol - o) = rlggo logr

log, ]T](r,f%z)

hp(f —2)=1i
o =2) 00 logr
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Definition 1.6 If ¢(z) is an entire function satisfying o,,(¢) < 0, (f) or i(¢) < i(f), then the
finiteness degree of the iterated exponent of convergence of zero-sequence of f(z) — ¢(z)
is defined by

0 for N(r,f%(p) = O(logr),

min{j € N: ;(f —¢) <oo} forsomejeN

L(f — @)= (1.10)

with A;(f — @) < 00 exists,
00 if 3;(f — @) = oo forall j e N.

Remark 1.2 From Definitions 1.5 and 1.6, we can similarly give the definitions of A,(f),

i.(f = 2), i7(f - ¢) and iz (f).

2 Main result

In [10], Chen firstly investigated the fixed points of the solutions of equations (2.1) and
(2.2) with a polynomial coefficient and a transcendental entire coefficient of finite order
and obtained the following Theorems A and B. Two years later in [11], Chen investigated
the zeros of f¥(z) — ¢(z) (j = 0,1,2) and obtained the following Theorems C and D, where
f(z) is a solution of equation (2.3) or (2.4), ¢(z) is an entire function satisfying o (¢) < co.
In [12], Tu, Xu and Zhang investigated the hyper-exponent of convergence of zeros of
f9(z) — ¢(z) (j € N) and obtained the following Theorem E, where f(z) is a solution of
(2.5), ¢(2) is an entire function satisfying o, (¢) < o(B). One year later, Xu, Tu and Zheng
improved Theorem E to Theorem F in [13] from (2.5) to (2.6). In the following, we list
Theorems A-F which have been mentioned above.

Theorem A [10] Let P(z) be a polynomial with degree n (> 1). Then every non-trivial

solution of
f"+P)f=0 (2.1)
has infinitely many fixed points and satisfies M(f —z) = M(f —z) = o (f) = ”%2

Theorem B [10] Let A(z) be a transcendental entire function with o(A) = o < co. Then

every non-trivial solution of

S +AR)f =0 (2.2)
has infinitely many fixed points and satisfies hy(f — z) = M (f —2) = 0o(f) = 0.
Theorem C[11] Let Aj(z) (£ 0) (j = 1,2) be entire functions with o (A)) < 1. a, b are complex

numbers and satisfy ab # 0 and arga # argb or a = ¢b (0 < ¢ < 1). If p(z) # 0 is an entire
function of finite order, then every non-trivial solution f of

f"+A12)e™f + Ay(2)e*f = 0 (2.3)

satisfies M(f — @) = M(f' — @) = A(f" — ¢) = 00.
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Theorem D [11] Let A;(z) # 0, ¢(z) # 0, Q(z) be entire functions with o (A1) <1 and 1 <
0(Q) < 0o. Then every non-trivial solution f of

ST+ AIR)e“f +Q2)f =0 (2.4)
satisfies M(f — @) = M(f' — @) = A(f" — @) = 00, where a # 0 is a complex number.

Theorem E [12] Let A(z) and B(z) be entire functions with finite order. If 6 (A) < 0 (B) < 00
or0<o(A)=0(B)<ooand0 < 1(A) < t(B) < 00, then for every solution f # 0 of

S+ AR +B2)f =0 (2.5)

and for any entire function ¢(z) # 0 satisfying o,(p) < o (B), we have
(i) Xa(f =) = 2a(f' — @) = ha(f” — @) = o (f” — ¢) = 0(f) = 0 (B);
(ii) 2a(f — @) =0a(f) = (B) (j>3,j €N).

Theorem F [13] Let Aj(z) (j = 0,1,...,k — 1) be entire functions of finite order and satisfy
one of the following conditions:

(i) max{c(4)),j=1,2,...,k -1} <o(Ag) < 00;

(ii) 0<o(Ar1) =+ =0(A1) =0 (Ao) < 00 and max{t(4;),j =1,2,...,k—1} < 7(Ap) < 00.
Then for every solution f # 0 of

FR 4 A %D L A =0 (2.6)
and for any entire function ¢(z) # 0 satisfying o2(¢) < 0 (Ao), we have
22(f? - ) =oa(f) =0 (4o), jeN.

The main purpose of this paper is to improve Theorem E from entire coefficients of finite
order in (2.5) to entire coefficients of finite iterated order. And we obtain the following
results.

Theorem 2.1 Let A(z) and B(z) be entire functions of finite iterated order satisfying o,(A) <
0,(B) <00 0or 0 < 0,(A) = 0,(B) < 00 and 0 < 1,(A) < 1,(B) < 0o. Then for every solution
f #00f (2.5) and for any entire function ¢(z) # 0 satisfying 0,.1(¢) < 0,(B), we have

©) A1 (f =9) = 2pia(f = 9) = hpia(f" = @) = Apa (f” = ¢) = 0pa(f) = 0,,(B);

(i) Ap1(f? =) = 0,1 (f) = 0,(B),j>3,j e N.

Theorem 2.2 Let A(z), B(z) be entire functions satisfying i(A) < i(B) = p. Then for every
solution f # 0 of (2.5) and for any entire functions ¢(z) # 0 with i(¢) < p, we have

D) 5P -9)=i(f?-9)=i(f? —¢)=p+1(=0,1,2,...);

(ii) Xp+1(f(j) -¢)= }\p+l(f(j) -¢)= Gp+1(f(j) -¢)= Gp(B) (=0,12,...).

Theorem 2.3 Under the hypotheses of Theorem 2.1, let L(f) = arf® + ag_ f &Y + .- +
aof , where a; (j = 0,1,...,k) are entire functions which are not all equal to zero and satisfy
op(aj) < 0,(B). Then for any solution f # 0 of (2.5), we have 6,,1(L(f)) = 0p.1(f) = 0,(B).
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Corollary 2.1 L[nder the hypotheses of Theorem 2.1, if p(z) = z, we have
(@) Xpﬂ(f —z2)= _p+1(f/ -z)= Xpﬂ(f” -z)= _p+1(f/” -z)= Up+l(f) = Up(B)§
(if) Apﬂ(f(’ —2)=0pu(f) =0,(B),j>3,jeN.

Corollary 2.2 Under the hypotheses of Theorem 2.2, if ¢(z) = z, we have
() 5V -2) =i (fP —2) =i(fV —2) =p+1(j=0,1,2,...);
(i) Zpu(f? —2) = Ap+1(fU —2)= op+1(f(’ -2)=0,(B) (j=0,1,2,...).

Remark 2.1 Theorem 2.1 is an extension and improvement of Theorem E. As for Theo-
rem C, if a = cb (0 < ¢ < 1), it is easy to see that o (A;e%) = 0(A2e”?) =1 and T(A %) = a <
T(A,e%) = b. By Theorem E, for every solution f # 0 of (2.3) and for any entire function
@(2) # 0 with o3(p) < 1, we have Ao (f — @) = Ay (f' — @) = Ao (f” — @) = 1, therefore Theorem E
is also a partial extension of Theorem C. Theorem B is a special case of Corollary 2.1 for

p=1L

Remark 2.2 Nevanlinna’s second fundamental theorem is an important tool to investi-
gate the distribution of zeros of meromorphic functions. From Nevanlinna’s second fun-

damental theorem [1, p.47, Theorem 2.5], we have that

(L+0M)T(r.f) <N(r,]1() + N(r.f) +N<r’fi(p) +8(r,f),

where ¢(z) is a small function of f(z). For example, set f(z) = e, a(z) is a transcenden-
tal entire function with i(a) = p, then we have Ap+1(f — @) = 0pulf) = 0p(a) ifi(p) <p+1.
Our Theorem 2.1 and Theorem 2.2 also provide us with a method to investigate the iter-
ated exponent of zero sequence of f¥(z) — ¢(z) (j = 0,1,2,...), where f(z) and ¢(z) are
entire functions satisfying 0,.1(¢) < 0,.1(f) or i(¢) < i(f). If we can find equation (2.5)
with entire coefficients A(z), B(z) satisfying 0,(A) < 0,(B) or 0 < 0,(A) = 0,(B) < 0o and
0 < 1,(A) < 7p(B) < oo such that f(z) is a solution of (2.5), then we have Xp+1(f(7) —¢) = 0,(B)
(j=0,1,2,...). By the above example, set f(z) = e*?, a(z) is transcendental with i(a) = p,
then f(2) is a solution of /" — (@” + a”®)f = 0. Since 0,(a” + a”®) = 0,(a) and by Theorem 2.1,
we have Xp+1(f(j) - @) =oy(a) (j=0,1,2,...) for any entire function ¢(z) # 0 satisfying
01 (@) <op(a) ori(p) <p+1.

3 Lemmas

Lemma 3.1 [5,7] Letf(z) be an entire function with o,(f) = o, and vs(r) denote the central
index of f(z). Then

___log, vs(r)
Tim —ep

-0, (3.1)
r—00 ]ogr

Lemma 3.2 Let f(z) be an entire function with o,(f) = o, then there exists a set E; C

[1, +00) with infinite logarithmic measure such that for all v € E;, we have

log, T(r,f)

=0, rek. (3.2)
r—00 logr
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Proof By Definition 1.1 lim,_, o, 1°g’fu§(rrf) = 0, there exists a sequence {r,}%°, tending to co
satisfying (1 + %)rn < 1y and
log, T(r,,f)
m logy Truf) _ o. (3.3)

m—oo  logry,
There exists an n; such that for # > 1, and for any r € [r,,, (1 + £)r,,], we have

log, T'(ru,f) - log, T'(r.f)

3.4
log (1 + %)rn —  logr (3:4)

Set E; = U:an 7, (1 + %)rn], by (3.4) and Definition 1.1, then for any r € E;, we have

. log, T(r.f) . log, T(ry,f)
Im —— = lim ——— =
r—oo  logr m—oo  logry,

’

1
and mEy = ) 2 fr(nh”)r” & -y log(l + 1) = co. Thus, we complete the proof of this

n=ny
lemma. O

By Lemma 3.1 and the same proof in Lemma 3.2, we have the following lemma.

Lemma 3.3 Let f(z) be an entire function with o,(f) = o and vs(r) denote the central index
of f(2). Then there exists a set E; C [1,+00) with infinite logarithmic measure such that for
all r € E;, we have

log, ve(r
lim & (3.5)
r—00 logr

Lemma 3.4 [5,7] Let Ay, Ay, ...,Ar, F # 0 be meromorphic functions. If f is a meromor-

Pphic solution of the equation
FO LA f* D L Af = F, (3.6)

then we have the following two statements:
(@) Ifmax{i(4)),j=0,1,...,k —1,i(F)} <i(f), then iz(f) = i,(f) = i(f);
(ii) Ifmax{o,(4,),j=0,1,...,k = 1,0,(F)} < 0,(f), then h,(f) = Ap(f) = 0, (f).

Lemma 3.5 [14] Let f(z) be an entire function of finite iterated order with i(f) = p. Then
there exist entire functions B(z) and D(z) such that

(@) = B(2)e"?,
op(f) = max{ap(ﬁ),ap(eD(z))}

and

] logpN(r,fl)

Up(ﬁ) = rlinolo logr
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Moreover, for any € > 0, we have
10g’,3(z)| Z - expp—l {rap(ﬁ)+€ }r r é EZ! (3.7)
where E; C [1,+00) is a set of r of finite linear measure.

Lemma 3.6 Let f(z) be an entire function of finite iterated order with o,(f) = 0 < +00.
Then for any given € > 0, there is a set E3 C [1,00) that has finite linear measure such that
for all z satisfying |z| = r ¢ [0,1] U E3, we have

exp{— exp,_, 77" } < V(z) ’ <exp, {r"” } (3.8)

Proof Let f(z) be an entire function of finite iterated order with o0,(f) = o. By Defini-
tion 1.1, it is easy to obtain that |f(2)| < exp,{r”**} holds for all sufficiently larger |z| = r. By
Lemma 3.5, there exist entire functions B(z) and D(z) such that

f@ = p@e"?, a,(f) = max{a, (), 0, (e”?) .
For any € > 0, we have
|B(2)| > exp{- expp,l{r"l’(ﬂ)”}} > exp{—exppfl{rffp(fh% 1, réEs, (3.9)

hold outside a set E3 C [1, +00) of finite linear measure. Since 6,1 (D(z)) = Gp(eD(z)) <o,(f),
by Definition 1.1, we have that |D(z)| < exppfl{r"l’(f)*'%} holds for all sufficiently large r.
From |eP@| > ¢ 1Pl > exp{— exppfl{r”p(f)ﬁ }} and (3.9), we have

@] = [B@]e” = expl-2exp, ., |74}
= exp{-exp, {0}, r e, (3.10)

where Ej is a set of r of finite linear measure. By Definition 1.1 and (3.10), we obtain the
conclusion of Lemma 3.6. O

Remark 3.1 Lemma 3.6 gives the modulus estimation of an entire function with finite
iterated order and extends the conclusion of [15, p.84, Lemma 4].

Lemma 3.7 Letf(z) be an entire function of finite iterated order with o,(f) = o > 0 (p > 2),
and let L(f) = arf" + arf’ + aof, where ay, a1, ay are entire functions of finite iterated order
which are not all equal to zero and satisfy b = max{o,_1(a;),j = 0,1,2} < «, then 0,(L(f)) =
op(f)=0.

Proof L(f) can be written as

L(f) =f<agj}—” + alj; + ao). (3.11)
By the Wiman-Valiron lemma (see [2, 16]), for all z satisfying |z| = r and |f(z)| = M(r,f),
we have
®(z) M\*
ff(z)z - (%) (1+0(1)), keN,réE, (3.12)
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where E, is a set of finite logarithmic measure. From (1.4.5) in [16, p.26], for any given

& >0, we have

vr(r) < [log po(r)]l+£ (3.13)

holds outside a set E5 with finite logarithmic measure, where pi7(r) is the maximum term
of f. By the Cauchy inequality, we have () < M(r,f). Substituting it into (3.13), we have

ve(r) < [logM(r, )], re¢Es. (3.14)

By Lemma 3.1, there exists a set E; having infinite logarithmic measure such that for all

|z| = r € E;, we have

log, v¢(r)
lim & E (3.15)
r—00 log r

By (3.15) and Lemma 3.6, for all r € E; — E3 and for any ¢ (0 < 2e < o — b), we have

exp{— €XP,_y rb”} < |aj(z)| < expp_l{rb+’3} <exp,.; {r"‘g}

<vp(r) < expp_l{r“s} (7=0,1,2). (3.16)
Substituting (3.16) into (3.14), we have
o-2¢
exp, {r" 7} <M(r,f) (reE -(EsUEs)). (3.17)

By (3.11), we have

1/ / 1 /
ﬂzf— +ady— +ady ﬂzf— + 611'}i

£ f S r

Substituting (3.12), (3.16), (3.17) into (3.18), for all z satisfying |f(z)| = M(r,f) and |z| =r €
E1 — (Eg UE4 UE5), we have

IL(F)| = If]

> lfl[ - |ﬂ0|]- (3.18)

L(F)| = lfl[ vfz(r) (az vfz(r) +a1>‘ - |ﬂo|]
zlfl[ ‘77(” H@va(r)‘_w —|ﬂ0|]
> expp{ra’za } [expp_1 {r"_s } —€xXp,_; {rb+€ }] (3.19)
By (3.19), we can obtain that 0,,(L(f)) > 0,(f). On the other hand, it is easy to get 0,,(L(f)) <
o,(f). Hence 0,(L(f)) = 0,(f). O

Remark 3.2 The assumption o,_1(4;) < 0,(f) in Lemma 3.7 is necessary. For example, if
a(z) is an entire function satisfying 0,_1(a) > 0 (p > 2), set f(z) = e, L(f) =f" —af -a'f,
then we have 0,,(f) = 0,_1(a) > 0 and L(f) = 0, i.e., 0,(L(f)) = 0 < 0,,(f).

By a similar proof to that in Lemma 3.7, we can easily get the following lemma.
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Lemma 3.8 Let f(z) be an entire function with o,(f) = o > 0 (p > 2) and L(f) = arf® +
ak,lf(k’l) +---+aof, where ag,ay, ..., ar are entire functions which are not all equal to zero
satisfying b = max{o,_1(a,),j = 0,1,...,k} < 0. Then o,(L(f)) = 0,(f) = 0.

Remark 3.3 By a similar proof to that of Lemma 2.2 in [3] or Lemma 6 in [8], we can
easily get the following lemma which is a better result than that in [3] or [8] by allowing

7,(f) = oo.

Lemma 3.9 Let f(z) be an entire function satisfying 0 < o,(f) = 0 < 00, 0 < T,(f) = T < 00,
then for any given B < t, there exists a set Eq C [1, +00) that has infinite logarithmic measure
such that for all r € Eq, we have

logpM(r,f) > Bre. (3.20)

Lemma 3.10 [17] Let f(z) be a transcendental meromorphic function and a > 1 be a given
constant, for any given ¢ > 0, there exists a set E; C [1,00) that has finite logarithmic mea-
sure and a constant B > 0 that depends only on o and (m,n) (m,n € {0,...,k}) withm<n
such that for all z satisfying |z| = r ¢ [0,1] U E7, we have

f"()
f(m) (Z)

< B( T (ar,f)

" (log"‘ r) log T(ar,f)) ”—m. (3.21)

Lemma 3.11 [6] Let Aj(2) (j=0,1,...,k — 1) be entire functions with finite iterated order
satisfying max{o,(A;),j # 0} < 0,(Ao), then every solution f # 0 of (2.6) satisfies 0,1 (f) =
O'p(A()).

Lemma 3.12 (3, 8] Let Aj(z) (j=0,1,...,k —1) be entire functions with finite iterated order
satisfying max{o,(4;),j # 0} < 0,(Ao) (0 < 0,(Ag) < 00) and max{z,(4;),0,(A4;) = 0,(A0),j #
0} < 7,(Ag) < 00. Then every solution f # 0 of (2.6) satisfies 0,.1(f) = 0,(Ao).

Remark 3.4 The conclusion of Lemma 3.12 also holds if 7,(4) = co.

Lemma 3.13 Let A(z), B(z) be entire functions of finite iterated order satisfying 0,(A) <
0,(B). Let G(z), H(z) be meromorphic functions with o,(H) < 0,(A), 0,(G) < 0,(B), if f(2)

is an entire solution of equation

G HG
"t A+ = |f +[B+H + =0, (3.22)
G G

then 0,1 (f) > 0,(B).

Proof From (3.22), we have

m(r,B +H + HGG/> < m(r,"%) + m(r,l;) + m(r,A + %) (3.23)

By the lemma of logarithmic derivative and (3.23), we have

m(r,B) < O{log rT(r,f)} +m(r,A) +2T(r,H) + O{log rT(r, G)}, r ¢ Ey, (3.24)
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where Ej is a set having finite linear measure. By Lemma 3.2, there exists a set E; having
infinite logarithmic measure such that for all |z| = r € E; — Ej, we have

exp,  {r?®} < OllogrT(r,f)} + 4exp, , {r»W*}, (3.25)
where 0 < 2¢ < 0(B) — o (A). By (3.25), we have 0,,1(f) > 0,(B). O

Lemma 3.14 Let A(z), B(z) be entire functions satisfying 0 < 0,(A) = 0,(B) = 0 < 00 and
7,(A) < 1,(B) < 00 and let G(z), H(z) be meromorphic functions satisfying o,(H) < 0,
0,(G) < 0y and |[H) (z)| < expp{(t(A) +&)r°2} (j = 0,1) outside of a set Eg of finite loga-
rithmic measure, where 0 < 2¢ < T,(B) — 1,(A). If f(2) is an entire solution of (3.22), then

op+l(f) > 0).

Proof Without loss of generality, we suppose that 7,(A) < 7,(B) < 0o. From (3.22), we have
G/
G

By Lemma 3.9, for any given § (1,(A) + 2¢ < B < 1,(B)), there exists a set E¢ having infinite

f/

|B(z)| < 7

, (3.26)

](l
f

+ |:|A| +

' G
+|H}+|H|‘E

logarithmic measure such that for all |z| = r € Eg, we have
M(r,B) > expp{,Br"2 } (3.27)

By Lemma 3.10, there exists a set E; having finite logarithmic measure such that for all
|z| = r ¢ E;, we have

—| <B[rCrN], 7' <B[T@rf)],
o (3.28)
‘ el < B[T(2r, G)] < exppfl{r"”s },
where M > 0 is a constant. By the hypotheses, for all |z| = r ¢ Eg, we have
|H'| < expp{(r(A) +e)r7}, |H| < expp{ (t(A) +&)r™}. (3.29)

By (3.26)-(3.29), for all z satisfying |B(z)| = M(r,B) and |z| = r € E¢ — (E; U Eg), we have

exp,, {ﬁr"2 } <4exp, { (rp(A) + 28);"’2 } [T(Zr,f)]z. (3.30)
By (3.30), we have 0,,,1(f) > 05. O
By the above proof, we can easily obtain that Lemma 3.14 also holds if 7, (B) = co.

4 Proof of Theorem 2.1
Now we divide the proof of Theorem 2.1 into two cases: case (i) ,(4) < 0,(B) and case (ii)
7,(A) < 7,(B) and 0,,(A) = 0,(B) > 0.

Case (i): (1) We prove that Xp+1(f — @) = 0p,1(f). Assume that f # 0 is a solution of (2.5),
then 0,.1(f) = 0,(B) by Lemma 3.11. Set g = f — ¢, since 0p.,1(¢) < 0,(B), then 0,,1(g) =


http://www.advancesindifferenceequations.com/content/2013/1/71

Tu et al. Advances in Difference Equations 2013, 2013:71
http://www.advancesindifferenceequations.com/content/2013/1/71

0p11(f) = 0p(B), Aps1(g) = Api1(f — @). Substituting f =g + ¢, f' =g + ¢, f" =g’ + ¢” into
(2.5), we have

g'+Ag +Bg= —(go” +AQ + B(p). (4.1)

If " + Ap' + Bp = 0, by Lemma 3.11, we have 0,,1(¢) = 0,,(B), which is a contradiction.
Since ¢” +A¢’ + By # 0 and 0,.,1(¢" + A@’ + Bp) < 6,.1(f) = 0,11(g), by Lemma 3.4 and (4.1),
we have Xpﬂ(g) = Ap+1(g) = 0p41(g) = 0,(B), therefore Xp+1(f - @) =dpa(f — @) = 0palf) =

o,(B).
(2) We prove that le (f' =) = 0p1(f). Set g1 = f' — @, then 0,1 (g1) = 01 (f) = 0,(B) and
f=a+e,  ff=g+¢,  fT=g+¢". (4.2)

By (2.5), we get

f=—%(f”+Af’)~ (4.3)
The derivation of (2.5) is

f"+Af" +(A+B)f +Bf =0. (4.4)

Substituting (4.2), (4.3) into (4.4), we obtain

p B , , AB
g + -3 g+|A +B- B 4
Y B , A 4B AB 45)
=- +lA-—= + +B- . .
¢ B8)? B )’

LetFi =¢"+(A- %)go’ +(A"+B- ATB/)(p. We affirm that F; £ 0. If F; = 0, by Lemma 3.13, we
have 0,,.,1(¢) > 0,(B), which is a contradiction; therefore F, # 0. Since 0,1 (F1) < 0,(B) =
0p+1(g1), by Lemma 3.4 and (4.5), we get Xp+1 (f' = @) = 2pur(f’ — @) = 0p1 ().

(3) We prove that A,,1(f” — ¢) = 0,.1(f). Set g2 = f” — ¢, then 0,,.,1(g2) = 0,41 (f) = 0,(B)
and

ff=@tre.  fT=gre, Y=gy (4.6)

Substituting (4.3) into (4.4), we have

B AB'
S+ (A - E)/” + (A’ +B- 5 )/ =0. (4.7)

The derivation of (4.7) is

B B’ AB'
Y4 (A-= )"+ -—= ) +|(A+B- "
B B B

(A +B- ALy B
e T O R Y ) 48
A+B- A U +< B (48)
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Set Q(z) =A" + B - S( )=A— B , it is easy to see that
__log, m(r,Q) __log, m(r,S)
lim gpiQ =0,(B) and lim 08 M) =0,(A),
r—00 ]ogr r—00 logr

then by (4.8), we get

f® Q)f (5 —SQ/>/ 0 4.9
( Q 2 . (4.9)

Substituting (4.6) into (4.9), we have

/ S /
e s )
_<(p” + (S— %)q)’ + (S’ +Q- S§/>(p). (4.10)

If F(2z) = ¢" + (S - %)(p’ +§+Q- %Q/)ga = 0, by Lemma 3.13, we have 0,.,1(¢) > 0,(B),
which is a contradiction; therefore F, # 0. Since 0,,1(F2) < 0,(B) = 0,41(g2), by Lemma 3.4
and (4.10), we have A1 (f" — @) = Api1(f” — @) = 01 (f).

(4) We prove that Xml(f’” — @) = 0p(f). Set g3 =" — @, then 6,,1(g3) = 0,11 (f) = 0,(B)
and

G=rY-¢,  gG=9-¢". (4.11)

The derivation of (4.9) is

Q Q SQ'
(5) s—= S— _) " (S/ _ )I///
) AR G LRI CRC R

+ (S’ +Q- %)f” =0. (4.12)

By (4.9), we have

U 1
r gl o)) (413

Substituting (4.13) into (4.12), we have

P69 )
ey [ (8]

LetU(z) =S + Q-2 , V(z) =S - %, it is easy to obtain that

_ log m(r,U __ log m(r,V
i 08 M ) 0,(B) and Tim logym(r V)

= 0,(A),
r—00 logr r—00 logr p(4)


http://www.advancesindifferenceequations.com/content/2013/1/71

Tu et al. Advances in Difference Equations 2013, 2013:71 Page 13 0of 15
http://www.advancesindifferenceequations.com/content/2013/1/71

by (4.14), we have

u vu’
£+ (v— —)/‘4) + (V/ +U- "= 0. (4.15)
u u
Substituting (4.11) into (4.15), we have
f+ (Vv AW +|(V'+U v
&3 7 &3 U g3
= ”+(V U/> "\ V' +U L ) (4.16)
=-\® U % U Y- .

Let F3(z) = ¢” + (V — %)go/ +(V'+U- )gz) By Lemma 3.13, we have F5(z) # 0. Since
0p+1(F3) < 05(B) = 0p41(g3), by Lemma 3.4 and (4.16), we have Ap+1(f// —)=Apulf” — ) =

Up+1(f)'
(5) We prove that A1 (f? — @) = 0,,1(f) (7 > 3). Set fV) = g + ¢ (j > 3), then fV*V) = g} + ¢/,
fU*2 =g;/ +¢" (j>3) and 0,.1(g)) ap+1(f(’ 0,(B). By successive derivation on (4.14), we

can also get the following equation which has a similar form to (4.16):

1 :/ / 4 :,
g +|\A+< g +|B+H + g
" ' / / '
=—|¢"+|(A+= )¢ +|B+H + o), (4.17)

where G, H are meromorphic functions which have the same form as U(z), V' (z) and satisfy

0,(G) < 0,(B) and 0,(H) < 0,(A). By Lemma 3.13, we have F; = ¢" + (A + %)(p/ + (B +

H + 19 = )9 # 0. Since 0,1(F)) < 0p11(g) = 0,(B), by Lemma 3.4, we have Xpﬂ (f9 -
p+1(f(’ @) = 0p4(f) = 0,(B) (j > 3).

Case (ii): (1) We prove that X,,1(f — ¢) = 0p.1(f). Assume that f 5 0 is a solution of
(2.5), by Lemma 3.12, we know that 0,,,1(f) = 0,(B) > 0. Set g = f — ¢, ¢ # 0 is an entire
function with 0,,,1(¢) < 0,,(B), then we have 6,,,1(g) = 6,1 (f) = 0,(B), Xml(g) = Xp+1(f - Q).
Substituting f =g+ ¢, f =g + ¢, f' =g" + ¢” into (2.6), we have (4.1). We affirm that
¢"+A¢ +Bp £0.1f ¢" + Ap’ + B = 0, by Lemma 3.12, we have 0,,,1(¢) = 0,,(B), which

is a contradiction. Since ¢” + A¢’ + By # 0 and 0,,.1(¢” + A@’ + Bp) < 0,.1(f) = 0,11(2), by
Lemma 3.4 and (4.1), we have Xp+1 (@) = Xp11(8) = 0,1(g) = 0,(B); therefore Xp+1(f -@) =
hpalf = @) = 0pa(f) = 0, (B).

(2) We prove that Xpﬂ(f’ — @) = 0palf). Set g1 = f' — @, then 0,.1(g1) = 0p+1(f) = 0,(B).
By the same proof as that of (2) in case (i), we have (4.5). Set F; = ¢” + (A — %)go’ +(A +

- AT{B/)(/), we affirm F; # 0, if F; = 0, then by Lemma 3.14, we have 0,,,1(¢) > 0,(B), which
is a contradiction to 0,,1(¢) < 0,,(B); therefore F; # 0. Since 0,,,1(F1) < 0,(B) = 0.1(g1), by
Lemma 3.4 and (4.5), we have A1 (f' = @) = Api1(f' = @) = 0p1(f) = 0,(B).

(3) We prove that le(f” — @) = 0p.a(f). Set go = f" — ¢, then 0p.1(g2) = 0p.1(f) = 0,(B)
and f" =g + o, f" =g + ¢, f@ = g + ¢” By the same proof as that of (3) in case (i), we
can obtain (4.10). Set F, = ¢” + (S - %)(p/ +(+Q- %)(p, where Q(z) = A’ + B - AT?/,
S(z)=A- %. In the following we prove that F, # 0. By Definition 1.2 and Lemma 3.10, for
all sufficiently large |z| = 7 ¢ E; and for any ¢ > 0, we have

S(2)| < exp,{(tp(A) + £)r @i, 1S'(2)| < exp,{(tp(A) + £)r” @l (4.18)
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By Lemma 3.9 and Lemma 3.10, for all sufficiently large |z| = r € Eg — E; and for any ¢
(0 < 2¢ < 1,(B) — 7,(A)), we have

M(r, Q) = exp,{(z,(B) - )r?®}. (4.19)

By (4.18)-(4.19) and Lemma 3.10, it is easy to obtain

‘S— % < 2expp{(tp(A) + s)r“P(A)},

(4.20)

/

S/+Q_% Z%expp{(fp(B)—g)rap(B)}’ r€Es - k.

If F, = 0, by (4.20) and by a similar proof to that in Lemma 3.14, we have 0,,,1(¢) > 0,,(B),
which is a contradiction. Therefore F, # 0, then by Lemma 3.4 and 0,,1(F2) < 0,1(22) =
0,(B), we have Ty 1(f" = ¢) = iyt = 9) = 0pua(f) = 0p(B).

By following the proof of (4)-(5) in case (i) and the proof of (3) in case (ii), we can obtain

M (f? = 9) = hpa (fV = 9) = 0pua(f) = 0, (B) (j = 3).

5 Proof of Theorems 2.2-2.3
Using a similar proof to that in case (i) of Theorem 2.1 and by Lemma 3.4, we can easily
obtain Theorem 2.2. Theorem 2.3 is a direct result of Theorem 2.1 and Lemma 3.8.
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