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Abstract

This paper deals with positive solutions of a third-order differential equation in
ordered Banach spaces,

(@(=X"0)) =f(tx0), tel,

subject to the following integral boundary conditions:

where 6 is the zero element of £, g € L[0, 1] is nonnegative, ¢ : R — Ris an increasing
and positive homomorphism, and ¢(0) = 8;. The arguments are based upon the
fixed-point principle in cone for strict set contraction operators. Meanwhile, as an
application, we also give an example to illustrate our results.
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1 Introduction

The theory of boundary value problems is experiencing a rapid development. Many meth-
ods are used to study this kind of problems such as fixed point theorems, shooting method,
iterative method with upper and lower solutions, efc. We refer the readers to the papers
[1-14]. Among them, the fixed-point principle in cone has become an important tool used
in the study of existence and multiplicity of positive solutions. Many papers that use this
method have been published in recent years (see [15-20]).

Recently, scientists have noticed that the boundary conditions in many areas of applied
mathematics and physics come down to integral boundary conditions. For instance, the
models on chemical engineering, heat conduction, thermo-elasticity, plasma physics, and
underground water flow can be reduced to the nonlocal problems with integral boundary
conditions. For more information about this subject, we refer the readers to the excellent
survey by Gallardo [21-23], Corduneanu [24], and Agarwal and O’Regan [25].
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In [23], Lomtatidze and Malaguti considered the second-order nonlinear singular dif-

ferential equations

u' =f(t,uu'), telab),
wla)=0,  ulb-)= [’ uls)du(s),

where f : [a,b] x R?> — R satisfies the local Carathéodory conditions and w : [4, ] — R is
the function of bounded variation. These criteria apply to the case where the function f
has nonintegrable singularities in the first argument at the points 4 and b.

In [22], Karakostas and Tsamatos considered multiple positive solutions of some Fred-

holm integral equations arising from the nonlocal boundary-value problems

(@' @) + u@)f (x(t) =0, tel0,1],
%x'(0) = fol x/'(s) dg(s), x(1) = —fol x'(s) dh(s),

where the kernel K (¢, s) satisfies a continuity assumption in the L!-sense and it is monotone
and concave. The main method is the Krasnosel’skii fixed point theorem on a suitable cone,
then the above equation has at least one positive solution.

Motivated by the above works, this paper studies the following system:

(p(=x"0)) =f(&,x(2)), te], O

x(0) =0, x"(0) =0, x(1) = folg(t)x(t) dt,
where J = [0,1], f € C([0,1] x P,P), 6 is the zero element of E, E is a real Banach space
with the norm ||x||, and g € L[0, 1] is nonnegative; ¢ : R — R is an increasing and positive
homomorphism (see Definition 1.2) and ¢(0) = 6;.

According to Definition 1.2, we know that many problems, such as the problems with
p-Laplacian operator, three-order boundary-value problems and so on, are special cases
of (1). To the best of our knowledge, there have been few results on the positive solutions
for odd-order boundary-value problems (or p-Laplacian problems) with integral bound-
ary conditions in Banach spaces (see [26-31]).

The plan of this paper is as follows. We introduce some notations and lemmas in the
rest of this section. In Section 2, we provide some necessary backgrounds. In particular,
we state some properties of the Green’s function associated with BVP (1). In Section 3, we
establish the main results of the paper. Finally, one example is also included to illustrate
the main results.

Definition 1.1 Let (E,|| - ||) be a real Banach space. A nonempty, closed, and convex set
P C E is said to be a cone provided that the following conditions are satisfied:

(a) IfyePand A >0, then Ay € P;

(b) Ifye Pand -y € P, theny =0.

If P C E is a cone, we denote the order induced by P on E by <, that is, x < y if and only
if y—x € P. P is said to be normal if there exists a positive constant N such that <x <y

implies ||x|| < N||y||. N is called the normal constant of P.
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Definition 1.2 A projection ¢ : R — R is called an increasing and positive homomor-
phism if the following conditions are satisfied:

(1) Ifx <y, then p(x) <@(y) forallx,y € R;

(2) @ isa continuous bijection and its inverse is also continuous;

(3) @lxy) = px)p(y) for all x,y € R, = [0, +00).

In the above definition, condition (3) can be replaced by the following stronger condi-
tion:

(4) o(xy) = px)p(y) for all x,y € R, where R = (—00, +00).

Definition 1.3 Let E be a real Banach space and P C E be a cone in E. If P = { €
E'|Y(x) > 0,Vx € P}, then P’ is a dual cone of the cone P.

Definition 1.4 Let S be a bounded set in a real Banach space E. Let «(S) = inf{§ >0: S
be expressed as the union of a finite number of sets such that the diameter of each set
does not exceed §, i.e., S = ", S; with diam(S;) <§8,i=1,2,...,m}. Clearly, 0 < «(S) < c0.
a(S) is called Kuratowski’s measure of noncompactness.

Definition 1.5 Let E be an ordered Banach space, D be a bounded set of E. The opera-
tor A : D — E is said to be a k-set contraction if A : D — E is continuous and bounded,
and there is a constant k > 0 such that «(A(S)) < ka(S) for any bounded S C D; a k-set
contraction with k <1 is called a strict set contraction.

More facts about the properties on the Banach space E can be found in [15-18]. For a
bounded set C in the Banach space E, we denote by «(C) the Kuratowski’s measure of
noncompactness. In the following, we denote by «(-), ¢ () the Kuratowski’s measure of
noncompactness of a bounded subset in E and in C(/, E), respectively. And we set

hz, h(t,
K = lim sup max It x)ll’ hg = liminf min I 2l
li—g < llxll Ixli—p te]  |lx]|

’

h)g =liminf min
(W) = liminfmir x|

where x € P, 8 denotes 0 or oo, ¥ € P, ||y || = 1, and h(t,x) = (p‘l(fotf(s,x(s)) ds).

Lemma 1.1 [1] If H € C(J,E) is bounded and equicontinuous, then ac(H) = a(H(J)) =
max;c; o (H(¢)), where H(J) = {x(¢) : t € J,x € H}, H(t) = {x(t) : x € H}.

Lemma 1.2 [1] Let D be a bounded set of E; if f is uniformly continuous and bounded from
J x S into E, then

ot(f(],S)) = rrtleajxa(f(t,S)) <n(S) forSCD, 2)

where 1, is a nonnegative constant.

Lemma 1.3 Let K be a cone of the Banach space E and K, ={x e K : ||x|| <r}, K, ={x €
K,r <|x|| <7r'}withr' >r>0.Suppose that A : K, — K is a strict set contraction such that
one of the following two conditions is satisfied:
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(@) [lAx]l = llx]l, Vx € K, ||lx]| = 75 | Ax]| < [lx]l, Vx € K, [|x[| = 7.
(b) IAx]l < I, ¥x € K, llx[| = 7; [|Ax[| = |lx]|, Vx € K, [lx]| =7".
Then A has a fixed point x € K.

2 Preliminaries
To establish the existence of positive solutions in C3(J, P) of (1), let us list the following

assumptions:

(Ho) f € C(J x P,P), and for any [ > 0, f is uniformly continuous on J x P;. Further sup-

1
pose thatg € L[0,1] is nonnegative, o = fol sg(s)ds, and o € [0,1), y = LtfoU-ogls)ds

1-o ’
h(s,x(s)) = ([, f (¢, %(t)) dt), where P = {x € P, ||x| < }.
(Hi1) There exists a nonnegative constant n; with yn; <1 such that
a(h(t,9)) <ma(S), te],SeP. 3)

Evidently, (C(J,E), || - ||c) is a Banach space, and the norm is defined as ||x||¢c = max;c; ||x(2)].
In the following, we construct a cone K = {x € Q : x(¢) > dx(v),t € J5,v € [0,1]}, where
Q={xeC¥(,P):x(t)>0,t €]}, and let B; = {x € C(J,P) : ||x||. < I}, [ > 0. It is easy to see

that K is a cone of C3(J,E) and K,.» = {x e K:r < ||lx|| <7} C K, K C Q.
In our main results, we will make use of the following lemmas.

Lemma 2.1 Assume that (Hy) is satisfied. Then x(t) is a solution of problem (1) if and only
if x € K is a solution of the integral equation

t)-/Hts (/ftx dr)ds (4)

Here, we define an operator A by

(Ax)(t)—/ H(t,s)p (ff T, x(r) dr) ds, (5)

where

t 1
Hit,s) = Glt,9) + / 2(0)G(x,s)dr, ©)
1 — 0 0

s(1-¢t), 0<s<t<l
G(t,s) = ()
tl-s), 0<t<s<l.

That is, x is a fixed point of the operator A in K.

Lemma 2.2 [fcondition (Hy) is satisfied, then the operator A defined by (5) is a continuous

operator.
Proof It can be verified easily by the definition of (Ax)(¢), we omit it here. O

Lemma 2.3 Fort,se[0,1],0 < G(t,s) < i.
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Proof 1t is obvious that G(¢,s) > 0 for any 5,¢ € [0,1]. When 0 <5 <t <0, G(t,5) =s(1 -

H<tl-t)=-(t- %)2 + i, thus when ¢ = %, maxo<ss<1 G(&,8) = i, therefore G(z,s) < i’

which implies the proof is complete. d

Lemma 2.4 Assume that (Ho) holds, choose § € (0, %) and let J5 = 8,1 — 8], then for all
v,s €[0,1],
H(t,s)<y fortel0,1];

H(t,s) > 8H(v,s) forte]s,v,s€[0,1],
where y is as defined in (Hy).

Proof First, we prove that G(¢,s) > §G(v,s). Obviously, for ¢t € J5, v,s € {0,1}, G(¢,5) >
8G(v,s) hold. And for v,s € (0,1), we have the following four cases.
Case I: max{v, t} <s, then

G(t,s) ~ t(1-5s) ~
Glv,s) v(l-s)

t
- >4.
12

Case II: s < min{v, t}, then

G(t,s) B s(1-1¢) 1-t

G(v,s) s(1-v) 1-v =9

%
—

Case IIl: t <s <v, then

G(t,s) ~ t(1-5s) - §(1-3s) _s
G(v,s) sl-v)~ 1-s

CaseIV:v <s <t,then

G(t,s) s1-¢t) 1-t
= >—>1-t>6.
Gv,s) vl-s) 1-s— -

To sum up, we get that G(t,s) > §G(v,s).
For t € [0,1],

H(t,s) = G(t,5) +

1 1
/ g(1)G(t,s8)dr <s(1-s) + / g(1)G(z,s)dt
0 0

l1-0 l1-0

1

l1-0

! _ 1
[ o) <oy =0 s
0

<(1-s5+
<=8+

1 1
/ g(t)G(r,s)dt <(1-3s)+ / (1-s)g(r)dr
0 0

-0 l1-0

= (1—s)(1+1 1

1- fol sg(s)ds + folg(s) ds - s)l + fol(l - 5)g(s)ds

= 1—
(1-5) l1-0 l1-0

1+ fol(l -s)g(s)ds

l1-0

y, te[0,1].
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For t € J5, we have

H(t,s) = G(t,s) +

1
/ g(1)G(z,s)dt
0

l1-0

>8G(v,s) +

1
f g(t)G(r,s)dt
0

l1-o0

1
>8G(v,s) + / g(1)G(t,s)dt
0

l1-0
= 8H(v,s).

So, we complete the proof. O

Proof of Lemma 2.1 Necessity. First, we suppose that x is a solution of equation (1). By
taking the integral of (1) on [0, ¢], we have

o (=x"(t)) - p(—x"(0)) = /0 f(z.x(r)) dr.

By the boundary value condition and together with ¢(0) = 0, we have

2'(t) =—¢t (/0 S (T,x(1)) dr). (8)

By taking the integral of (8) on [0, £], we can get

X (1) =#(0) - /0 (pl( /0 f(r,x(r))dr) ds. 9)

Integrating (9) from 0 to ¢, we have

x(¢) = x(0) + £’ (0)¢t — /t(t —s)p! (/Sf(r,x(r)) d‘r) ds.
0 0

By the boundary value condition x(0) = 6, we can get

x(t) = %/ (0)t - /t(t —s)p! (/Sf(r,x(t)) dr) ds. (10)
0 0

Letting ¢ = 1, we find that

x(1) = x'(0) — /:(1 —s)¢—1 (/:f(r,x(t)) dt) ds,

thus
1 s
'(0) = x(1 1- -1( , d>d. 1
#(0) x()+/0< 90 /Of(fx(r)) v )ds (1)

Substituting x(1) = [, g()x(¢) dt into (11), we obtain

1 1 s
x'(0) = f g(s)x(s)ds + / (1-s)p (/ f(f,x(r)) dr) ds. (12)
0 0 0

Page 6 of 12
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Substituting (12) into (10), we can get

1 1 s
x(t) = t(/ g(s)x(s)ds +/ (1-s)p! (/ f(r,x(r)) dr) ds)
0 0 0
_ /t(t — S)¢_1 (/sf(‘c,x(l')) d‘() ds
0 0

1 s 1
_ -1
= /(; G(t,s)p (‘/0 f(r,x(r)) d‘[) ds + t/o g(s)x(s) ds.

Thus,

1
/o g(s)x(s) ds

1 1 1 1 T
=/0 sg(s)ds/0 g(s)x(s)ds+/0 g(s)/0 G(s,r)<p1</0 f(n,x(n)) dn) dt ds.

Then we obtain that
1
/ g(s)x(s) ds
0

1 1 1 T
= G(s,T)p™" , dn ) dv ds.
1 —fol sg(s) dsfo g(s)/(; (s, ) <fo f(’] x(n)) '7) e

Therefore,

1 s
x(t) =/0 G(t,s)pt (/0 S(z,x(1)) dt) ds
1 1 T
g RON| G(s,rw-l( [ f(n,x(n))dn) i ds
1 s
:/ G(t,s)(p‘1</ f(t,x(t))dt> ds
0 0
t 1 1 o T
+ 1-o ; (/0 g(T)G(T:S)dT)QO (/0 f(n,x(n)) dn) ds
1 s
_ / H(t,s)<p"1< / f(‘t,x(‘l.’))d‘f) ds.
0 0

By Lemma 2.3, x(t) > 0 holds, that is, x € Q. Together with Lemma 2.4, we have

x(t) = /OIH(E,S)WI </Osf(r,x(t)) dl') ds
) /IH(V, s)p L (/Sf(r,x(r)) dr) ds = §x(v),
0 0

+

which implies x € K. To sum up, we know that x is a solution of the integral equation (4)

in K.

Page 7 of 12
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Sufficiency. Let x be as in (4). Taking the derivative of (4), it implies that

, LaGw,s) ./ [*
x'(t) =/(; - S o 1(/0 f(f,x(r)) dr> ds
1 [t A
vt [ [ ewes ([ rmatnan)acas
t s 1 s
=), Hw))dr ) d - ‘1( (1)) d )d
/ostp </o f(t x(t)) r) s+/;(1 ) /Of(f x(f)) ) ds

1 1 .
+$/0 fo g(t)G(s,r)¢—1</0 f(n,x(n))dn) dr ds.

Moreover,

1 __ 1 t ’ dc ),
X'(t) = —¢ (/0 S(z.x(1)) 1:)
o(—x"() =f(t.x(t)),

1
X0)=0, 2(0)=6, ()= / (Ot dt
0

hold, which implies x(¢) is a solution of (1). The proof is complete. O

Lemma 2.5 Suppose that (Ho) and (Hy) hold. Then, for each | > 0, A is a strict set contrac-
tion on QN By, i.e., there exists a constant 0 < k; < 1 such that ac(A(S)) < kiac(S) for any
SCQNB,.

Proof By Lemmas 2.1 and 2.3, we know that A : Q — Q is continuous and bounded. Now,
let S be a bounded set in Q. Then by (H;), we get that

ot(A(S)) < oz(c_oH(t,s)h(s,x(s)) :se0,t),te],xe S) < ymoe(S(])).
Thus,
ac(A(S)) < yma(SO)).
For o(S(J)) < ac(s), we can get that
ac(A(S)) < yma(S()) < ymac(s) =kac(s), SCQNB,
where k; = yn;, 0 < k; < 1. The proof is complete. O
3 Main results
In this section, we impose growth conditions on f which allow us to apply Lemma 1.3

to establish the existence of positive solutions of (1). At the beginning, we introduce the
notation

1-5
A :8/ H<%,s) ds. (13)
s
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Theorem 3.1 Suppose (Ho) and (H) hold and P is normal. If yh° <1 < A(Yh)so, then

problem (1) has at least one positive solution.
Proof A is defined as (5). Considering y4° < 1, there exists 7, such that ||k(t,x)|| < (K° +

1) || for t € J, x € K, ||x|| < 71, where &; > 0 satisfies y (h° + &) <1.

Letr; € (0,71). Then, for t € ], x € K, ||x||¢c = r1, by Lemma 2.4, we can get

1
|an@] <y [ [h(s.x6) s
0
1
<y /0 (1 + &) Il ds
1
<y(h+ 81)/ lxllcds < llxllc,
0

ie,forx e K, |x|c =r, |Ax|lc < |lx]lc holds.

Next, turning to 1 < A(Y¥ /), there exists 7, > 0 such that ¥ (h(z, x(2))) > (V1) —2) 1%l
te],x €P,|x| > ry, where g, > 0 satisfies (V1) — &2)|x]| A > 1.

Let ry = max{3n, %2}. Then for ¢ € J5, x € K, ||x||c = r, we have ||x|| > §||x||c > 7, and

¥ ((A%)(3)) < ¥ (A< 1Y ITIADG)] = [(Ax)()]], thus

)=l
:w(/o (;s> (s,x(s))ds)
- [ (5 ptrtsnen
= [ (5w s as
> (W) — &) /5 HH(%J) Il ds
> ((Wh)oo - 22)3 Il /5 HH(%,s) ds

= AM(Yh)oo — &) Ixllc > lIxllcs

i.e,forx € K, ||x|c = ra, |Ax]lc = ||x]lc holds.
Lemma 1.3 yields that A has at least one fixed point x™ € I_(rlyrz, n < |l«|| <ry and
x'(t) > 8|x’|| >0, t € Js. Thus, BVP (1) has at least one positive solution x". The proof

is complete. O

Remark 3.1 If ¢ = I, where I denotes a unit operator, then the differential equation can

change into the general differential equation

—x"(t) =f(t,x(t), tel,

1 (14)
x(0) =0, x"(0) =0, x(1) = [, g()x(t) dt.
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This system has been studied in Ref. [1]. By Theorem 3.1, we can easily obtain the main
result (Theorem 3.1 in Ref. [1]).

Corollary 3.1 Assume that (Ho) holds and P is normal. If%yfo <1< A(Yf)oo, then prob-

lem (14) has at least one positive solution.

Remark 3.2 If ¢(x) = ®,(x) = |x["~2x for some p > 1, where &' = ®,, then (1) can be

written as a BVP with a p-Laplace operator,

(®p)) =f(6:x(2), t€],

L (15)
x(0) =0, x"(0) =0, x(1) = [, g(t)x(t) dt.

First, we reduce (Hy) as (Ho)".

(Ho)" f € C(J x P,P), and for any [ > 0, f is uniformly continuous on J x P;. Further sup-

1+f01 (1-s)g(s)ds
1-o

pose that g € L[0,1] is nonnegative, o = fol sg(s)ds, and o0 € [0,1), y =
I (s,x(s)) = @y ([ f(, %(2)) dt), where Py = {x € P, ||x|| < I}.

)

Then we can get the following similar conclusion.

Corollary 3.2 Suppose (Hy) and (H,) hold and P is normal. If yh? <1 < A(Yh1) oo, then
problem (15) has at least one positive solution.

4 Example

Next, we will give an example to illustrate our results.

Example 4.1 Consider the finite system of scalar third-order differential equations,

(p(=x"(0))) =8tx°, t€],

L (16)
%x(0) =6, x"(0) =0, x(1) = [, x(t) dt,
where x(¢) = 2, and
s, s5<0;
@(s) = ) (17)
s?, s>0.

Let E=R"={x = (x1,%,...,%,) : %; € R,i =1,2,...,n} with the norm ||x|| = max;<;<, |%:],

and P = {x = (%1,%2,...,%,) :x; > 0,i =1,2,...,n}. Then we have the following result.
Theorem 4.1 For any t €], system (16) has at least one positive solution x(t).
Proof First, according to (16), (17), we have g = 1 and f;(¢, x;) = 8txi3. Then, when x; = £2, we

have f(¢,x) = 8t”. Moreover, we can get that P = P. Choose ¢ = (1,1,...,1), then it is clear
that (Hy) and (H;) are satisfied.
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Next, we try to prove that all the conditions in Theorem 3.1 are satisfied. It is easy to

1
prove that o = fol sg(s)ds=1,y = Lefo=e@ds _ 3 Apg

1-o
G(lg)_ 35 0<s<j<I
2 la-s9), 0=<l<s<y,

1 1 3 (! 1 !
H(—,s) = G(—,s) + —2 / G(t,s)dr = G(—,s) +/ G(z,s)dr.
2 2 1—0' 0 2 0

3
Choose 5 =1 € (0,1), then A =5 [} H(L,5)ds = 3 J) HG ) ds = .
From (17), we can get that

s, s<0;
s, §>0.

@7\ (s) =

Then h(s, x(s)) = go’l(f(ff(t,x(t)) dt) = 1/fosf(t,x(t))dt =t* =%,

Since

i hit,x oK
h° = lim sup max M = lim = =0,
lxl—o0 t€] [lx]| lxl—0 x

thus we have y 4% =0 < 1.
On the other hand, because ¥ (x) > ||x||, Vx € P, we have

2
(¥ hoo = limintrmin "PEEN o g i WEEAN 1l

— - )
llxll—o00 te] (1|l lxl—o0 tef  ||x]| llll—o00 |||

which implies that A(y /)., — 00 > 1. So, all the conditions in Theorem 3.1 are satisfied,

then the conclusion follows, and the proof is complete. O
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