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Abstract

This paper is concerned with the problems of stability and /,-gain analysis for 2D
(two-dimensional) discrete switched systems with time-varying delays described by
the second FM state-space model. Firstly, we introduce the definition of the average
dwell time for a 2D discrete switched system, which is an extension of the ‘average
dwell time’ concept of a 1D (one-dimensional) switched system. Secondly, based on
the average dwell time approach, delay-dependent sufficient conditions for the
existence of the exponential stability for the 2D discrete switched system are derived
and ,-gain performance for the considered system is also analyzed. All the obtained
results are formulated in a set of LMIs (linear matrix inequalities). Finally, a numerical
example is given to illustrate the effectiveness of the proposed results.

Keywords: 2D systems; switched systems; time-varying delays; /,-gain; average
dwell time; linear matrix inequality

1 Introduction

2D (Two-dimensional) systems, which are a class of multi-dimensional systems, have re-
ceived considerable attention over the past few decades due to their wide applications in
many areas such as multi-dimensional digital filtering, linear image processing, signal pro-
cessing, and process control [1-3]. The 2D system theory is frequently used as an analysis
tool to solve some problems, e.g., iterative learning control [4, 5] and repetitive process
control [6, 7]. The problems on realization, stability analysis, stabilization, filter design,
and so on for 2D or nD systems have attracted a great deal of interest by many researchers.
Xu et al. [8, 9] investigated the realization of 2D systems, and the problems of stability and
stabilization for these systems were studied extensively in [10—17]. The observer and filter
design problems have also been considered in [18—20].

It is known that modeling uncertainties and disturbances are unavoidable in practical
systems, and it is important to investigate the problems of H, control and robust stabi-
lization of 2D systems. Recently, many results on H,, control for 2D systems have been
presented in [21-23]. Because time delays frequently occur in practical systems and are
often the source of instability, the H, control problem for a class of 2D discrete systems
with state delays has also been investigated in [24, 25].

On the other hand, since switched systems have numerous applications in many fields,
such as mechanical systems, automotive industry, switched power converters, this class of
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systems has also attracted considerable attention during the past several decades [26—33].
Recently, some approaches have been applied widely to deal with these systems; see, for
example, [26—33] and references cited therein. As stated in [34, 35], in many modeling
problems of physical processes, a 2D switching representation is needed. One can cite a
2D physically based model for advanced power bipolar devices and heat flux switching and
modulating in a thermal transistor. At present, there have been a few reports on 2D dis-
crete switched systems. Benzaouia et al. [34] firstly considered 2D switched systems with
arbitrary switching sequences, and the process of switch is considered as a Markovian
jumping one. In addition, the stabilization problem of discrete 2D switched systems was
also studied in [35]. In [36], we extended the concept of average dwell time in 1D switched
systems to 2D switched systems and designed a switching rule to guarantee the exponen-
tial stability of 2D switched delay-free systems. However, to the best of our knowledge, no
works have considered the disturbance attenuation property of 2D switched systems to
date. Moreover, because of the complicated behavior caused by the interaction between
the continuous dynamics and discrete switching, the problem of disturbance attenuation
performance analysis for 2D switched systems is more difficult to study, and the meth-
ods proposed in [21-25] cannot be directly applied to such systems. This motivates the
present study.

In this paper, we are interested in investigating the issues of the exponential stability and
l-gain analysis for 2D discrete switched systems with time-varying delays represented by
the second FM model. The main contributions of this paper can be summarized as fol-
lows: (i) Based on the average dwell time approach, a delay-dependent exponential stabil-
ity criterion for such systems is obtained and formulated in terms of LMIs (linear matrix
inequalities); (ii) The Lyapunov-Krasovskii function with exponential term, which is dif-
ferent from the previous ones, is constructed to investigate the stability of the considered
systems; and (iii) In order to investigate the disturbance attenuation property of the con-
sidered systems, we for the first time introduce the concept of /-gain for a 2D switched
system, which is an extension of the /;-gain performance index in the 1D case. The /5-gain
performance index can characterize the disturbance attenuation property of the underly-
ing systems, and then, based on the established stability results, delay-dependent sufficient
conditions for the existence of /,-gain performance are derived in terms of LMIs, which
can be easily verified by using some standard numerical software. The proposed method
can also be applied to non-switched 2D discrete linear systems.

This paper is organized as follows. In Section 2, problem formulation and some nec-
essary lemmas are given. In Section 3, based on the average dwell time approach, delay-
dependent sufficient conditions for the existence of the exponential stability and /-gain
property are derived in terms of a set of matrix inequalities. A numerical example is pro-
vided to illustrate the effectiveness of the proposed approach in Section 4. Concluding

remarks are given in Section 5.

Notations Throughout this paper, the superscript ‘7" denotes the transpose, and the no-
tation X > Y (X > Y) means that matrix X — Y is positive semi-definite (positive definite,
respectively). || - || denotes the Euclidean norm. I represents an identity matrix with an
appropriate dimension. diag{a;} denotes a diagonal matrix with the diagonal elements «;,
i=1,2,...,n. X! denotes the inverse of X. The asterisk * in a matrix is used to denote

the term that is induced by symmetry. The set of all nonnegative integers is represented
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by Z,. The [, norm of a 2D signal w(i, ) is given by

Iwll2 =

and w(i, ) belongs to 5,{[0, 00), [0, 00)} if ||w|» < c0.

2 Problem formulation and preliminaries
Consider the following 2D discrete switched systems with time-varying delays described
by the second FM model:

2(i+1,j+1) = AT Vx(,j +1) + A xi + 1)) + AL V(i - dy (i), + 1)
+ A5 (i 41, = do()) + BY Y P wiij+ 1) + B w4 1), (1)
2i,) = H* (i, ) + L w(i, ),
where x(i,j) € R" is the state vector, w(i,j) € R? is the noise input which belongs to
1,{[0,00),[0,00)}, z(i,j) € R’ is the controlled output. i and j are integers in Z,. o (i,)) :
Z, x Z, - N ={1,2,...,N} is the switching signal. N is the number of subsystems.
o (i,j) = k, k € N, denotes that the kth subsystem is active. A¥, A%, AX , AX,, BY, BS, H,

and L¥ are constant matrices with appropriate dimensions. d; (i) and ds(j) are delays along

horizontal and vertical directions, respectively. We assume that d; (i) and d,(j) satisfy
6_11 =< dl(l) = 31’ 42 = dZ(/) = 32; (2)

where d,, dy, d,, and d, denote the lower and upper delay bounds along horizontal and
vertical directions, respectively.
In this paper, it is assumed that the switch occurs only at each sampling point of i or j.

The switching sequence can be described as

((iO,jO)’ G(iOIjO))r ((il’jl), U(il,jl))r veed ((iﬁ:jn)ra(iﬂrjn))) e (3)

where (i;,j) denotes the wth switching instant. It should be noted that the value of o (i, /)
only depends upon i +j (see the references [35, 36]).

Remark 1 If there is only one subsystem in system (1), it will degenerate to the following
2D system:

x(i+1,j+1) = Awx(i,j + 1) + Asx(i + 1,)) + Aax(i — di (i), + 1)
+Ad2x(i +1,j - dz(])) + 31W(i,j +1) + Bow(i + l’j)’
z(i,j) = Hx(i,j) + Lw(i, ).

Therefore, the addressed system (1) can be viewed as an extension of 2D time-varying

delays systems to switched systems.
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For system (1), we consider a finite set of initial conditions, that is, there exist positive

integers z; and z, such that

x(i,j) =hyj, VO <j<zy,i=-dy,~di+1,...,0,

x(i,j) =vj, VO<i<z,j=-dy~dy+1,...,0,

hoo = Voo, (4)
x(i,j) =0, ¥j>zy,i=—dy,~d;+1,...,0,

x(i,j) =0, Vi>z,j=—dy—dy+1,...,0,

where z; < 00 and z; < 00 are positive integers, /; and v;; are given vectors.

Definition1 System (1) with w(i, ;) = 0 is said to be exponentially stable under the switch-
ing signal o (i, /) if for a given Z > 0, there exist positive constants ¢ and & such that

P I T B (5)
i+j=D i+j=2Z
holds for all D > Z, where
STlx@pEe sup > (x| |2 -6
i+j=Z 20,0, 14j=7
—-dy<6,<0
2

56,/ -6},

|nG = 6,))

’

(i = O, j) = x(i = O +1,)) — x(i = Op, /),
S(i,j— ev) = x(i,j_ ev + 1) _x(i:j_ 91/)
Remark 2 From Definition 1, it is easy to see that when Z is given, ZH}‘:Z llx(i, j)II% will

be bounded and ), 4D llx(i,/)||* will tend to be zero exponentially as D goes to infinity,
which also means [|x(;, )| will tend to be zero exponentially.

Definition 2 [36] For any i +j = D > Z = iz + jz, let Ny(;;)(Z,D) denote the switching
number of the switching signal o (i,) on an interval (Z, D). If

-Z

D
Nyj)(Z,D) < Np + (6)

a
holds for given Ny > 0, 7, > 0, then the constant t, is called the average dwell time and
N is the chatter bound.

Remark 3 Definition 2 is an extension of the ‘average dwell time’ concept in a 1D switched
system, which can be seen in [26]. In what follows, based on the extended average dwell
time concept, we will investigate the problems of stability and /,-gain analysis for a 2D
discrete switched system with time-varying delays. It should be noted that we have studied
the problems of stability analysis and stabilization of delay-free 2D switched systems using
the average dwell time approach in [36].

Page 4 of 22
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Remark 4 Similar to the 1D switched system case, Definition 2 means that if there ex-
ists a positive number 7, such that the switching signal o (i,j) has the average dwell time
property, the average time interval between consecutive switching is at least 7,. The av-
erage dwell time method is used to restrict the switching number of the switching signal
during a time interval such that the stability or other performances of the system can be
guaranteed.

Definition 3 Consider 2D discrete switched system (1). For a given scalar y > 0, system
(1) is said to have /,-gain y under the switching signal o (i,)) if it satisfies the following
conditions:

(1) When w(i,)) = 0, system (1) is asymptotically stable;

(2) Under the zero boundary condition, it holds that

DD I <Y D w3, Y0 #web{l0,00),[0,00)},

i=0 j=0 =0 j=0
z(i,j+1)
z(i +1,))

w(i,j+1)
w(i +1,))

Remark 5 It is not difficult to see that Definition 3 is an extension of the /,-gain perfor-

~.

where

o0 o0
=12
w5=33"

i=0 j=0

2 2

Iz ||2—ZZ

i=0 j=0

mance index in the 1D case. y characterizes the disturbance attenuation performance. The
smaller y is, the better performance is.

Definition 4 Consider 2D discrete switched system (1). For a given scalar y > 0, system
(1) is said to have weighted /;-gain y under the switching signal o (i, /) if it satisfies the
following conditions:

(1) When w(i,j) = 0, system (1) is asymptotically stable;

(2) Under the zero boundary condition, it holds that

SN eMEIE <y Y Y W V0 4web{[0,00),[0,00)}.

i=0 j=0 i=0 j=0

Remark 6 Similar to the 1D switched system case, Definition 4 means that system (1) can
also have disturbances attenuation properties when it satisfies conditions (1) and (2) in
Definition 4.

Lemma 1 Counsider 2D discrete switched system (1). Suppose that there exist a series of C*
functions Vi : R* — R (k € N) and two positive scalars A\ and Xy for which the following
inequality holds:

)"l ”x(l’]) ”2 = Vk (x(lrj)) = )V2 “x(l’])| 2C’ Vlr} € Z+rVk € M (7)

if there exists a number 0 < «a <1 for which Vi(x(i,})) along with the solution of system (1)
satisfies the inequality

> Vi) < Y Vi(x(G)),  D>Z=max(z,z), VkeN, (8)

i+j=D i+j=D-1
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and (> 1 such that

Z Va(in,jn)(x(i’j)) =K Z Vo(in,l,j,r,l)(x(i)j)), T = 1) 2,..., (9)

i+j=mzx i+j=(my)

then 2D discrete switched system (1) is exponentially stable for every switching signal with
the average dwell time scheme

In

T, >T) = o

(10)

Proof Let x = Ny;j(Z,D) denote the switch number of switching o (i,j) on an interval
[Z,D), and let (iz_ys1,jr—y41)» (r—y+2:jr—y+2)s- -+ (ix,j=) denote the switching points of
o (i,j) over the interval [Z,D). Denoting m; = i; +j;, i =7 — x +1,...,7, it follows from
(8) and (9) that

Z Vf"(l'n v]rr) (x(l’])) < aD_m” Z Va(in vjﬂ) (x(l’]))

i+j=D i+j=mz

<ueP N Vo e (96))

i+j=(mz)~

M2aD—mn o1 Z Violin-2jn2) (x(i,j))

i+j=(mzx-1)"

= Mzanm”’l Z Va(infz,jnfz)(x(i’j)) <

itj=(mz-1)"

< WP Vi (#001)). 11)
itj=Z

N

According to Definition 2, one obtains

D-Z7
X =Nsj)(Z,D) < Np + . (12)

a

Then from (12), we have

Z VU(iﬁ Jn) (x(l’]))

itj=D
< pXaP? Z Va(i,,_x,/n_x)(x(i’j))
itj=Z

LY _ ..
_ MNoe (-2 -Ine)(D-2) Z Va(in_x,jn_x)(x(l’]))- 13)
i+j=Z

From (7), we get

S et < At aapNoe R OO N |2, (14)
i+j=D Hj=Z

Therefore, according to Definition 1, system (1) is exponentially stable under the average
dwell time scheme (10). O
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3 Main results

3.1 Stability analysis

Theorem 1 Counsider system (1) with w(i,j) = 0. For a given positive constant « < 1, if there
exist positive definite symmetric matrices Pk Pk Q’;, Qk wk, W" , Rk s Rk , and matrices
Nk = [Nn] Nk = [Nm] Mk = [Mn] M = [Mn] Xk = [{gjjz] >0 and Y* = [Yf jk] >0
with approprtate dzmenszons, ke M , such that

r EIT(P];+P{,() vV 1u2 \/ 2
—(Pk + Pk 0 o
* B ’ <0, (15)
* * -Ry, 0
* * * —RK
Xk Nk Xk Nk
1| =o0 ;=0
* Ry * Ry
(16)
Y& Mk Y&k M
L1 =0 =0,
* Ry * R}
where
2= (A 4f af AL 0 o,
E=[af-1 af A4 4%, 0 o],
Zs=[Ab Ab-1 4 ab, 0 o],
Ty 0 Tz 0 —a®N§ 0 ]
¥ Ty 0 Ty 0 —a2 MK,
| % s 0 -a“INy, 0
* * EI Y 70 —adlez‘z
* * * * —ale,f 0
| * * * * * —otdZW‘f‘_

Tu=—aPj+ Wy + (d - d, + Q) + ot (lel +Ni) + Elaﬁlxﬁ’
Iy = —aP{f + Wf +(dy—d, + I)Qf rot (M{(I + Mll(lT) + 320532 Ylkl’
Fis =~ (NS - N§y - N ) + die X5,

[y = - (Mfl Mb, - M) + Yy,

Py = - Q) + o (Nby + NT ~ Ny ~ NI ) + dha®t X,

Taq = Qb + o (Mh, + MEL — MY, - MIT) + dya Y5,
hold, then under the average dwell time scheme

Inp
—Ina’

T, >T, =
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where > 1 and satisfies

Py<uP,,  Py<upP;,  Q <uQ,
Q =uQ,  Wi=upw,

Wi<uWf,  Ri<uR, R <pRf,

(18)
Pr<upP,  Pl<upPk Q& <ud,
! k k ! 1 k
Q, = nQy, W, < uWw,, W, =uWw,,
RE<uR!, R <uR:, VkieN,
the system is exponentially stable.
Proof See the Appendix for the detailed proof, it is omitted here. O

Remark 7 In Theorem 1, we propose a sufficient condition for the existence of exponen-
tial stability for the considered 2D discrete switched system (1). It is worth noting that this

condition is obtained by using the average dwell time approach.

3.2 I,-gain performance analysis
Theorem 2 Counsider system (1). For given positive constants y and « < 1, if there exist

positive definite symmetric matrices Pk, PX, Q, Q, WF, WX, RX, RX, and matrices Nf =
N NK MK Mk XK XK vk vk .
(0], N6 = [0, M = [YB], pk = [, X6 = [0 2] 5 0 and v = [ 2] > 0 with
Nip Nay My, M, * X * Yy
appropriate dimensions, k € N, such that (16) and the following inequality

T o 0 ENP+PY VdEIRS Jd,BIRC ET
x -y 0 BI(P+PY) VABIRS VdBIRS LT
x o« -y BI(PX+P Jd,BIRE Jd,BIRE LT
* % * —(Pf + Pk 0 0 0 |<0, (19)
* * * * —RL‘ 0 0
* * * * * —R{f 0

| * * * * * * -1 |

where

E4=[Hk H* 0 0 0 0],

hold, then under the average dwell time scheme (17), the system is exponentially stable and

has weighted l-gain y .

Proof It is easy to get that (15) can be deduced from (19), and according to Theorem 1, we
can obtain that system (1) is exponentially stable.
Now we are in a position to consider the /;-gain performance of system (1) under the

zero boundary condition. Following the proof line of Theorem 1, we get the following
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relationship for the kth subsystem:

Vii+1Lj+1)+ Vi +1,j+1)

IA

—aVIGj+1)—a V(i +1,)) + Izl = y2 w2

-7 — - — T
x(i,j+1) AlfT A'fT
x(i +1,)) AKT AKT
x(i — dy(i),] +1) AKT ART
i+ Lj-db() | |g | Aa (P + P AlY
x(i—dy,j+1) 0 R )
x(i+1,j—do) 0 0
w(i,j+1) BT BT
w(i+1,)) | By BT
(AT -1 AT ] (AT -1 AT ]
AKT AT AKT AKT
A Ay | A Ay
oAl A |TaRk o ]| Al ag
0 0 0 dyR* 0 0
0 0 0 0
BT BT BT BT
i BT ] i BT ]
x(i,j+1)
x(i +1,j)
x(i - dy(i),j +1)
|21 =da())
x(z - dl,j + 1)
x(i+1,j —do)
w(i,j+1)
w(i +1,))
.. T ..
i1 x(i,j +1) X5 N x(i,j +1)
- > | -dii)j+1) L R;} (i—dy(i),j+1) | @™
r=i—d1 (i) y](r,j + 1) h n(r’j + 1)
. . . T . .
idy(i)-1 x(i,j +1) Tk N x(i,j +1)
- xli— dy(i),j +1) ot | [#E-d@j+D |t
3 . * .
r=i-dy n(r,] + 1) - h 7](7‘,] + 1)
. B T . B
j-1 x(i + 1,5) —Yk Mk— x(i + 1,5)
- x(i +1,j — da(j)) . R,} x(i +1,j — da ()
t=j-da () 8(i+1,¢) L v 8(i+1,¢)
. B T . B
jda (-1 x(i +1,)) TvE ] x(i +1,))
- > | xi+1,j-da()) . sz x(i+1,j — da(j))
t=j—dy §(i+1,8) L v S(i+1,t)

Page 9 of 22
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where
(&, HMH* 0 0 0 0 H¥TLK  H}TLK
s Uy, 0 0 0 0 HKTLk  HKTLk
* x  —ahQf 0 0 0 0 0
ol * s s Q0 0 0 0
* * * * —qh W}’f 0 0 0 ’
* * * * * v wk 0 0
* * * * * * Uy,  LKTLK
| * * * * * * * ‘1188

\I’n = —OlPZ + W]f + (31 _dl + I)Qﬁ +HkTHk,
Wyy = —aPX + WK+ (dy —d, +1)Q" + HHY,

sy = Wgg = LKTLK — 21
Then by the Schur complement lemma, we can obtain from (16) and (19) that

VI+1,j+ 1)+ Vi Gi+1j+1)

—aVl(ij+1) —aViGi+1,))+ |23 - y2wl? < 0. (20)

Summing up both sides of (20) from D -2 to 0 with respect to j and 0 to D — 2 with respect

to i and applying the zero boundary condition, one gets

D Valimim @) <@ D VolinG) = Y T))

itj=D i+j=D-1 itj=D-2

D-2
<@ 3 VoG- Y Y aPPI0G,))

i+j=mzy m=mzg —1i+j=m

D-2
<N Vo) = Y Y «PPI0G))

i+j=(mz )~ m=my—1i+j=m

< Z /“LaD_(mn_l) V(T(iﬂ_l,in_l)(ilj) - HaD_m” Z F(l’])

i+j=mzg -1 i+j=mzg -2

D-2
DI )

m=mzg—1it+j=m

= Z (No@) @D D=ma Dy ()

i+j=mzg—1
D-2
DD N s (¥
m=mzy =2 i+j=m
Ny (i (i+),D) ., D=z _ s
< Z M U(l'])(lﬂ )Cl " 1v0(in—1:iﬂ—1)(l’])

i+j=mz_1

D-2
_ Z Z MNJ(,'J‘)(i+j+l,D)aD—2—i—jF(l',j)

m=my_1-1i+j=m
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S Z MNO(iJ) (i+j_1]D)aD_m”_1 V”(irr—z;in—Z) (l’])

i4j=(m-1)

D-2
Z Z MNJ(,'J‘)(i+j+l,D)O[D—2—i—jF(l',j)

m=my_1-1i+j=m

< e

< Z N i F4:D) g D1 V0,0 (i))

itj=1

D-2
S303 Wit Pg b2, ), (21)

m=0 i+j=m

where
@+1)|" i+1)|"
TGj) = Z12 - 2w = |27~z P
2 2 - .
2(i,j+1)|, w(i,j +1)|,
Under the zero initial condition, it holds that
> W PV, 00 (6) = 0. (22)
i+j=1
Thus we have
D-2
D0 20 WGP 2T ) < = 3 Vot i) < 0. (23)

m=0 i+j=m i+j=D

Multiplying the both sides of (23) by u ™ ®P) we get the following inequality:

S 3w <o (24)

m=0 i+j=m

That is,

) (Li+j+1) D2 - 2 ) (L 1)  D-2-i—j =
ZZu e ] 1 <ZZM ]
m=0 i+j=m m=0 i+j=m

Note that N ;j)(1,i +j +1) < (i + j)/7,, then using (17), we have

M—Ng(i‘/)(l,iJerrl) _ e—NU(,vJ)(l,HjH)lnp. > e(i+j)lnot. (25)

It follows that

D-2 D-2
Z Z e(t+/)1naaD—2—t—]”2”% < Z Z M—Ng(m(1,l+}+1)aD—2—t—/HW”% (26)

m=0 i+j=m m=0 i+j=m

D-2
= Y Y «PPzli<y? ZZa““'n—n

m=0 i+j=m m=0 i+j=m
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oo D-2 oo D-2
D222 _ .,2 D-2—i—j |2
= D) D @Rl <y Yy Y o
D=2 m=0 i+j=m D=2 m=0 i+j=m
o0
L YR Y @Y Y i Y o
m=0 i+j=m D=2+m m=0 i+j=m D=2+m
o0 1 o0
i+ 15112 2 =2
= — Z Doz <y > > Iwli3
l-« -« “
m=0 i+j=m m=0 i+j=m
o0
2
= Y. Y «Yzli<y ZZ w113
m=0 i+j=m m=0 i+j=m

= Y > oz} < J/ZZZ w13 (27)

i=0 j=0 i=0 j=0

According to Definition 4, we obtain that system (1) is exponentially stable and has

weighted /,-gain y. The proof is completed. O

Remark 8 We would like to stress that the /y-gain performance analysis problem of 2D
discrete switched systems is firstly considered in the paper. Although some results on
l,-gain performance analysis of 2D systems have been obtained in [21-25], the existing
methods proposed in these papers cannot be directly applied to 2D switched systems. In
Theorem 2, sufficient conditions for the existence of /;-gain performance for system (1)
are derived in terms of a set of LMIs.

Remark 9 As for the applicability of Theorem 2, it is easy to see that a larger « and a
larger y will be favorable to the feasibility of matrix inequality (19), while a smaller « is
more expectable to decrease t}, and a smaller y means the better performance of the
system. Thus for the first time, we can chose a smaller « and a smaller y, and then, by
adjusting the values of @ and y, we can find a feasible solution.

Remark 10 It is noticed that when p=1in, >t} = Init *(18) turns out to be Pk =P,

—Ina’

PLQk=qQ, Qk=qQ, wf=w}, Wk=w, R\ =R, R = R, Vk,l € N and thus a

14

common Lyapunov function exists for all subsystems. Then from (23) we get
D-2
>0 PTG ) <o.
m=0 i+j=m
That is,
D-2 D-2
D-2-i—j (22 _ .2 D-2—i—j 7112
YOY QPF IR <y Y] Y &P W,
m=0 i+j=m m=0 i+j=m
Summing D from 2 to oo, we get
D-2 oo D-2

oo
D-2—i—j 152 2 D-2—i—j =12
D22 I <y Y Y D e

D=2 m=0 i+j=m D=2 m=0 i+j=m
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Thus

1 Z S <y —Z > Il

m01+1m m=0 i+j=m

That is,

o0 o0
215 <> 1wl

i=0 j=0

¢
M8

)
<Y
-
I
<)

Therefore, [;-gain is achieved for switched system (1) under arbitrary switching. We state

the fact in the following corollary.

Corollary 1 Counsider system (1). For given positive constants y and o < 1, if there exist
positive definite symmetric matrices P\ = Py, P* = P,, Qf = Qy, @ = Q,, Wf = W, Wk =

WV:R,Z=Rh,Rk—Ry,aVldmatricelek_[1\]\][]1(1] Ng_[NZI] M/f_[Mu] Mé—[Mn] Xk

k k
[X;l X}f] >0 and Y* = [ il YZ] > 0 with appropriate dzmenszons such that (16) and (19)

hold for k € N, then the 2D discrete switched system (1) achieves the l,-gain under arbitrary

switching signals.

4 Numerical example
In this section, we present an example to illustrate the effectiveness of the proposed ap-

proach. Consider system (1) with parameters as follows:

012 0 0 0.01
A}Z ) A%: )

0 01 0 0

0 01 0.025 0
Al = , Al = ,
a [0 0} @ [0.024 0}

0.012 0.014
Bi: > Bé: )

0.01 0
H1=[0.06 0.06], I'=01,

0 0.2 0 o0
A%: 3y A%: 3

0 01 0.02 0

0 0.022 003 0
A% = , A2 = ,
al [o 0 } @ [ 0 0.03}

, [o.01 , [ o
Bl = 3 B2 = )
0 0.02

H? - [0.08 0.08], 12-02,

di(i)=1+

da(j) = |sin(0.57)|.
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According to Remark 9, we can firstly take o = 0.85 and y = 0.3, then solving (16) and (19)
gives rise to the following solution:

pi_ | 160149 -0.0554 po_ | 147372 28781
71200554 171723 |’ "7 _2.8781 157325 |’
pi_ | 124044 ~0.1679 po_ | 116846 -17028
Y1 —01679 127975 |’ V1217028 99813 |’
ol - 15578  —0.0401 , | 14961 -0.3441
P71 0.0401 18157 |’ h=1_-0.3441 11635 |’
ol - 13303 —0.0206 | , | 11958 -0.2237
Y 1-0.0206 13824 |’ Y 1202237 1.0261 |’
| 25240 ~0.0129 | w2 | 23174 02703
Bl 20,0129 2.6381 | "7 1-02703 21465 |’
| 24935 ~0.0188 | w2 | 23520 -02576
"1 -0.0188 25536 | " 1-02576 21315 |
. |23840 0.0583 » [ 18431 0.0074
"~ 10.0583 24730 "~ 10.0074 23348 |’
| 24817  -0,0143 R | 24429 02576
" 1-0,0143 25963 |’ Y 1202576 2.0604 |’

and p = 1.8141, then we obtain from (17) that ¢ = 3.65. Choosing t, = 4, some simulation
results are shown in Figures 1-3, where the boundary condition of the system is

1
500 +1)’

x(0,)) = V0 <j<20,i=0,  x(i))= V0 <i<20,j=0,

1
50(+1)°

0.015

0.01

x1(i))

0.005

Figure 1 Response of state x1 (i, ).
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0.02 -~

0.015 L -~

Figure 2 Response of state x (i, j).

3
o 2 ]
°
o
=
€
[0)
2
7]
>
w0 1L

0 L L L L L L L

0 10 20 30 40 50 60 70 80
i+
Figure 3 Switching signal.

and w(i,j) = 0.5exp(—0.0257 (i + j)). It can be seen from Figures 1-3 that the system is
asymptotically stable. Furthermore, when the boundary condition is zero, by computing,
we get 35 % a™||z||3 = 0.0867 and Y -, > W] = 14.6952, and it satisfies condi-
tion (2) in Definition 4. Therefore, it can be observed that the system has weighted /,-gain
y = 0.3. This demonstrates the effectiveness of the proposed approach.

5 Conclusions

This paper has investigated the problems of stability and /;-gain analysis for 2D discrete
switched systems with time-varying delays described by the second FM model. A delay-
dependent exponential stability criterion is obtained via the average dwell time approach.

Page 15 of 22
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Then some sufficient conditions for the existence of weighted /;-gain for the considered
system are derived in terms of LMIs. Finally, an example is also given to illustrate the
applicability of the proposed results. Our future work will focus on extending the pro-
posed results to other kinds of 2D discrete switched systems such as 2D discrete switched

stochastic systems or 2D discrete switched nonlinear systems.

Appendix

Proof of Theorem 1 It is assumed that the kth subsystem is active on the interval
[my, my,1), and the Ith subsystem is active on the interval [m1,_;1,m,). Now we consider
the Lyapunov function candidate for the kth subsystem

Vi(x(i, ) = Vi (%0, ))) + Vi (%)), (28)

where
5
Vh x(z ]) Z V:g x(z,])
g=1

VI (i, j) = %, )T PRa(i, ),
i-1

Vi @) = D x0T Qs jat ™,

r=i-di (i)
i-1
VE@G)) = > ) Wia(r, o',
r=i—dp

-d; i1

= Y D Hr ) Qe

s=—dy +17=i¥s

V2 (%G, ) Z Z n(r,j)" Rin(r, e’

s=—dp+17=i+s—1
5
VY (%)) = Y Vi (G, ),
g=1
Vi (o)) = %0, /)" Pl j),

Z x(i, )T Qfx(i, ),

V3 () = Y xli, ) Wi, )™,
t=j—32

-dy j-1

Vzl’k l]) Z Z @i, ¢t) Qk (i, t)/ 7,

s=—dy+115/+S

Ve (x(i))) Z Z 86, )TRY 8 (i, £/,

s=—dp+1t=j+s-1
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n(r,j) = x(r +1,7) — x(r, ),

8(i,t) =x(i, t +1) —x(i, t).
Then we have

VEG+Lj+1) —aVEG,j+1)
=xT(i+1,j+ DPfx(i + 1,7+ 1) — ax” (4,7 + 1)Phx(i,j + 1),
Vi G+1,j+1)—aVE(,j+1)
<x(iyj + 1) Qlxiyj + 1) = x(i — dy (i), + 1) Qhx(i — i (i), j + 1)
i-d,

+ Z x(r,j + )T Qkx(r,j + '™,

r=i+l-d;
VEG+1,j+1) —aVi(G,j+1)
=x(i,j + )T Wx(i,j+ 1) — (i — dy,j+ )T Wia(i — dy,j + D™,

VEG+1,j+1) —a Vi (i,j+1)

i~d,
=(dy—d)x(ij+ D Qhalij + 1) = Y arj+ 1) Qhlr,j + e,
r=i—31+1
VEG+1Lj+1)—aVEi(,j+1)
i-1 B
<dn(,j+ D) RinG,j+1) - Y n(rj+ ) Rin(r,j + Do,
r:i—El

Vi@ +1,j+1) —a V(i +1,))
=2l +1,j+ V)P x(i +1,j + 1) —axT (i + 1,/)Pix(i + 1,)),
Voi+1Lj+1) —aVy(i+1,))
<x(i+ 1) Qx(i+1,)) —x(i + 1,j - do()  Qx(i +1,j - ds(j) )
jdy

+ Z x(i+1,6) T Qfx(i + 1, )0/,
t=j+1—do

Vo i+1,j+1) —a Vg (i+1,))

=x(i +1,)) T WEx(i +1,)) — 2 + 1,j — do) T WE(i + 1,j — dy)a®,
V5G+1,j+1) —a V(i +1,)

_ j=dy '
= (dy—d)x(i+ 1) Qhali + 1) - D ali+1,0)" Qixli +1,8)0/™,
t=j+1-d;
Vo i+ 1Lj+1)—aVi(i+1,))
j-1 B
<dy S+ L) RES(+1,))— Y 8(i+1,6) RES(i+1, ),
t=j—dy
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nGj+1)=x(+1j+1)—x(,j+1)
= (Af = D)x(i,j +1) + ASx(i + 1,)) + Al (i — d (i), + 1)
+ Abx(i+ 1,j — do(j)) + Bfw(i,j + 1) + Bsw(i + 1)),
8G+1))=x(i+1,j+1)—x(i+1,))
= Afx(i,j +1) + (A = I)xi + 1) + AN (i — di (0),5 + 1)

+ Ay (i + 1,7 — do(j)) + Biw(i,j + 1) + Byw(i + 1,)).
For simplicity, we denote

VEG) = VE(xG), Vi) = Vi), Vi) = Vi(xG)),
ViGj+1) = V] (xGi,j+1),  Vii+1)) =V (x(i+1)),

Vii+1,j+1) = Vi (x(i + 1,/ +1)), V(i +1,j+1) =V (x(i + 1,j + 1)).
Now let us discuss the case where w(i,j) = 0. It follows from (28) that

VEG+Lj+1) + VG +1,j+1) —a(V]Gj+1) + Vi(i+1,))

=T — — — =T —
x(i,j +1) AT AT x(i,j +1)
x(i +1,)) AKT AST x(i +1,)

;o ,’. 1 AkT AkT ;o .’. 1
x(i + 1,1 —dy(j)) AL Al x(i + l’l —dy (7))
x(i—dy,j+1) 0 0 x(i—dy,j+1)
| x(i+1,j—dy) | L 0 L0 | )] x(i+1j-dy) |

+din(i,j+ D REGj+1) = Y nrj+ 1) Rin(r,j + Dt
r=i-dq

j-1 B
+dyd(i+ 1) RES i+ 1)) — D 8(i+1,0) RES(i +1, 1), (29)
t=j—do

where

W = diag{ Wy, Way, —a Q, —a® Qk, —a Wf, —a®2 W},

Y = —aPZ + th + (dy —d, + I)Qﬁ, Wy = —anf + Wf + (ds —d, + I)Qf.

k
Notice that the following equations hold for any matrices N* = [5,1(1 ] NE=]
12

k k
M M ) . . .
[ M,P], and MK = [M,fl] with appropriate dimensions:
12 22

0 = 2% [T (i, + DN + &7 (i = di (), j + 1)NE |

i-1
><|:x(i,j+1)—x(i—d1(i),j+1)— > n(r,j+1):|, (30)

r=i—dy (i)
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0 = 2% [T (i, + DN + 27 (i — dy(3),j + 1)NG, |

i-1-dq (i)

r=i—d

0= 20% [T (i + 1, )MK + &7 (i + 1, — da(j)) M5 ]

(i-d(@i),j+1) —ali-dyj+1) - Y n(r,j+1)i|, (31)

_ i
x | x(i+1,7) —x(i + L,j - da(j)) - Z 8(i+1,t)i|, (32)
L t=j~da(j)
0 =20 [T (i + 1,/)ME, + 27 (i +1,j - do () M ]
r i)
x| x(i+1,j—dy() —x(i+1j-do)— Y 8(i+1,t)i|. (33)
L t=j—32

xk xk
On the other hand, for any matrices X* = [ u Xu] >0and Y¥ =] " Yu] > 0, the following
* *

equations also hold:

x(i,j +1)

0=310(d |: s N
x(i —dy(i),j+1)

x(i,j+1)

i-1
Z |:x(l—d1 (0),j+1)

r=i—d1 (i)

i~1-dy (i) x(z,] + 1)
: x(i—dq(i),j+1)

ul
=

r=i—

x(i + 1,5)

0 = drar oo .
|:x(z +1,j—da(j))

j-1
-
t=j~da(j)

J-1-da(j)

>

t=j—dy

x(i +1,5)
x(i+1,j — da(j))

x(i +1,5)
x(i +1,j — da(j))

J <[
J <[
J [
|
I
I

22

x(i,j+1)

i—di(i),j+1)

x(i,j +1) o
i—di(i),j+1)

x(i,j+1)
x(i —dy(i),j +1)

x(i +1,))

x(i +1,j - dy(j)

x(i + 1,5)
x(i +1,j - da(j))

|

J

x(i +1,5)
(i+1,j-dx()))

22

di

o, (34)

dy

a2, (35)

Adding the terms on the right-hand sides of equations (30)-(35) to (29), allows us to write

(29) as

Vi+1Lj+1)+ Vi +1,j+1)

T

x(i,j +1)

x(i + 1,5)
x(i—dy(i),j+1)
x(i +1,j = da()))

x(z - dl,j + 1)
| x(i+1,j—dy) |

IA

AST

Al

Al
0
0

I
A

(Py+ Py)

Akt
AST
Al
A

0
0

—a(VEi,j+1) + Vi(i +1,)))

T
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(AN -1 AT T DU T
AST AR -1 AST ART -
oAy {mz 0 } A Ay
Ap  An |[[ 0 AR AL Ap
0 0 0 0
L 0 0 | 0 0
x(i,j +1)
x(i+1,))
o | K= da(@),j +1)

x(i +1,j — da(j))
x(i —dy,j+1)
| x(i+1,j-dy) |

~ T
i-1 x(lJ + 1) k k x(i,j + 1)
A o e X Nl . AN e 31
- (i—di(@),j+1) e || G=di(@),j+1) |«
=@ | op(rj+1) ¢ n(r,j+1)
r . . T .
-1 | x(i, j N 1') Xt N ‘ x(i, ] N {) _
- x(i —dy(i),j+1) Rt x(i—di(@),j+1) | a™
— k
risdy | oq(nj+1) | L " n(r,j+1)
— -T —
j-1 ' x(i + Lj) ‘ Iy M'f— ’ x(i + Lj) ‘ _
- x(i +1,j — da(j)) . R x(i +1,j — da(j)) | ™
b0 | s(i+Let) | b YL s+ 10)
— - T —
j=da(j)-1 x(i + 1,5) Mok e x(i + 1,j)
. . . Y Mz . . . d
- > | #i+1,j-da() . | |FEE L =) o (36)
t-dy | 8+l | L L s+
Thus it follows from (15)-(16) that
VEG+1j+1) + Vi +1,j+1) <a(VEG,j+1) + V(i +1,)). (37)

When D > m, >z = max(z1,2,), we have V,f’(O,D) = VZ(D,0) = 0. Then summing up both
sides of (37) from D — 2 to 0 with respect to j and 0 to D — 2 with respect to i, one gets

> Vilij) = VO,D) + VR, D=1) + V(2,D=2) + -+ + V(D -1,1) + VA(D,0)
i+j=D
+V{(0,D)+ V{(1,D-1)+ V}{(2,D-2)

++ V(D -1,1) + V{(D,0)
<a(V}(0,D-1)+ V}(0,D-1)+ V}(1,D-2) + V{(1,D-2)

+. 4+ VD -1,0)+ V{(D-1,0))
o Y Vili. 9

itj=D-1
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Thus (8) can be directly obtained. Moreover, by (28), we can find two positive scalars A;
and A, such that (7) holds, where

A= I]}g{[l()‘-min (Pl;i) + Amin (Pf)),
)\2 = rl?z}\);()‘-max (Pllf,) + )‘-max (Pﬁ) + El)\max (Qﬁ) + 22)‘max (Q{:) + El)‘-max(W]{f)

+ EZ)Vmax(Wf) + (El - 6_11)2)‘max(Qﬁ)

+ (@ = dy)hmax (Q¥) + & A (RE) + e (RY) ).

In addition, (9) can be deduced from (18), thus by Lemma 1, we can conclude that 2D
discrete switched system (1) is exponentially stable. O
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