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1 Introduction
Let A (#1) € C. The higher-order Frobenius-Euler polynomials are defined by the gener-

ating function to be

1-2\* y @ > . "
(ef _)\) e = e (x|r)t = ;HS. )(x|)L)E (see [1-17]) 1)

with the usual convention about replacing (H® (x|1))" by H,(f‘)(xM). In the special case,
x=0, H,(,“)(OIA) = H,(,“)()L) are called the nth Frobenius-Euler numbers of order « (€ R).

From (1) we have

H(x|1) = Z (7)Hi‘i>z(x)xl N <,l,) H0)x" (see [6]). ©)
1=0 =0
By (2) we get
;—xH,ga>(x|A) =nH®(xx),  HO@®A) =«" forneZ,. (3)
It is not difficult to show that
HY(x + 1)) = AHY (x[2) = A = MH@ D (x|2)  (see [1-17]). (4)

Let us define the A-difference operator A, as follows:

MNof () =f(x +1) = Af (x). (5)
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From (5) we can derive the following equation:

Nif@)= Dy Dy f@) =y <Z> (~1)"*f (x + k)
k=0

n-times

n

- (Z) (=) + 11— k). (6)

k=0

As is well known, the Stirling numbers S(/, #) of the second kind are defined by the gener-

ating function to be
(e -1)"=n)_s(, n)ﬁ (see [5, 6,11]) 7)
=0

and

=3

=0

" !
()i

m=0
By (7) and (8), we get
n nol

S(l,l’l) _ % Z (}Z)(_l)nmml - A"0

" m=0

(see [11]), 9)

where Af(x) = f(x + 1) — f(x).

Now, we consider the A-analogue of the Stirling numbers of the second kind as follows:
(e -n)"=md S, ) (10)
1=0

and

Y|

=0

" !
3 (}’;) (—x)"-mml) 3 (11)

m=0

From (10) and (11), we have

1 (n 1
S(,n|r) = - X;) <m>(—/\)"‘mml = ﬁagol (12)
and
S(,n|A)=0 form>l. (13)

From (4) and (5), we have

PG H (x[1) = 1= A)HO D (] 2). (14)
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Let F be the set of all formal power series in the variable ¢ over C with

o]

F- :f(t):Z%tk ]akecc}.

PP indicates the algebra of polynomials in the variable x over C, and " is the vector space
of all linear functionals on PP (see [5, 11]). In [11], (L|p(x)) denotes the action of the linear

functional L on a polynomial p(x), and we remind that the vector space structure on P’ is
defined by

(L + Mlp(x)) = (LIp(x)) + (M|p(x)),

(cLlp(x)) = c(L|p(x)),

where c is a complex constant.

The formal power series

o]

fO=) TteF (15)

k=0

defines a linear functional on P by setting

(f(t)lx”) =a, forallneZ, (see[ll]). (16)
From (15) and (16), we have

(tklx”> =nd,x (see[5,11]). 17)
Let f1(2) = Y o %tk. From (17) we have

(fL(t)|x") = <L|x”> forallneZ,. (18)

By (18) we get L = f;.(¢). It is known in [11] that the map L > f;(¢) is a vector space isomor-
phism from P* onto F. Henceforth, F will denote both the algebra of formal power series
in t and the vector space of all linear functionals on IP, and so an element f(¢) of F will be
thought of as both a formal power series and a linear functional. We will call 7 the umbral
algebra. The umbral calculus is the study of umbral algebra (see [5, 11]).

The order O(f(¢)) of the nonzero power series f(t) is the smallest integer k for which the
coefficient of t* does not vanish. A series f(£) has O(f(£)) = 1 is called a delta series and a
series f(t) has O(f(t)) = 0 is called an invertible series (see [5, 11]). By (16) and (17), we get
(€*1x") = ", and so (" |p(x)) = p(y) (see [5, 11]). For f(¢) € F and p(x) € P, we have

o0 k ik
o= O s -y LD 19
k=0 ’ k=0 ’
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Let f1(2).£2(¢),....fa(t) € F. Then we see that
e < 'iim)(ﬁ(t)'x”)'"(fm(mxim),

. . i1,
i+ +im=n

where (, " )= "—'Lm, (see [5, 11]).

1] yeekim il

For f(t),g(t) € F and p(x) € P, it is easy to show that

{f(g®)p()) = [fB)lgt)p()) = {gOIf (O)p(x))  (see [11]).

From (19), we can derive the following equation:
P0) = (lp@) and (1p“))=p(0).

By (22) we get

d*p(x
px) = p® () =
t'px)=p"(x) = P

(see [5,11]).
Thus, from (23) we have

e plx) = p(x +y).

(20)

(23)

(24)

Let S,(x) be polynomials in the variable x with degree », and let f(£) be a delta series

and g(¢) be an invertible series. Then there exists a unique sequence S,(x) of polynomials
with (g(6)f (£)X]S,(x)) = n!8,,x (n,k > 0), where 8,4 is the Kronecker symbol. The sequence
S, (x) is called the Sheffer sequence for (g(£),f(¢)), which is denoted by S, (x) ~ (g(£),f(£)).
If S,(x) ~ (1,£(2)), then S, (x) is called the associated sequence for f(¢t). If S,,(x) ~ (g(£),£),
then S, (x) is called the Appell sequence for g(¢) (see [5, 11]). For p(x) € P, the following

equations (25)-(27) are known in [5, 11]:

(S o) = [ st

{fOlxp) = (3 ©)|p@) = (f () Ipx)),

and

(€ - 1|p(x)) = p(y) - p(0).
For S, (x) ~ (g(¢),f(£)), we have

o (0)1Sk())

@) Kl

gOf @, h@)eF,
k=0

o0 k
p =Y EPTVD ), e,
k=0 :

(25)

(26)

(27)
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S)S,(x) = nS,_1(x), (f(®)p(ax)) = {f(@t) | p(x)), (30)
1 7 Sk(y)
— /0~ £ forallyeC, 31
270 ,g(; X orallye (31)

where f(t) is the compositional inverse of f(t).

n n

Sn(x +y) = Z (Z)Pk(y)sn—k(x) = Z (Z)Pk(x)sn—k(y)r (32)

k=0 k=0

where P (y) = g(£)Sk(y) ~ (1,£(2)) (see [5, 11]).

In contrast to the higher-order Euler polynomials, the more general higher-order
Frobenius-Euler polynomials have never been studied in the context of umbral algebra
and umbral calculus.

In this paper, we investigate some properties of polynomials related to Sheffer se-

quences. Finally, we derive some identities of higher-order Frobenius-Euler polynomials.

2 Associated sequences
Let p,,(x) ~ (1,£(¢)) and g,(x) ~ (1,g(¢)). Then, for n > 1, we note that

qn(x)=x(i%) a7 pa(x)  (see [11]). (33)

Let us take f(£) = e* — 1 (a # 0). Then we see that f'(t) = ae™, f(t) = a ' log(¢ + 1).

From (27), we can derive the associated sequence p,(x) for f(£) = e* — 1 as follows:
pn(y) — <eyt|pn(x)> _ (eyf(t)|xn> <ea log(+1) |.7C )

vt 35 (B

k=0

"oy Y y
SO,

where (@), =a(@-1)---(a-n+1) ="} (a-1i).
Therefore, by (34) we obtain, for n € Z,,

x at
Pulx) = (;)n ~(1,e" -1).

We get the following:

pn+1 x(f (t) =a xe’ pn(x)

) -G
a a ), \a
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From (35), we can derive the equation

Pun(®) = (;—‘)pn(x—m - (;f) (%)pn(x— 24)
()
(G

By (19) we get

and

)24
k! al,|  ak "’

where S (#, k) is the Stirling numbers of the first kind.

Therefore, by (37) and (38), we obtain the following theorem.

Lemmal Forn, k> 0, we have

(1 (2),) _ Si(n, k)
K gk

From (31) we note that

o (%
Z (a)ktk _ e;—clog(lﬂt) =(t+ 1)3.
k!
k=0
And by (32) we get

() -2(0C).0)..
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(37)

(39)

(40)

As is well known, the nth Frobenius-Euler polynomials are defined by the generating

function to be

1

et

—A_ . [o¢] t”
xt _
_)Le = EOH,,(xM)n!.
e

Thus, by (42) we see that H,(x|A) ~ (et;’\, t). So, we note that

1-x

el -\
mHn(xM) ~(1,2).

(41)

(42)
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It is easy to show that x” ~ (1,¢) (see Eq. (17)). Thus, from (42) we have

x" :x<§>”x_1<€;:i‘]—1n(x|k)) =1 i : (et — A)Hn(xlk)

= %(H,,(x+1|)»)—)»Hn(x|A)). (43)

3 Frobenius-Euler polynomials of order «
From (1) and (31), we note that

H (x]3) ~ ((T_‘;)txt) (44)

and

1-2\*
(t )x”:Hff‘)(xM) for all n > 0. (45)
el —A

From (32), we have

n n ” .
H(x+y) = (,)Hi)(ymx ,
k=0 <
- n o 11—
- <k>H,(()(x|k)y k, (46)
k=0

Let us take the operator (%)’3 on both sides of (46).
Then we have

B
(1”) H,S“>(x+y|x):<1‘k) (1 A) @y
et -\ et — et

1- a+p
:( : ) (x+9)" =HP(x+ 1) (47)
el —A

and by (46) we get

‘ 1-2)*
(@+f) _ Y () n—k
H"*P(x + y|A) = 2 (k)Hk (yM)(et—)L) x

n

(") () HP) (x]2). (48)
0

k=

Therefore, by (48) we obtain the following proposition.

Proposition 2 For«, B € C and n > 0, we have

n

HE P e+ yln) =) (Z) “@MH L 12)

k=0

n

Z(Z) O (y12)HE) (x12).

k=0
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Thus, we have
o 02 L
xt _ v
e = H" x| — (49)
n=0

Thus, by (49) we get
HO(x[1) = . (50)

Let us take 8 = —a. Then, from Proposition 2, we have

n

w+y)' =y (Z)HL“L(xM)Hi‘”(yM)
k=0

n

=y (Z)H,i”i’k(yM)H;“)(xm (51)

k=0

Therefore, by (51) we obtain the following corollary.

Corollary 3 For n >0, we have

n

w+y)" =y (Z)HL“L(xM)H,E‘“)(yM)
k=0

n

=2 (Z)Hi‘il(ylk)Hé‘“)(xm.

k=0

In the special case, y = 0, we have

n

n 7Y @) (-a)
=y (k)Hn_k(xM)Hk ().
k=0
Let o € N. We get
= HT () e —2\"
BRI
n! ( 1-2 >

n=0

o

_ (1 _1)\‘)& Z (i) (_1)0(—1}\101—1611

1=0

_ - 1 - o _1\a-lya-im ﬁ
_2(;<7(1_W§<1)( D> z)m. (52)

Thus, from (52) we have

H}S—a)()\.) — % o (_1)01—1)"01—1114
- !
=0

1 al  AFO" ol

_ ann

1- ) A 0% = -0 o (I_A)QS(n,al)»). (53)

Therefore, by (51), (52) and (53), we obtain the following theorem.

Page 8 of 12
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Theorem 4 For o € N and n > 0, we have

(1_)\’)01 n - o
al > (Z)Hi_k(xlk)S(k,am.

k=0

From (19), we have

n et_—)n)a k| n)

(=)t .
wh= ) S HE )

k=0

and

= H, ().

By (54) and (55), we also get

n

@3 (Z) O @MH ().

k=0

4 Further remark
Let us take @ = 1 in (34). Then we have (x),, ~
For n > 1, by (33) we get

M:x(egl)x*un:x<e;1)<x-nml

=xy l+n),Szl+n )t (= 1)1,

=0

where S, (m, n) is the Stirling numbers of the second kind.

From (56) we have

el " (n+1)!
(x+1) 1—(x+1)§7(1+n+1)!

where

= ZSl(n, k)xk
1=0

Lf() =€ =1), 2" ~ (Lg(t) = 1)

So(l+m+1,n+ D)t (%),

(54)

(55)
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Thus, by (58) we get
I d' - k-1
Hn = =7 (0 = gsl(n, k) (). (59)
From (57) and (59), we can derive the following equation:

(x+1)”=2((n;1) Y(l+n+1, n+1)ZSlnk) k)

S l+n+1)! P
n n-l (l+m
= —m Sz(l+n+1 n+1)Sy(n, [ + m)x™
=m0 ("
n (n-m (l+m)
- iy 2L+ 7+ L+ DS (L4 m) 12" (60)
m=0 U [=0 ( I )
and
" (n
x+1)"= (l)xl (6D
1=0

Therefore, by (60) and (61), we obtain the following lemma.

Lemma5 For 0 <m < n, we have

n-m +m
( ) So(l+n+1,n+1)S1(n, [+ m).
!

=0

Let « = 1. Then we write H,(,l)(xlk) = H,(x|A). From (34), we note that
@)~ (1, - 1). (62)

Thus, by (19) and (62), we get

> 1)k|H (x[1))
y e

H,(x|A) = )k

k=0
CH0) + i; {(ef - 1)’;<|llfn(x|x)> -~ 63)

For k > 1, we have
(e = 1) |Hy(x)) = ln ('Z>Hn_1(x)<(ef —1)Ma). (64)

n

From (9), we have

;‘((e ~1) 1) = S50, k). (65)

Therefore, by (63), (64) and (65), we obtain the following theorem.
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Theorem 6 For n > 0, we have

Hy(xl3) = Hy(0) + 35 <’;)Hn—l()~)52(l; s

k=1 1=0

n n k
—HW+Y Y <7)Hn_l(k)52(l, k)1 (k, )™,

k=1 1=0 m=0
From the recurrence formula of the Appell sequence, we note that

¢\ g @ ae )
. H*(x|A) = xH,) (xl)\)—mHn (x|A)

Hf,‘ﬂ(xlk) = (x —

et —
o 1-Ax
= xH® (%|A) - —— HY(x+1
xH," (x[1) TR (x+1)
= xH ) (x]3) - ﬁHﬁf‘“) (x+1). (66)

Therefore, by (66) we obtain the following theorem.

Theorem 7 For n > 0, we have

2 HOD(x 1 1),

H\ (x]3) = xH® (x]3) 0
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