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Abstract
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1 Introduction

The averaging principle plays an important role in dynamical systems in problems of me-
chanics, physics, control and many other areas. The rigorous results on averaging princi-
ples were firstly put forward by Krylov and Bogolyubov [1]. After that, Khasminskii [2, 3]
considered averaging principles of Itd’s stochastic differential equations, parabolic and el-
liptic differential equations.

Most systems in science and industry are perturbed by some random environmental ef-
fects, which are often described as Gaussian noise. As a special non-Gaussian Lévy noise,
Poisson noise is usually a hot spot when dealing with stochastic systems. Stoyanov and
Bainov [4] investigated the averaging method for a class of stochastic differential equa-
tions with Poisson noise. They considered the connections between the solutions of a
standard form and the solutions of averaged systems and proved that under some con-
ditions the solutions of averaged systems converge to the solutions of original systems
in mean square and in probability. Following the Bogolyubov theorem (cf. [5]), Kolomiets
and Mel'nikov [6] gave a theorem concerning averaging on the finite time interval of a sys-
tem of integral-differential equations with Poisson noise. Instead of Poisson noise, Xu et
al. [7] established an averaging principle for stochastic differential equations with general
non-Gaussian Lévy noise.

Stochastic differential equations (SDEs) give models for systems, the future state of
which is independent of the past states and is determined solely by the present. How-
ever, for real systems, the future state will often be related to past states except for the
present states of the system. Thus, SDDEs have attracted great attention recently [8, 9],
but averaging principles for SDDEs have not been considered so far. Motivated by the
previous paper, we consider the averaging principles for general SDEs and SDDEs with a
non-Lipschitz condition.
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The following sections are organized as follows. In Section 2 we give a detailed descrip-
tion on the averaging process of general SDEs under a non-Lipschitz condition. Section 3
shows the averaging principles for SDDEs under a non-Lipschitz condition.

2 Stochastic differential equation case

Let (2, ¥,P) be a complete probability space with filtration {#;};>¢ satisfying the usual
conditions (i.e., it is right continuous and ¥, contains all P null sets), and let B(¢) be a
given m-dimensional Brownian motion defined on the space. Let 0 < T < 0o and X, be an
Fo-measurable R?-valued random variable such that E|X,|? < co. Consider the following
d-dimensional stochastic differential equation:

dX(e) =f (6, X(2)) dt + g(£, X(1)) dB(t), 0<t=<T, )

with initial data Xy, where £ : [0,T] x RY — R? and g : [0, T] x RY — R#*” are both
continuous and Borel measurable. By the definition of stochastic differential, this equation
is equivalent to the following stochastic integral equation:

X() =X, + /o f(s,X(s))ds + /o g(s,X(s))dB(s), t€[0,T]. 2)

In order to guarantee the existence and uniqueness of the solution to (1), we impose a
condition on the coefficient functions.
(A1) Non-Lipschitz condition: for any x,y € R? and ¢ € [0, T},
2 2
lf(th) _f(try)| Vv |g(t:x) _g(try)i S K(lx —)’|2),
where «(-) is a continuous increasing concave function from R* to R* such that «(0) = 0,
k(x) >0 for x >0 and

Joiw s

It is known from [10, Theorem 6.5] that under the condition (Al), there exists a unique
solution X () to (1) with the initial data Xj.
The standard form of (2) is

Xe(t) =Xo + 6./0 f(5,Xc(s)) ds + ﬁ/o 2(s,Xc(s)) dB(s), (3)

where X and the coefficients have the same conditions as in (1), and € € (0, €¢] is a positive
small parameter with ¢, a fixed number.

According to the existence and uniqueness theorem of differential equations, (3) also has
a unique solution X,(¢), t € [0, T] for every fixed € € (0, €p]. In order to find out whether
the solution X, (¢) will be approximated with small € to some other simpler process, we
impose some conditions on the coefficients.

Let f(x) : RY - RY, g(x) : R* - R?” be measurable functions, satisfying the non-
Lipschitz condition with respect to x as f(,x) and g(¢,x). Moreover, we assume that the
following inequalities are satisfied:


http://www.advancesindifferenceequations.com/content/2013/1/38

Tan and Lei Advances in Difference Equations 2013, 2013:38 Page 3 of 12
http://www.advancesindifferenceequations.com/content/2013/1/38

Forx € R? and Ty € [0, T,
(A2)

T _
% A f(s,%) = f ()| ds < Y (T1) (1 + |]),
(A3)
1
% /0 |2(5,%) = 260> ds < Yo (T)) (1 + 1),

where v;(T1), i = 1,2 are positive bounded functions with limy, o ¥;(77) = 0
We now consider the following averaged stochastic equation which corresponds to the
original standard form (3):

X0+e/f ds+f/ )) dB(s). (4)

Obviously, (4) also has a unique solution Y¢(¢) under similar conditions as (3) for the
solution X, (). Now, we consider the connections between the processes X, () and Y(£).
The convergence in mean square and convergence in probability between the standard
form and the averaged form of (2) are especially considered.

The following two theorems give the connections between the processes X, () and Y,(¢).

Theorem 2.1 Suppose that the conditions (Al)-(A3) are satisfied. For a given arbitrarily
small number 8, > 0 and a constant L > 0, « € (0,1), there exists a number €, € (0, €q] such
that for all € € (0, €1], we have

]E( sup ‘X t)’ )581.
te[0,Le~]

Proof Consider the difference X, () — Yc(¢). By (3) and (4), we have

X(t)-Y.(t) =€ t[f(s,Xé (s)) —f(Y (s) ds + f S,X (s) (Y (s))] dB(s).
0

By the elementary inequality |x; + x2|? < 2(|x1|? + |x2]?), for u € [0, T], we obtain

sup |X.(8) - Y. (o)

0<t<u
t . 2
<2¢? sup /[f(s,Xg(s)) —f(Yg(s))]ds
0<t<ul|JO
t 2
+2€ sup /[g(s,Xe(s))—g(Ye(s))]dB(s) .
0<t<ul|JO
Denote by
t B 2
=28 sup / [ (5, X.(5)) ~F(.(5))] ds
0<t<ul|JO
t 2
=26 sup | [ [glsX,09) ~2(2:(9)] 486
0<t<ul|JO
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Thus, using the elementary inequality again, we get

2
]12 < 2¢? sup

0<t<u

/ot[f(s,xe(s)) —f (5, Ye(s) +£ (s, Ye(s)) —f(Ye(s))] ds

2

Sup
0<t<u

/ [f (s, Xe(9) = f (s, Ye(s)) ] ds

2

+4e? sup
0<t<u

)
=)+ i

[T 7:0) -] s

By the Cauchy-Schwarz inequality and the condition (Al), taking expectation on J3
yields

Elul* < 4621[5( sup t/ [f s, X, —f (s, Ye(s) )| ds)

0<t<u

546%1/0 E[x (|Xe(s) - Ye(5)| )]ds

For |/12|%, we take the expectation and use the condition (A2) to get

2
]E|]12|2 < 462E< sup 2 )

0<t=<u

% /0 t[f(s, Ye(s)) —f(Ye(s))] ds

< 4€? sup {tzlﬂl(t)z[l +E< Sup ‘YE(S)DT}

0<t<u 0=<s<t
< 8¢2uy (u)? [1 + ]E( sup |Y€(t)|2)].

0<t<u

By the properties of solutions to stochastic differential equations, we know that if
E|Xo|? < 0o, then for each ¢ > 0, E|X(£)|? < oo (c¢f [11]). Following the discussion of [4],
this property combines with the fact that limy,_, o ¥1(T1) = 0. We can further estimate
that there exists a constant C; such that

Elia|* < 8€*u*Cy.

Consequently,
ElLl* < 4&;/ E[ic(|Xc(s) - Ye(s)|*)] ds + 8€24>C. (5)
0

On the other hand, for /7, taking expectation on it, using the Burkholder-Davis-Gundy

inequality [10] and the elementary inequality again, we get

]E|]2|2 < SQE(/OM’g(S,Xg(S)) —g(Yg(S))‘ZdS)
< 16¢E ( /o M| 2(5, Xe(5)) —g(s, Ye (S))|2ds)
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+16€E (/0 g (s, Ye(s)) — g(Ye(s)) |2 ds)

= ElJa|? + ElJaa |

By the condition (Al), we obtain
E|Jxn|* < 166/ E[K(|XE(S) - Ye(s)|2)] ds.
0

As to E|J5,|%, we use the condition (A3) to get

El|* < 166E</0 |g(s, Ye(s)) —g(Ye(s))|2 ds)

< 16emﬂ2(u)[1 +IE( sup ‘Yg(t)|2)].

0<t<u
As a similar way of dealing with E|J;» |2, there exists a constant C, such that
El/2|? < 16€uC,.
Then
Elfy)? < 16€ /(;ME[K(PQ(S) ~Y.(9)[*)] ds + 16€uC,. (6)
Putting (5) and (6) together, we see that

]E( sup | Xe () - Ye(t)|2)

0<t<u

<de(eu+4) /u E[K(’Xe (s) - Ye(s)‘z)] ds + 8cu(euC + 2C,). 7)
0

From the condition (A1), we know that « is concave and «(0) = 0, therefore, we can find
a pair of positive constants a and b such that

k(x) <a+bx forallx>0. (8)
Substituting this into (7) gives that

]E( sup |Xe(t) - Ye (t)|2)

0<t<u

<4be(eu + 4)/ E(|Xc(s) - Ye (s)|2) ds + deuleua + 2euC, + 4a + 4C,)
0

<deuleua + 2euCy + 4a + 4Cy) + 4be(eu + 4)/ E( sup |X5 (s1) =Y. (sl)‘z) ds.
0

0<s1<s

The Gronwall inequality then yields

]E( sup |Xc(2) - Ye (t)|2) <4eu(eua + 2euCy + 4a + 4C,) exp{4beuleu + 4)}.

0<t<u

Page 5 of 12
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Choose « € (0,1) and L > 0 such that for every ¢ € [0,Le™¥] € [0, T,

]E( sup ‘Xe(t) — Ye(t)’2> < CLe'™,

0<t<Le™*

where C = 4(aLe'™® + 2C1Le'™ + 4a + 4C,) exp{4bLel%(Le'™ + 4)} is a constant.
That is, given any number &; > 0, we can choose €; € (0, ¢q] such that for each € € (0, ¢;]
and for every ¢ € [0,Le™],

]E( sup ‘Xe(t) - Yg(t)’2> <.

te[0,Le=2]

This completes the proof. O

Except for the convergence in mean square between (3) and (4), we can also get the
properties of convergence in probability.

Theorem 2.2 Suppose that the conditions (A1)-(A3) are satisfied, for a given arbitrarily
small number 8, > 0 and a constant L > 0, o € (0,1), there exists a number €, € (0, €] such
that for all € € (0, €], we have

limP( sup [X.()- Ye(t)] >8,) = 0.

€20 N\ge[o,Le2]

Proof With the result of Theorem 2.1 and the Chebyshev-Markov inequality, for any given

number §, > 0, we have

1 2 1 “
P(sup |X(0-Y.(0)]>8) < 5—21@( s [X(0- Y. ) = 55 CLe™.
te[0,Le™] 2 te[0,Le™] 2

Taking limits on both sides of the inequality, we get the required result. O

In order to illustrate the averaging process of stochastic differential equations under
non-Lipschitz conditions, we give the following example.

Example 2.1 Consider the one dimensional SDE
dX(¢) =sinzX(¢)dt + X(¢)dB(t), t=>0,

with an initial condition X(0) = Xy, and E|X,|? < 0o, where B(¢) is a scalar Brownian mo-
tion. The corresponding standard form of the above SDE is

dX, = esintX, dt + /€X. dB(t).
Denote
f(trXs)ZSintXer g(t:Xe) = Xe.

Then

1

- 1 (" 2 _ T
f(Xe): ;A f(t’Xs)dt:;Xer g(Xe):;/O g(t:Xe)dt:Xeo
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Define the averaged SDE

2
dY, = ZeY, dt + +/€Y. dB(2).
T

Obviously, the explicit solution of this equation is

Y(t) = X, exp{(% - %>t+B(t)}.

For k (x) = kx, where k is a positive constant, it is easy to see that the conditions (A1)-(A3)
are satisfied, thus Theorems 2.1 and 2.2 hold. That is,

E( sup ]|Xe(t)—Y€(t)|2)ssl

te[0,Le~¢

and X (¢) — Y(¢), € — 0 in probability.

As a similar process to the stochastic differential equation case, we can derive the aver-
aging principle for SDE with delay.

3 Stochastic differential delay equation case

Let 7 > 0 and denote by C([-, 0]; R?) the family of continuous functions ¢ from [-7,0] to
R? with the norm ||¢|| = SUP_; <p<o [#(6)]. Let 0 < T < c0. We now consider the following
stochastic differential delay equation in R%:

dX(8) =f (6, X (@), X(¢ — 7)) dt + g (£, X(2), X(¢ = 7)) dB(t), 0<t<T, 9)

where £: [0, T] x R? x RY — R% and g: [0, T] x R? x R? — R¥*" are both continuous
and Borel measurable. Suppose the initial data X(0) =& = {£§(0) : —t <0 < 0}, which is an
Fo-measurable C([-1,0]; R?)-valued random variable such that E||& |2 < co.

We impose the following condition:

(A1) Non-Lipschitz condition: for any x,%,y,7 € R? and ¢ € [0, T],

If(t,2,9) —f(&59) V gt - gt %,5)|" <ic(x—57) + Kly -1, (10)

where K is a positive constant and « () is a continuous increasing concave function from
R* to R* such that x(0) = 0, x(x) > 0 for x > 0 and

Joiw s

Under the condition (Al’), (9) has a unique solution for ¢ € [0, T].
Consider the standard form of SDDE in R%:

t t
X.() = X(0) + ¢ / F(5Xe(5), Xels — 1)) ds + V& / 25X, X (s 1) dB(), (1)
0 0
where X(0) and the coefficients have the same conditions as in (9), and € € (0,¢] is a

positive small parameter with €, a fixed number. Obviously, (11) also has a unique solution
Xc(2), t € [0, T] for every fixed € € (0, €].


http://www.advancesindifferenceequations.com/content/2013/1/38

Tan and Lei Advances in Difference Equations 2013, 2013:38 Page 8 of 12
http://www.advancesindifferenceequations.com/content/2013/1/38

Define f(x,7) : RY x RY — R?, g(x,y) : R x RY — R to be measurable functions,
satisfying the condition (Al’). Moreover, we assume that the following inequalities are
satisfied:

For x,y € R? and T; € [0, T],

(A2))

el B
% | If (s, %,9) —f (x,)| ds < Ws(T1) (1 + |x] + [y]), (12)

(A3)

1 4
T fo |g(s,%,9) — g, )[* ds < Ya (T (1 + 122 + y1?), (13)

where ;(T1), i = 3,4 are positive bounded functions with limy, _, o ¥:(T1) = 0.
The averaged form of (11) is

Z.(t) = X(0) + € /0 f(Ze(9), Ze(s — 7)) ds + ﬁ/o 2(Zc(s), Ze(s — 7)) dB(s). (14)

Obviously, (14) also has a unique solution Z,(¢) under similar conditions as (11) for the
solution X, (¢). In the rest of the paper, we will consider the connections between the pro-
cesses X, (t) and Z,(¢).

Theorem 3.1 Suppose that the conditions (A1')-(A3') are satisfied. For a given arbitrarily

small number 83 > 0 and a constant L > 0, o € (0,1), there exists a number ¢, € (0, o] such
that for all € € (0, €], we have

E X (6) - Z(®)]*) < 8s.
(| )=

te[0,Le~«

Proof Considering the difference X (¢) — Z.(¢), we have
t -
X0~ 2.0 =€ [ [F(5. X6, X5 = 1) = (2.9, 2.5 ) &
0
t
e / (65, X.(5), Xe(s — 1)) — 3(Ze(5), Ze (s — 7)) ] dB(s).
0
For u € [0, T], it is easy to obtain by elementary inequalities that

sup |X.(2) - Z (o)

0<t<u
¢ B 2
<2€% sup / [f(s,X6 (), Xc(s— ‘L’)) —f(Z6 (8), Zc(s — 7,'))] ds
0<t<ul|JO
t 2
+2¢ sup ‘/0 [g(s, Xe(8), Xe (s — 7)) = (Ze(8), Ze(s — 7)) | dB(s)

=K + K.
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By elementary computation, we get

t 2
K12 < 4€? sup / [f(s,XE (8), Xc(s — r)) —f(s, Ze(8), Zc(s — r))] ds
0<t<u|JO
t _ 2
+4€? sup / [f(s, Ze(8), Zc(s — t)) —f(Ze(s),Z6 (s— r))] ds
0<t<ul|JO

= KE + K5,

By the Cauchy-Schwarz inequality and the condition (Al’), taking expectation on K3

yields

E|Ky|* < 4621&(05(1;5 t /0 tlf(s,Xg(s),Xe(s — 1) —f(5,Ze(s), Ze(s = ) [ ds)
< 462u‘/(;uE[K(|X€(s) ~Z(s)[*)]ds + 462uKE/Ou|X€(s —1)=Z(s—1)|"ds.
Compute
B[ -0 -zi-nf = Ef_opce(s) ~z0f B [ X0 - 20 &
Substituting this into K3, we get

EIKy|? < 46214/ME[K(|X€(S) ~Z(s)[*)] ds + 462uI(E/M|X€(s) ~Z(s)|* ds
0 0

0
+462uKE/ |Xc(s) = Ze(s)|” ds.

Taking expectation on |Ki, |2, using the condition (A2’) and inequality |x; + x5 + 3|2 <

3(|1|? + |x2]? + |x3|%), we thus obtain

2
E|Kp)? < 462E( sup t> )
0<t<u

% / [f(s, Ze(8), Ze(s — r)) —j_”(ZE (8), Ze(s— 7,'))] ds
0

< 462]E( sup [1,‘21p3(1,‘)2 0supt(l +|Ze(s)| + | Ze(s - r)|)2]>

0<t<u

< 12€2u 5 (u)? [1 + E( sup |Z€(t)|2> + 2E(Os<up |Ze(t)|2)].

—1<t<0

Taking expectation on K and using the Burkholder-Davis-Gundy inequality, we get
u
]E|K2|2 = 8€E<f |g(SrXe(5)’Xe(S - f)) _g(Ze(S):Ze(s - T)) ’2 dS)
0
< 166E</ |g(s,X€(s),X€(s - r)) —g(s,ZE(s),Ze (s— ‘L')) |2 ds)
0

+16€E </Ou|g(s,Z€(s),Z€(s - 1)) = g(Ze(s), Ze(s - 1)) |2 ds)

:= E|Ky | + E|Ky |

Page 9 of 12
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With the condition (Al'),
E|Ky > < 1661E/u[x(|xé(s) ~Z$)') + K|Xc(s = 7) = Ze(s - 7)| "] ds
0
< 16¢ /ME[K(|X€(S) - Ze(s)|2)] ds + 16€1</u E|Xe(s) - Ze(s)|2 ds
0 0
0
+16€K / E| X, (s) - Zc(s)|" ds.

Applying the condition (A3') to E|Ky,|?, we get

E|Ky|? < 166]E<Osup [tlm (1 + ’Z | + |Z€(s— t)’z)]>

< 166141//4(M)[1+E( sup |Ze(?)] )+2]E(Osu1<) |Z€(t)|2>].

—-7<t<0

Putting |K;|? and |K;|? together, we see that

£ sup %0 —zem!z)

0<t<u

<4e(eu+4)/ Xe(s) = Ze(9)] )]ds+4eK(eu+4)/ E|X(s) - Z. (s)| ds
+46K(eu+4)/ E’Xg(s)—Ze(s)‘zds

+ deu[3euys(u)® + 4a(u)) [1 + IE( sup |Z€(t)|2> + 2E(OS<UE |Ze(t)|2)]~

-7<t<0

By the fact that E||£]|? < oo, for each ¢ > 0, E|X(£)|? < co. This combines with the fact
that limy, o ¥i(T7) = 0, i = 3,4, we can estimate that there exists a constant Cs such that

JE( sup |X.(8) —Ze(t)|2)

0<t<u

< C3+4e(eu+ 4)/ ‘X g(s)|2)] ds
+461((6u+4)/ ]E|Xe(s)—Z€(s)}2ds.
0

By (8), we can further derive

]E( sup |X.(8) —Zé(t)|2>

0<t<u

<C3 +4-e(eu+4)au+4e(eu+4)(b+1()qu( sup ’X (s1) — (s1)|2> ds.
0

0<s1<s

The Gronwall inequality then yields
]E( sup |X6 (t) - Ze(t)|2) < [C3 +daculeu + 4)] exp{4eu(eu +4)(b + K)}
0<t<u

< [C4 +4a(eu + 4)]euexp{4eu(eu +4)(b+ K)},

where C, is a constant.

Page 10 of 12
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Choose « € (0,1) and L > 0 such that for every ¢ € [0,Le™¥] € [0, T,

]E( sup |X€(t)—ZE(t)|2)§CLel"",

0<t<Le™*

where C = [Cy + 4a(Le™ + 4)] exp{4Le'™(Le'™ + 4)(b + K)} is a constant.
That is, given any number §3 > 0, we can choose €; € (0, ¢q] such that for each € € (0, €]
and for every ¢ € [0, Le™],

E( sup [X())-Z(0f) < 8s.
te[0,Le™¥]

This completes the proof. O
The next theorem gives convergence in probability between X, (¢) and Z,(¢).

Theorem 3.2 Suppose that the conditions (Al’)-(A3’) are satisfied. For a given arbitrarily
small number 84 > 0 and a constant L > 0, o € (0,1), there exists a number €, € (0, €y] such
that for all € € (0, €], we have

lim IP’( sup ’Xg(t) —Ze(t)’ > 64) =0.

€~>0 \sel0,Le—]

Proof With the result of Theorem 3.1 and the Chebyshev-Markov inequality, for any given
number 84 > 0, we have

1 2 1 —«
]P( sup | Xe(6) - Ze(0)] > 34) < 8—2E< sup [ Xe() - Ze(0)| ) < 5 CLe™.
te[0,Le™] 4 te[0,Le™¥] 4

Taking limits on both sides of the inequality, we get the required result. O

The following example gives the averaging process of stochastic differential delay equa-
tions under non-Lipschitz conditions.

Example 3.1 Consider the following one-dimensional SDDE:
dXc(t) = 2€ sin® £(aXe(¢) + bXc (¢ — 1)) dt + /€ (cXe(£) + dX (¢~ 1)) dB(t), t>0,
with an initial condition X, (¢) = £t +1, t € [-1, 0], where a, b, ¢, d are constants and B(¢) is a
one-dimensional Winner process. Obviously, f(¢,%,y) = 2 sin® t(ax + by), g(t,x,y) = cx + dy.
Let
_ 1 7
FOOXe-0) = = [ fle X0 X6~ 1) de = aX0) + X, - ),
0
1 T
(X (), Xc(t-1)) = -~ / (6, Xe(8), X (£ - 1)) d = cXc (2) + dXc(t - 1).
0

Define the corresponding averaged SDDE as follows:

dZ(t) = €(aZc(t) + bZc(t - 1)) dt + /e (cZe(t) + dZc(t - 1)) dB(t), ¢>0.
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On ¢t € [0,1], the linear SDDE becomes a linear SDE
dZ(t) = (aZ(t) + bt) dt + (cZ(¢) + dt) dB(z).

The explicit solution of this SDE is

Z(t) = d(¢) (X(O) + /:(b —cd)®(s)sds + /(;tdQ’l(s)sdB(s)>,

where

d(t) = exp((a - %cz)t + cB(t)).

Repeating this procedure over the intervals [1,2], [2,3], etc. we can obtain the explicit
solution.

For «(x) = kx, where k is a positive constant, it is easy to see that the conditions (Al’)-
(A3’) are satisfied, thus Theorems 3.1 and 3.2 hold. That is,

E( swp |X0-Z0f) <85,

te[0,Le~¥]

and X, (t) = Z(t), ¢ — 0 in probability.
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