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1 Introduction
In this paper, we consider the boundary value problems of fractional difference equations
depending on parameters of the form

—Ayi(t) = )»lﬁ(yl(t +v=1), Lyt + v, — 1)), (1.1)
Y =2 =%;0p), (v +b) = B0, (1.2)
where ¢ € [0, D]y, := {0,1,...,b}, 4; >0, 1< v; <2, f:[0,+00) X --- X [0, +00) — [0, +00)
are continuous functions. For each j, we have that v, ¢; : R?*3 — R (j=1,2,...,n)are given
functions. We point out that fractional difference equations have been extensively studied
in recent years. Systems of discrete fractional boundary value problems are also popular.

In [1], the authors discussed the existence of positive solutions for coupled systems of

nonlinear fractional difference equations:

A?u(n—1) + )\a(n)f(u(n), v(n)) =0,
Av(n—-1) + ,ub(n)g(u(n), v(n)) =0,
u(0) = Bu(n), u(N) = au(n), v(0) = Bv(n), V(N) = av(n),

wheren e {1,...,N-1},ne{l,...,N -1}, N > 4, o, B, A, i > 0. In [2], Goodrich studied
the following pair of discrete fractional boundary value problems:

A"y (t) = May(t + vy — 1)f1(y1(t +v = 1), 90(t+ vy — 1)),
—A"y,(t) = hpas(t + vy — 1)f2(yl(t +v = 1),y + vy — 1)),
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yl(Vl -2)= 1,01()’1); yz(Vz -2)= l/fz()/z),
y1(v1 +b) = g1 (y1), ¥2(v2 + b) = ¢2(y2),

where t € [0, ]y, :={0,1,...,b}, A&, 3 > 0, v, 13 € (1, 2], itis the same as [1] when vy, vy = 2.
Goodrich obtained the existence of at least one positive solution to this problem by means
of the Krasnosel’skii theorem for cones. We shall deduce the existence of at least two pos-
itive solutions to problem (1.1)-(1.2) in this paper. These results extend the results of [2].

The paper is organized as follows. In Section 2, we present basic definitions and demon-
strate some lemmas in order to prove our main results. In Section 3, we establish some
results for the existence of at least two solutions to problem (1.1)-(1.2), and we present an
example to illustrate our main results.

2 Preliminaries
For the convenience of the reader, we give some definitions and fundamental facts of the
discrete fractional calculus, which can be found in [3-6] and their references.

Definition 2.1 [3] We define

W _ riE+1)
TT(t+1-v)

for any ¢t and v, for which the right-hand side is defined. We also appeal to the convention

that if £ + 1 — v is a pole of the gamma function and ¢ + 1 is not a pole, then t") = 0.

Definition 2.2 [3] The vth fractional sum of a function f defined on the set N, := {a,a +
1,...}, for v > 0, is defined to be

ATf(t) = ATVf(ta) =

i L= D),

wheret € {a+v,a+v+1,...} =:N,,,. We also define the vth fractional difference for v > 0
by

Af(t) = AV AN (),
wheret e N,,, and0 <N -1<v <N.

Lemma 2.3 (3] Let t and v be any numbers for which t) and t"= are defined. Then
AtY) = D,

Lemma2.4 [2] Let0 <N -1<v <N. Then
ATVA y(E) = y(¢8) + P 4 etV g g oY

forsomec; € R,withl <i<N.


http://www.advancesindifferenceequations.com/content/2013/1/376

Kang et al. Advances in Difference Equations 2013, 2013:376 Page 3 of 14
http://www.advancesindifferenceequations.com/content/2013/1/376

Lemma2.5[3] Letl<v <2andh:[v-1,v+b-1]y,_, — R begiven. The unique solution
of the FBVP

~A"y(t)=h(t+v-1),

Y =2)=0=y(v+b)

is given by

b
y(t) = G(t,)h(s +v-1),

s=0

where G: [v —2,v + bln,_, X [0,b]y, = R is defined by

M—(t—s—l)(”_l) O<s<t—-v+l<b

Glts)= 1w o 0= =b
’ F(U) D (4p—s-1)-D

(v+b)v-D) ’

(2.1)
0<t-v+1<s<bh.

Lemma 2.6 [2] The Green’s function G(t,s) given in Lemma 2.5 satisfies:
(i) G(t,s) =0 foreach (t,s) € [v—2,v +b]n,_, % [0,b]n,;
(ii) MaXee(v-2,0+by, G(t,s) = G(s + v —1,s) for each s € [0, b]n,;
(iii) there exists a number y € (0,1) such that

min  G(t,s) >y max G(t,s)=yG(s+v—1,5)
#Stﬁ 3(V4+b) te[v-2,v+bly,_,

fors € [0,b]n,.

First of all, we let B3; represent the Banach space of all maps from [v; - 2,..., v + b]er2
into R when equipped with the usual maximum norm || - ||. Then, we put y := B; x By x
.-+ x B,. By equipping x with the norm

101,y = Ionll + -+ + llyull,

it follows that (x, || - ||) is a Banach space.
Now consider the operator S: x — x defined by

S(yl,.. . :yn)(tlr .. .,tn) = (Sl()/l, .. .,yn)(tl),. . .,S,,(yl,.. . :yn)(tn)): (22)

where we define S;: x — B; by
Si1s- -y (&) = oY) + Bi(6)d; ()

b
+ 15 Y Gty S)f(nls +vi = 1), yuls + vy = 1)), (2.3)
s=0

where

(vj-1)

1 (v-2) 1 -1
)= ——|t " - £, ()= ——.
(f) F(u,—1)[1 b+2 ] A5) (v + ) D
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Theorem 2.7 Let f; : [0,+00) X -+ x [0,400) — [0,+00) and ¢;,¥; € C([v; — 2,v; +
b]NVj—Z’ R) be given forj =1,...,n, where C([v; — 2,v; + b]NVrz,R) stands for the continuous
Sfunctions on [v; — 2,v; + b]NV},_Z. Then y(£) = (V1,...,¥n) € X is a solution of discrete FBVP
(1.1)-(1.2) if and only if y(t) is a fixed point of S.

Proof From Lemma 2.4, we find that a general solution to problem (1.1)-(1.2) is

N (vj-1) (j-2)
() = =A7IF(n (G + v = 1), (G + v, — 1)) + Clitjvl + CZit/V/ :

From boundary condition (1.2), we get

(0 =2) = =ATINF (G + v = 1), PG+ vy = 1)) gy

+ Clj(Vj - 2)(vj_1) + Czj(Vj - 2)07_2)
tj—vj
= —ij) Z(t] —-s— 1)(‘)’_1))\1/;(}’1(5 + =1, u(s+ v, — 1))|t,=u,—2
s=0
+ Czjr(vj - 1)

= chr(Vj -1)= 1/0‘()’1‘),
SO

1))
- F(U] - 1) '

C2j
On the other hand, applying boundary condition (1.2) to y;(t) implies that

(v +b) = A (( + v = 1), (G + Vi = 1)) =iy

+ c1j(vj + b)Y 4 ¢y + b))

b
1
- _ o1y £ — -
=Ty SEZO t—s =D Vnfi(nls + v —1),..,u(s + v, - 1))
Vi i) i
(v + b)Y F(\j;_ll)("ﬁb)(’ 2

= &),
SO

%0, Wi, (v + b))
G = = —
(v + 6 (v =1)(v; + b)Y

1 4 e
+ W ;(vj+b—s—l)(l l)klﬁ(yl(s+ v —1), .., (s + vy —1))
#i()) Vi ()

(v + b  (b+2)I(v;—-1)

b
1
- - ) _ 1Dy £ _ _
+F(v,»)(u,+b)(”/‘1) SE:O(v,+b s= DU AL (rls + vi = 1,e e, yals + v, — 1)).
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Finally, we can get that

5j=vj

y;(t) = F(v})z(t s—1 ”1 Alf(yls+v1 ),..,y,,(s+v,,—l))

. [ %0) ) ] D
(v + b)) (b+2)I (v -1)
t(v1 -1) b

t——L N Wi+ b-s—DY A (s +vi=1)s .., (s + v, =1
I‘(v,)(v +b("/‘1 ; j ) zf;(yl( 1—1) I ))

I/fj()/j t(VI—Z
r(v-1)"7
t‘v/—l) thj—Z) t(U/ 1)
=) - j j 5
= WJ()’J)[ (b+2)F(v}-—1) + F(vj—l):| ¢1(71 ( +b) vj-1

tji—vj thj—l)(Vj +hos— 1)(1},’-1) (t—s— 1)(1)/-1))

j Y
’ g{ < T+ b)vi~V I'(v)

X )»jﬂ(y1(s+ vi=1),. ., yu(s + vy —1))}

b (v]+b—s—1)"/

Z I'(v) (v + b) vi=1

s:t/—vl-+1

Afi(ra(s +vi = 1), ya(s + v, — 1))

b
= l/fjaj(tj) + ¢,'(y,')ﬂ,'(tj) + )\1‘ Z Gj(tj,s)j;(yl(s + Vv — 1), . ,yn(S + Vv, - 1))
s=0

The opposite direction is obvious, so it is omitted. Consequently, we get that y;(¢) is a
solution of (1.1)-(1.2) if and only if (y1,...,y,) € x is a fixed point of S, as desired. 0

Lemma 2.8 The function a;(t;) is strictly decreasing in t; for t; € [v; — 2,v; + b]erz- In
addition,

min ai(t) =0, max ai(t) = 1.
tie[v~2,v;+b] 7 fe[v~2,v;+b] 7
J VTSN HOINy, o LV =2Vt Nyj—2

On the other hand, the function ;(t;) is strictly increasing in t; for t; € [v; —2,v; + b]NV ,.In
addition,

min Bi(t) =0, max Bi(t) =1

tje[vj—Z,Vj+b]Nui_2 tje[vi—Z,vI'er]ijJ

Proof Note that for every t; € [v; —2,v; + b]N“H’

fu/*—Z) tFVj—l)

Agoy(t) = Ay [F(vj -1 G+ (- 1):|

1 (vj=2)
= | (-2 — (v -1)L— | <0.
Ty 1) [(”’ ) W=Dy <

Page 5 of 14
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So, the first claim about «;(#;) holds. On the other hand,

(=242 (-2

(v —2) = - =1,
(v =2) Fy-1  (b+2T(y-1)
W+ b2 (v + p)OD
(v +b) = - I(v—1
%0+ b) = "5 T Gr2 D
~ I'(v+b+1) I'(vi+b+1)
- Fw+b+1-v;+2)I'(vi-1) T(+b+1-v+1)(d+2)'(v;-1)
~ C(v+b+1) C(+b+1)
T TB+3)I(vj-1) TB+2)(b+2)T(vy-1)
=0.
It follows that
max i(t) =1, min i(t)=0.
tjé[vj—Z,vj+b]Nuj_2 al( 1) tje[vjfz,Uj+h]NVj72 a]( 1)

It may be shown in a similar way that ;(¢) satisfies the properties given in the statement
of this lemma. We omit the details. O

Corollary1 Letl = [%, s(blvj)

Mo lloyll, mingey, Bi(4) = M| Bl for j=1,2,...,n, where || - || is the usual maximum norm.

|. There are constants Mo, Mg, € (0,1) such that mint,,e]i a(t) =

Theorem 2.9 [7] Let B be a Banach space, and let P C B be a cone in B. Assume that S;
and S, are open subsets of Bwith 0 € §; C S1 C S,. Assume, further, that

T:PN(Sy\S)— P

is a completely continuous operator. If either
@ NTull < llull, ue PNOS, | Tull = |lull, u € PN 3Sy; or
(2) I Tull = llull, w € PNOSy, | Tull < llull, u € PN 3S,.
Then T has a fixed point in PN (Sy \ ).

3 Main results
In this section, we present the theorems for the existence of at least two positive solutions
to problem (1.1)-(1.2). In the sequel, we let

b
A = max G;j(),9), e
/ tje[V/—Z,V/‘*'b]NU],_z; ™
b
B- mi Gi(t;.9). -
U vjlgbngl(vhb) Z /(1 S) ( )
tI'E[T:T] s=0

We now present the conditions that we presume in the sequel.

fj(yl ,,,,, n)

(L1) limgy,4.ry,)—0 =oo for tj e [v;—2,v; + b]Nvﬂ,j =1,2,...,n.
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];’(3’1 :::: In)
J1te+yn
f/’(yl ::::: Jn)
J1te+yn
JiO19m)

limy, 4., — 00 =oofortje v —2,v + b]NV/_z,j =1,2,...,n.

limy, 4...49,)—0+ =0for¢ e v —2,v+ b]Nuj—Z’j =1,2,...,n

(L2)

(Ls)

(La) limgy,4.ty,)—o0 =0for¢ e v —2,v+ b]Nu,-z’j =1,2,...,n
(G1)

Yitty
G1) The functionals y;, ¢; are linear. In particular, we assume that
vj+b vj+b
Vo= D day® o)=Y di k)
i=U/'72 k=v}'72
fOI‘CZ vj+2? k—v+2 €R, ] L.

(Gp) Forj=1,2,...,n, there are

V/'+b Uj+b
Z C;—v]'+2G/(i’ S) =0, Z d/ —Vl‘+2Gj(k’ S) >0
i=vj—-2 k=vj-2

for each s € [0, b]y,, and in addition

vji+b vj+b

J
Z Ci Vvj+2 + Z dk U]+2 — 21’1 (33)
i=vj—2 k=v;-2

(G3) We have that each of (o)), ¥;(8)), ¢j(@j), and ¢;(8;) is nonnegative for j=1,...,n

Let ] := [V“b 3(”};1’)] X ooe X [””4”’ 3 V”J’b ]. In the sequel, we shall also make use of the

cone

K= {(yl,...,y,,)ex Yo ¥n = 0,95() = 0,0;(9) >0,/ =1,.

Jmin_ [n(0) 4+ 2,060] 2 v [ 0n3n) [ (3.4)
Loeees n
where y € (0,1) is a constant defined by

y =min{yy,..., Y, Moys ..., Mo, Mp,,...,Mg,}, (3.5)

where Mq;, Mg, come from Corollary 1 and y; is associated by Lemma 2.6(iii) to G;(#,s),
j=12,...,n

Lemma 3.1 Let S be the operator defined as in (2.2). Then S : k — k.

Proof By means of (G), we get

vj+b

(S (yl’ 3 Yn ) = Z i— v/+2(S (yl’ 3 Yn )()
i=vj-2
v/'+b Vj+b

= Z Z d—Vj+2C;—Vj+2yf(l)aj(i)

i=vj=2 [=v;-2
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vi+b  vi+b

+ Z Z i—vj+2 k v]+2y1(k)/31(l)

i=vj=2 k=v;-2

vi+b

+ A Z cjl v+ZZG(l’S)f yi(s+v1=1),...,yu(s + v, — 1))

i=vj-2

= Uil (0p) + V(B ()

s=0

b
+ A,-lﬁ,(Z Gi(6,8)fi(n(s+vi=1)),...,yuls + vy, - 1))

for (y1,...,94) € X-

By assumptions (Gy) and (Gs) together with the nonnegativity of f;(y1,...
fact that (y1,...,¥.) € x, we can get ¥;j(S;(»1,...,9,)) = 0. By means of the same method,

we obtain ¢;(Sj(y1,...,y,)) = 0forj=1,2,...,n
On the other hand, we show that

min)el[Sl(Yh‘”,yn)(tl) L Sn()/lwn’yn)(tn)] = Y ”S(yl,’yn)”

for (y1,-..,y4) € x. In fact, by Lemma 2.6(iii), we have

min Sy

b+v; 3(v;j+b)
X ] ]
el —¢—1

> min ai(t)wi(y;) + min (£ (v
- bevj 3(vj+b) 1( l)wl(yl) by 307+8) ,3/( ;)¢>;()/;)
tel—" —g—] yel—L,—4—1

b+v; 3(vj+b)
X ] ]
jel—="—1

b
+ min AjZG,(tj,s)ﬁ(yl(s+ vi—1),..,9u(s + v,,—l))
s=0

> Mo llog |95 (yy) + Mg, 1811 (5))
b
+A Z YiGi(s + v — l,s)ﬁ(yl(s +v—1), L yu(s+ v, — 1))

s=0

> Yillellv () + Vil Bill ()

+ max ,ZG(t},s)f yi(s+v—1),.. (s+v,,—1))

t/'E [Uj—2,Vj+h]N"i

>%  max [a,-(t/)lﬁj(%‘) + Bi9;()

IS [Vj—2,\)j+b]NVi_2

A ZG( )i (i (s + vy — 1),...,y(s+v,,—1)):|

- y]HS(yl: ’yn

where ¥, = Moy, Mg, 13}, j=1,2,...,m

,¥n) and the

Page 8 of 14
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Let Yy = min{'}/lwu;yn;MoqruwMo(n,Mﬂl,...,Mﬁn}. Then we obtain

min [Sl(yl, Sy S0,y ()]

(t1,tn) €l

> mln) S Hy)t) + - +(tm1n) S y0) ()

= A[[Si00 oy + o+ Tl Suln o3|
= {S100 oyl + -+ [SuG ]}
=)/||S(y1;,yn)||

for (y1,...,94) € X-
Finally, by the definitions S; (j=1,2,...,n), it is clear that

Sj(yl,...,y,,)(lfj)zo, j:1,2,...}’1,(y1,...,yn)6)(.

So, we conclude that S : « — «. This completes the proof.

O

Lemma 3.2 Suppose that conditions (G1)-(Gs) hold, and there exist two different positive

numbers r1, 1y, 11 < Iy, such that

max ﬁ(yl: )yn)

0<(y1+-+yn)<r - 2nk A
min i
Wzi(y1+-"+yn)§r2f](yl In) 2 ni; B

Then the operator S has a fixed point (y,,...,5,) € k such that

n=< ”@1”?71)” <r.

Proof Let kg = {(¥1,..,94) € &, |1,...,9)|l < &}, Then, for any (yi,...

N1, ... yn)ll = r1, we have

5013

max o () V() + B (&) (v7)

tjE[Ujfz,Uj+b]N]772

b
+ AjZG,(tj,s)ﬁ(yl(s +v1=1),.. 0, (s + v, = 1))

s=0
vj+b vj+b
= § : i— v+2.yl(l z : dk v]+2y1
i=vj-2 k=v;=2

+ A max ZG( »S)fi yl(s+v1 1),...

tje["j—2"}j+b]N‘,j 2 ‘0

IA

vj+b vj+b
’”1|:Z "ﬁ v+2 T Z dk u+2:| + IAJznkA

i=vj-2 k=v;-2

r T
< 1 1

—_—t — = r—l = _”(yl""’y”)“'
n

“2n 2n n

2 Yn(s + v, — 1))

(3.6)

(3.7)

,¥n) € k and

Page 9 of 14
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That is,

||S()’1, ;yn tlw--’tn)”
= [ (S10m - 3@, -, Su Ot -,y (&) |
= ||Sl(y1¢---7yn)” tet ”Sn(yl)uwyn) ||

1 1
= oneom[ 4 Sl
= ||(J’1;~~,)’n)||

for (y1,...,yx) € 0Ky, .
On the other hand, for any (yy,...,y,) € k and ||(y1,...,¥u) || = r2, we have

1S5 - 9n) | = )W) + Byt ()

b
+ A Z Gj(tj,s)ﬁ(yl(s +v=1),.., (s +v, - 1))

s=0

>A,ZG( yl(s+v1—1) .,y,,(s+v,,—1))

> m1n

Vit
ger 4,2

,ZG( ,S)f; yl(s+v1 ),...,y,,(s+vn—1))

+b

> m1n Z G; (t,,s)

vith 3(v,
yel-7- Rhe

r 1
= ;2: Z”(ylt’yn)“

That is,

||S()/1, ;yn tlr'-wtrl) ”
= ” (S101 - s Y) (@) s S5+ s V) (En) )”
= ||Sl(y11~~~’yn)|| L ”S}’I(yl)""yn)”

1 1
] (] R (eeera]
= |10

for (y1,...,¥u) € dky,.
By the use of Theorem 2.9, there exists (¥;,...,¥,) € « such that S@;,...,¥,) = ¥;,...,,),
the proof is complete. d

Theorem 3.3 Suppose that conditions (L), (Ly) and (G1)-(Gs) hold. Then, for every X; €
(o, A;*),problem (1.1)-(1.2) has at least two positive solutions, where

A= ! sup 4 (3.8)
/ 21’1A1 r>0 max0§y1+»»~+yn§rﬁ(ylr-~~1yn). '

Page 10 of 14
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Proof Define the function

r

2}’114]' maxosyﬁ...wngrﬁ(‘yh cee ,yn) ’

pj(r) = j=1...,n,

we have that p; € C((0,00),(0,00)). In view of (L1), we see that lim,ﬁofv(%) = 0, that is,
/

. r _
hmr_>0 W = 0, and

r r
= < s
2nA; MAX0 <y, 4oty <r fiW1s - s Yn) T 20A(7)

0 <pj(r)

so lim,_,o p;(r) = 0.

In view of (L,), we see further that lim,_... p;(r) = 0. Thus, there exists ro > 0 such that
p;(ro) = max,.opj(r) = A;‘,j =1,...,n. Forany A; € (O,A;‘), by the intermediate value theo-
rem, there exist two points b; € (0,70), by € (r, 00) such that p;(b;) = p;(h,) = A;. Thus, we

have
Oy < -2 € [0,b1]
: 1,...,_)/” = ) y1+"'+yn »0115
/ 21’1)\1‘14}'
fly )< by € [0, by]
i lxwwyn = ) }/1+"'+J/n yU21].

On the other hand, in view of (L) and (L, ), we see that there exist ¢; € (0, b1), ¢z € (ba, 20)
such that

ﬁ(yl;"~,yn) > 1
Y1+t Yn - I’l)\j)/Bj,

Y1+ + 9, €(0,b1] U [byy, 00).

That is,

a

i ooy >
f]‘(Yly )’n) I’I)\IB]

, N+t yselyasal,

(&)
[OLoyn) = —=, n+---+yelyveal
Vl)\]'Bj

where y is defined by (3.5). An application of Lemma 3.2 leads to two distinct solutions
of (1.1)-(1.2) which satisfy

az|Gu-d)| b b=[6h- 5] s e
The proof is complete. O

Theorem 3.4 Suppose that (L3), (Ls) and (G1)-(G3) hold. Then, for any A; > A;‘*, equation

(1.1)-(1.2) has at least two positive solutions, where

r

— inf — , (3.9)
nBj r>0 mlnyr5y1+~~+)’n5rﬁ(y1’ vee ,yy,)

sk _
k/ =

and y is defined by (3.5).
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The proof is similar to Theorem 3.3 and hence omitted.

We now present an example to illustrate the sorts of boundary conditions that can be
treated by Theorem 3.3.

Example 3.1 Consider the following boundary value problems:

ATTy ) =—Mf0n(E+ =5 10 ), ¥t + 1))
ATy(t) = —hafan(t+ 5),0n(E + 3)),

5) )3 G)
()3 (3) B
)35
(5)- ) )

where b =20, v, = 10, vy = %, we take

(3.10)

(3.11)

A00y2) = 01490 + 049 iy =n +9)? + i(yl L
13 1 53 83 1 73
Wl()/l)__)’l(lo)—%}ﬁ( ) ¢1()/1)——}/1( ) —ﬁ%( >
1 3 1 15 1 5 1 11
Va(y2) = Ey2(§) - ﬁh( ), $2(y2) = ﬁ”(ﬁ) - %y2(5>,

fi.fa 1 [0,+00) x [0, +00) — [0, +oo) and y is defined on the time scale {—%, %,.‘., %},
y, is defined on the time scale {-1 2 2, .8y,

It is easy to get that (F;), (F2) hold. On the other hand, (G;) holds. Now, we see that (G,),
(G3) hold. In fact,

V1 +b v1+b

1 1 1 1 1
Z Cl ne2 t Z dk V42 = =<

1
12 25730 100 154
i=v1-2 k=v1-2

%) +b %) +b

1 1 1 149 1
2 ot ) b= 40 150 17 30 3400 4
i=vg—2 k=vp-2 ’

In addition,

v1+b

1 .
Z Civi+2 Gi(i,s)
i=v-2

1 1
= EGI(VLS) - gGl(Vl +4,s)

1 v{vl_l)(vl +h-s-1)D 1
T12 T(v)(vy + H)D 25

G(v1 +4,5)

Page 12 of 14
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1 VI D+ b—s— 10D 1 (o +4) 1D (py + b —s—1)017D
—12 Ty +b)m-b 25 T(v) (v + b)1-D

_ (i +b-s-1)"D i (v-1) l(vl +4)1D
C(vy)(vy + b)) [121 25

vy +b-s-1)"D 16

= -——>0.
n+H)" D 625
By using a similar method, we get
U1+b V2+b U2+b
Y A Gk =0, Y, ,Gis) >0, > dp o, 0Galk,s) > 0.
k=v1-2 i=vy—2 k=vy-2

Hence, (G,) holds.

Finally, we numerically calculate that

1

Yilon) = Eal(vl) - %051(\)1 +4)

_ 1 O NN e
2w -1 ! b+2!

1
250 (1 — 1)
~ 0.012.

|:(v1 +4)017D (i1 + 4)<V1-1>}

b+2

Similarly, we have

i(B) ~0.012,  ¢i(ar) ~0.00091, (1)~ 0.018;
Yaon) ~0.00769,  ¥2(B2) ~0.00315, () ~ 0.0104,

$>(B>) ~ 0.0038.

We obtain that each of y;(ej), ¥;(8)), ¢j(e;) and ¢;(B;) is nonnegative for j = 1,2. So,
condition (Gs) holds. Namely, f1, > and ¥1, 2, ¢1, ¢, satisfy the conditions of Theorem 3.3.

A computation shows that A} ~ 5.33 x 1073, A} ~ 1.357 x 1072 Then, for every A; €
(o, A;‘) (f=1,2), problem (3.10)-(3.12) has at least two positive solutions.
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