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Abstract

By using fixed point results on cones, we study the existence of solutions for the
singular nonlinear fractional boundary value problem

DYu(t) = (¢, ult), u'(t), “DPu(e)),

u@=au(l), O =bDPu(1),  U(0)=u"(0)=u""0)=0,
where n > 3isaninteger,a € (n-1,n),0<B<1,0<a<1,0<b<T'(2-B) fisan
L9-Caratheodory function, g > 0% and f(t,x,y, z) may be singular at value 0 in one
dimension of its space variables x, y, z. Here, €D stands for the Caputo fractional
derivative.

Keywords: boundary value problem; fixed point; fractional differential equation;
Green function; regularization; singular

1 Introduction

Fractional differential equations (see, for example, [1-6] and references therein) started
to play an important role in several branches of science and engineering. There are some
works about existence of solutions for the nonlinear mixed problems of singular fractional
boundary value problem (see, for example, [7—-11] and [12]). Also, there are different meth-
ods for solving distinct fractional differential equations (see, for example, [13-18] and [19]).
By using fixed point results on cones, we focus on the existence of positive solutions for
a nonlinear mixed problem of singular fractional boundary value problem. For the con-
venience of the reader, we present some necessary definitions from fractional calculus
theory (see, for example, [20]). The Caputo derivative of fractional order « for a function
f:10,00) = Ris defined by

t
‘Df(t)= —— / (t—s)"“"_lf(")(s) ds (n —-l<a<mn=|al+ 1).
I'(n—a)Jo
Let g > 1. As you know, L7[0, 1] denotes the space of functions, whose gth powers of mod-
ulus are integrable on [0, 1], equipped with the norm |[|x||, = ( fol |x(¢)|7 dt) 4. We consider
the sup norm

lx|l = sup{|x(t)| (te [0,1]}
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on the space C[0,1]. Also, AC[0,1] is the set of absolutely continuous functions on [0,1].
Let Bbe a subset of R3. A functionf : [0,1] x B— Ris called an L7-Caratheodory function
whenever the real-valued function f (-, x,y,z) on [0,1] is measurable for all (x,y,z) € B, the
function f(¢,,+,-) : B— R is continuous for almost all ¢ € (0,1], and for each compact
set U C B, there exists a function ¢, € L7[0,1] such that |[f(¢,x,,2)| < ¢,(t) for almost all

t €[0,1] and (x,y,2) € U. Consider the nonlinear fractional boundary value problem

Du(t) = f (¢, u(®), u'(8), ‘D’ u(?)), "
k
u(0) = au(l), #'(0) = b°DPu(1), u'(0) = u”(0) = u""P(0) =0,

where n > 3 isaninteger,a € (n—1,n),0<B<1,0<a<1,0<b<T'(2-B)and g > ﬁ.\xfe
say that the function « : [0,1] — R is a positive solution for the problem whenever « > 0
on [0,1], °D*u is a function in L?[0,1], and u satisfies the boundary conditions almost
everywhere on [0, 1]. In this paper, we suppose that f is an L7-Caratheodory function on
[0,1] x B, where B = (0, 00) x (0,00) x (0, 00), there exists a positive constant 7 such that
m < f(t,x,y,z) for almost all ¢ € [0,1] and (x,y,z) € B, f satisfies the estimate

ft%,9,2) < hx) + r(lyl) + k(12l) + ¥y Ow(x, Iy], 12]),

where &, 1,k € C(0,00) are positive and non-increasing, y € L7[0,1] and w € C([0,00) x
[0,00) x [0,00)) are positive, w is non-decreasing in all its variables, fol hi(s*)ds < oo,
fol r(s* 1) ds < 0o, fol k1(s*P) ds < 00, and lim,, , o w = 0. Since we suppose that prob-
lem (x) is singular, that is, f(¢,x, y, z) may be singular at the value 0 of its space variables x,
¥, z, we use regularization and sequential techniques for the existence of positive solutions

of the problem. In this way, for each natural number 7 define the function f;, by

fn(tr XY Z) :f(t’ X; (x)’ X; ()’): X; (Z))

for all t € [0,1] and (x,y,z) € R?, where

=

<

v
X

S =
<
N
X |-

It is easy to see that each f; is an L7-Caratheodory function on [0,1] x R3, m < f,(¢, %, ¥, 2),

fult,x,9,2) < h(%) + r(l) + k<l> + y(t)w(l +x,1+ |y, 1+ |z|)

n n

and

fult,%,9,2) < h(x) + r(|y|) + k(|z|) + y(t)w(l +x,1+ |y, 1+ |z|)

for almost all £ € [0,1] and all (x,y,z) € B. In 2012, Agarwal et al. proved the following
result.
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Lemma 1.1 [7] Let p € L9[0,1] and 0 < t; < t, < 1. Then we have |f0t(t —8)*2p(s)ds| <
()2 pll, for all t € [0,1] and

%) 5]
/ (s — 5" p(s) ds - / (6 - 9)"2p(s)ds
0 0
4 (- 1) — A\ P (t, — 1)\ P
5(%) ||p||,,+( 2d1 ) llollg

whered = (« - 2)p + 1.

2 Main results
Now, we are ready to investigate the problem in regular and singular cases. First, we give

the following result.

Lemma 2.1 Let y € C[0,1]. Then the boundary value problem

‘D*u(t) =y(t) (te(0,1)),

u(0) = au(1), #' (0) = b°DPu(l), u”(0) = u”(0) = u"(0) =0

is equivalent to the fractional integral equation u(t) = fol G(t,5)y(s) ds, where

L A=Y@ =) =b)A -9 + (@2 pla+ - ar)l -5 "
(I-a)(e)T(a-B)I'(2-B)-b)

whenever 0 <s <t <1and

Ta-B)I2-B)-b)1-s)*1+bI' ()T (2-B)a+t—at)l—s)* B
(I-a)'(e)(e - B)T(2-B)-Db)

G(t,s)= 2

whenever 0 <t <s<1.

Proof From °D*u(t) = y(t) and the boundary conditions, we obtain

M//(O) t2 u(n—l) (0) .

w(t) = 1Y) + u(0) + U/ ()t + — =8+ 4 (n-1)!

1 t
= — / (t —5)*Yy(s) ds + u(0) + u' (0)z.
T'(e) Jo
By properties of the Caputo derivative, we get
DPu(t) = 1*Py(t) + °D* (u(0) + 4/ (0)¢)

~ 1 ¢ apel )
_—F(a—ﬁ)/o(t s) y(s)ds+F(2_ﬁ).
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Thus, u(l) = ﬁ fol(l - 5)*7Ly(s)ds + u(0) + u'(0) and

cnp ) ﬂl s)d u'(0) )
b = TTe-p)

By using the boundary conditions #(0) = au(1) and #'(0) = b°D?u(1), we get u(0) =
a(%a) fol(l —5)%7Ly(s) ds + u(0) + u/(0)) and

’ _ aﬁl I/t/(O) )
v (wa /3)/ T g

Hence, #/(0) = rgg(;ﬁ fo (1 —5)*P-1y(s)ds and

_ a ! a-1
u(O) = mﬁ (1 - S) y(S) ds

. abT'(2 - B)
(I-a)l(a-p)'2-p)-

1

_ a—p-1
b)/o 1-s) y(s) ds.
Thus,

u(t) = ﬁ /Ot(t —8)"7Ly(s) ds + u(0) + u' (0)t

) /f((r —9 Al =PI @-p)- D5
o U T "0 arera-pre-p-5
b ()2 -B)a+t—at)l —s)"“ﬂ‘1> (s)ds
(- a)r @ o~ A2~ B)-b)
) /1 ( AT (o= BT (2~ B) - )1 — )]
(=@l @ HTC—-F)-b)
br(a)T(2=B)a+t—at)(1 —s)* P
(- @M@ -AT@-p) b )y )5

1
= / G(¢,5)y(s) ds.
0
This completes the proof. d
F(a=p)('(2-B)=b)+bT" ()I'( abl'(2-B)
Put k; = Tl @ P TR p- b) ) and ky = DT B It is easy to check that the

Green function G in the last result belongs to C([O 1] x [0, 1]) G(t,s) > 0 for all (¢,5) €
[0,1) x [0,1),

Gt s) <ki(1-5)*P1<1 and G(zs) > ky(l —s)* P71

for all (¢,s) € [0,1] x [0,1]. Consider the Banach space X = C*[0,1] with the norm ||x|, =

max{|lx|, ||¥'||} and the cone

P= {xeX:x(t)anndx’(t)zOforallte [0,1]}.
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For each natural number #, define the operator Q, on P by

1
(Qu)0) = [ 66,505,609

Now, we prove that Q, is a completely continuous operator (see [2]).
Lemma 2.2 The operator Q, is a completely continuous operator.

Proof Let x € P. Then, °Dfx € C[0,1] and DPx > 0. Now, define p(t) = f, (¢, u(t), u/(t),
*DPu(t)) for almost all £ € [0,1]. Then p € L9[0,1] and p(t) > m for almost all £ € [0,1]. By
using the properties of fractional integral I¢, it is easy to see that Q,x € C[0,1], (Q,x)(¢) > 0
and

1 t 2
%) (8) = —— | (t—9)*" d.
Q0= s | (e=orow)ds
for all £ € [0,1]. This implies that (Q,x)" € C[0,1] and (Q,x) > 0 on [0,1]. Consequently,
Q,, maps P into P. In order to prove that Q, is a continuous operator, let x,, be a convergent

sequence in P and lim,, ., x,, = x. Thus, limmHoox(y’y,)(t) = x9(¢) uniformly on [0,1] for
j=0,1. Since

‘DPx(¢) =

Lod [ b
Ti_B) dt/o(t s) (x(s) x(O))dS

1 t
_ -B .7
“Ta-p) /0 (t—s)7"x'(s)ds,

we get [°DPx,,(t) — °DPx(t)| < ”ffﬁ:j;)” fot(t —s)Pds

1972 =1l 5

/F(ﬁ)
Zm_on [0,1], and so ||°DPx,,| <

and lim,,, o *DPx,,(t) =

IA

¢DPx(t) uniformly on [0,1]. Also, we have |°DPx,,(t)| < )
ll2750 I
) - Now, put

Pm(t) = fu(£:%m(8), %,,(£), ‘DPx,, (1)) and  p(t) = f (£, %(2), %' (£), “DP x(2)).

Then, it is easy to see that lim, .o 0 (£) = p(¢) for almost all £ € [0,1], and there exists
B € L1]0,1] such that 0 < p,,(t) < B(¢) for almost all £ € [0,1] and all m > 1. Since f, is an
Li-Caratheodory function, {x,,} is bounded in C*[0,1], and {*D”x,,} is bounded in C[0,1].
Therefore, lim; o0 (Qux)(t) = (Qux)(t) uniformly on [0,1]. Since {p,,} is L7-convergent
on [0,1],

1 t

lim (Qux) (8) = ———= lim [ (t—5)*"pp(s)ds = (Qux)'(2)
M 00 F(a—l) m—00 [

uniformly on [0, 1]. Hence, Q,, is a continuous operator. Now, we have to show that for each

bounded sequence {x,,} in P, the sequence {Q,x,,} is relatively compact in C[0, 1]. Choose

a positive constant k such that [|x,,|| < k and ||/, || < k for all m. Note that [|°DPx,,| <

1 1 a1
i and | [o(¢ = )" pu(s)ds| < (fy (¢ = 2P ds)? (fy lom(s)|7ds)1 < (5)7 | pmlly for all
m, where d = (« — 2)p + 1. But we have

181l
I'(a)

1 1
0 < (Qum)(¢) = /0 Glt,9)om(s) ds < /0 Glt,5)B(s) ds <
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and

0 < (Qun) (8) = ﬁ /0 (= 92 p(s) ds

1 ! a2 1 1 1%
< F(a_l)/o (£ - 5)*2B(s)ds < l"(a—l)((oz—Z)p+1) 181,

for all £ € [0,1] and . This implies that {Q,x,,} is bounded in C*[0,1]. Also, we have

| (Qum) (£2) — (Quxm) (t1) |

Y2 pouls) dis — / 't = 9% o) dis
0

( 0

lpmllg ((tf+(r2—t1)d_tg)?a . ((tz_tl)d);>
[a-1) d d

1Bl ((tfu(tz—tl)d_tg)?a+<(t2_t1)d);)
o —1) d d

IA

forall0 <t <t, <1, whered = (o —2)p + 1. Hence, {(Q,x,,)'} is equicontinuous on [0, 1].
Thus, {Q,x,,} is relatively compact in C1[0,1] by the Arzela-Ascoli theorem. Hence, Q,, is

a completely continuous operator.

We need the following result (see [2] and [21]).

Lemma 2.3 [21] Let Y be a Banach space, P a cone in Y and 2 and Qy bounded open
balls in Y centered at the origin with Q) C Q. Suppose that T : PN (Q2,\Q) — P is a
completely continuous operator such that || Tx|| > ||| for all x € PN 0 and || Tx|| < ||x||

forall x e PN 3y. Then T has a fixed point in PN (Qy\21).

Theorem 2.4 For each natural number n, problem (%) has a solution u, € P such that

", > Mké’ u(8) > mt"’ and *DPu,,(t) > ”‘t s forallt € [0,1].

)3+1

Proof Let n > 1. It is sufficient to show that Q,, has a fixed point u, in P with the desired

conditions. In this way, note that

1
(an)(t):/0 G(t,s)ﬁ,(s,x(s),x’(s),CDﬂx(s)) ds

1 1
k:

Zrnf G(t,s)dsZm/ ko(1—5)* P lds = mt ,

0 0 B

o —

and 50 [ Qualls > [|Qu(¥)l| = 242 Put ©; = {x € X : |l < Mkz} Then [|Quxllx = lIx[l« for

afi
allxe PNOQ. If v, :h(%) +r(n) +k(n), then

1
|(an)(t)| < ; G(&, 8)fu(s, u(s), u’(s),CDﬁu(s)) ds

1
< / |G(t,9)|(va + v ()w(1 + |x(s)
0

‘x’(s)|,1 + ‘CDﬁx(s)’)) ds

<ki(vo+ w(l+ |lxll,1 + [«

DPx|)lylh)

Page 6 of 12
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and

Q) ®)
— ; ' _ o2 / ¢
- ‘F(Ot _ 1) A (t-s) n(s,x(s),x (s),“D x(s)) ds

’x/(s)|, 1+ ’CDﬁx(s)’)) ds

! a-2
< F(a—l)/o (t-s) (V,,+y(s)w(1+

1 ol
(V” rw(l+ [lxll,1+ [«
a-1

<
" TI'a-1)

CDﬂxH)/O (t—s)“zy(s)ds>

forallx € Pand t € [0,1], because w is non-decreasing in all its variables. Since |lx|| < ||x]l.,

1] < el [°DPx] < 1 < Bl ang

t 1/p
/o(t—S)“‘zy(S)dSS($> v Il

where d = (o — 2)p + 1, we have

[l
1) <k (Vn + W(l + el L+ %o 1+ === )yl

r'(B)
and
1(Qu)'|
1 Vi ll]]. 1
= 1 *71 >k1 1 d r
S 1)( +w( + a1+ ] F(ﬁ))( 12"l
Hence, [ Quxll« < M(Z2% + Nw(l + [|x]l., 1+ %[l 1 = max{||y |1, U/d)"? x
lylly} and M = max{l_ 7y k1}. Since
1
Iim - wl+v,1+v,1+v)=0
V00 Y

there exists a positive constant L such that

M( Y +Nw<1+v,1+v, )) <V
a-1 r'(B)

for all v > L. Thus, [|Q.x|« < ||x||« for all x € P with |lx||, > L. Put 2, = {x € X : ||x]l« < L}.
Then [|Qux||« < ||x||« for all x € P N 3Q2;. By using last result, Q, has a fixed point u, in
P01 (Q:\ Q). But ,, = (Quu,)(£) = 2% and

(Qu)'(8) = ﬁ /0 (&= 5)"fu(s,%(5),x'(5), ‘DP x(s)) s

"o mtal
/(t—s) ds = )

_l"(a 1)

Page 7 of 12
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for all £ € [0,1] and x € P. Since fot(t s)Ps*ds = r(a ﬁlﬂfi e p,
Dy, (¢) = / (t—s)"Pu(s)ds
1“(1 B)
m mt*P
>—— | t-s)Ps"ds= ———
F(Ot)F(l—ﬁ)./o Fla-B+1)
for all ¢ € [0,1]. This completes the proof. d

Now, we give our last result.

Theorem 2.5 Problem (x) has a solution u such that u(t) > '"ké, u'(t) >

DA u(t) > for all t € [0,1].

l"ot ﬂ+1

Proof By using Theorem 2.4, one gets that for each natural number #, problem (x) has a
solution u, € P with the desired conditions. Thus, 4(u,(t)) < h(m—kz) r(lu,@®)]) < r(m‘a_ )

and k(|°DPu,(t)]) < k( 'Ztaﬁfl ) for all £ € [0,1] and #. Also, we have ||*DPu,,|| < H”"” . Sup-

pose that

mks mt*! mt*P
S :h<a—ﬂ) ”( w) > +k<r(a—ﬂ+1>>‘

Then

m < fu(t un(8), 1, (£), “DP us, (£))

<S(&) +yOw(L + llunl,

‘D)
il
ol F(ﬁ))

for almost all £ € [0,1] and #. Since 0 < G(t,s) < ki, we get

<S@t) + y(t)w(l + o + |22

0 < u,(t)

= /1 G(t, $)f (s, un(8), 1, (5), °DP ,(s)) dis
0

1
2201l

<k /Ss ds+w<1+ Uy |lso 1+ ||t |55 1 + ) )

1(0 (s) ll 4l ll a4l ' (8) Iy llx

and

0 <u(¢)

1 ! a—2
Em(/o (t—5)*""S(s)ds

t
+w(1+ a1+ gl 1 + ”;‘:;';)/0 (t—s)“-zws)ds).
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We show that fot(t —5)*25(s) ds is bounded on [0,1]. Let d = (o — 2)p + 1. Note that

/l(t—s)a‘2h<m—k2) ds
a-B
k k:

(am jﬂ) ; —8)*2ds= a%h((xm ?3) =111 < 00,
S
(e )

1/p 1—-
( ) (R

t S)ot 2

and

w2 ms* P
[ )
1, _ @i [ (T T I
:G) p(F(fx mﬂ+l)>< 2 </ e kq(ga—ﬂ)ds> q=:n3<oo.
0

Thus, fot(t —5)*"2S(s)ds < n for all ¢ € [0,1], where 5 = n; + n2 + n3. Also, we have

1
/S(s)ds
0
1 X Fla)\a1 ()«
< h(m<2>+< a) / : r(s*t)ds
a—-1 \a-p8 m 0

+1 )%
+ (M> / 7D k(sa_ﬁ) ds < 00.
0

1

m

Since

1
ll 24 |l
U, = k /Ss ds+w<1+ U |lso 1+ ||thn 5o 1 + > >
llzen 1(0 (s) llul llual ' (8) 71

and

I < = (e w(1t gl d o faggll1 + 2202 (2 1/pnyn
n _F(Ol—l) n s nllxo 1_,(’3) 4 q

we get |luyll < M(® + Kw(l + |uylls 1 + [t 1 + %)) for all n, where ® = max{n,
fl S(s)ds}, K = max{||y||1,(l)“p||y|| } and also M = max{k, I‘(a;l} On the other hand,
there exists a positive constant L such that M(® + Kw(l + v,1 + v,1 + )) < v for all
v > L, and so ||uyll« < L for all n. Thus, for almost all ¢ € [0,1] and all n, we have
St un(2), 4, (2), °DPu,, () < R(t), where

R(t) = S(¢) +V(t)w<1+L 1+L,1+ %)

Page 9 of 12
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Note that R € L7[0,1]. We show that {i]} is equicontinuous on [0,1]. Let p,(t) =
St (), (£),°DPu,(t)) and 0 < t; < t, < T. Then

|u,(82) — u, (1)

= ﬁ ‘/0 (ta— S)a_zpn(s) ds — /0 l(tl - S)a—an(S) ds

r
0 v v t »
< M(a-1) </0 (=957 =(t2—9) ),On(s)als+/ﬁ (& =) pn(s)ds)
1 fn v s t .
*Te-D (/0 ((t = 9)%7 = (2 — 5)**)R(s) ds + /tl (ty — )" 2R(s) ds),
and so

|M§4(f2) - M;(t1)|

_ IRy ((d+@-n) g\ (G -n)
—r(a—l)(( d ) +( d ))

Hence, {u)} is equicontinuous on [0,1]. Since {u,} is a bounded sequence in C[0,1], by

using the Arzela-Ascoli theorem, without loss of generality, we can assume that {u,} is

convergent in C[0,1]. Let lim,;,, o, %, = u. Then, it is easy to see that *Dfu,,(¢) = ﬁ fot(t—
)P u! (s)ds, and °DPu,,(t) uniformly converges to ﬁ fot (¢ =s)"Pu/(s)ds on [0,1]. Thus,

°DPu,, converges to “DPu in C[0,1]. Hence,
lim f, (&, un(8), u,(8), “DP u,(8)) = £ (£, u(t), u (£),°DP u(t))

for almost all ¢ € [0,1]. Since R € L9[0,1], by using the dominated convergence theorem

on the relation
1

(t) = f Glt, 5V (5, 140(5), 1 (5),“DF () ds,
0

we get u(t) = fol G(t,s)f (s, u(s),u/(s),°DPu(s)) for all ¢ € [0,1]. This completes the proof.
O

2.1 Examples for the problem
Example 2.1 Let py, py € L7[0,1], p1(¢) > m > 0 for almost all ¢ in [0, 1]. Suppose that

1

1
X3 — A

Ftx32) = pi() + NI

+ |p2(t)‘(x% +y% +z%)

<=

.Js|>—| =
N

4=|>-A| =

on [0,1] x B, A = (au(l))%, h(x) = —=— whenever x5 — 2 > 0 and /(x) = 0 whenever x5 —
x3 )

<0, r(x) = L, k(x) = X, wix,y,2) = (x% +y% e 1) and y(¢) = p1(¢) + | 02(¢)|. Then
1 1

x x
Theorem 2.5 guarantees that problem (x) has a positive solution.
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Example 2.2 Consider the nonlinear mixed problem of singular fractional boundary
value problem

1 1
+ +

—p wW@®F (Diu(r)

”D%u(t):t+1+

JEETE e

i

u(t)

L2 + W OF + (DEuw)* +1)

via boundary value conditions (0) = iu(l), W (0) = %(CD%)M(I) and #/(0) =u"(0)=--- =
u"(0) = 0, where p = (1)u(1))}. Let

1 1
1 + 1 + 1 1
u®)s —p uw@®)r (“Diu(t)?

F(tul®),u®),D3) =t +1+

+ 2(u(t)% + (0T + (CD%M(L‘))% +1).

Then the map f is singular at ¢ = 0, and f satisfies the desired conditions, where /(x) = ——

x3-p
whenever x5 — p > 0 and /4(x) = 0 whenever x5 — p<0,rix) = L%, k(x) = L%, w(x,y,z) =
X

X
x3 +y% L L) =t+1>1=m, ps(t) =2 and y(¢) = p1(¢) + | p2(¢)|. Then Theorem 2.5
guarantees that this problem has a positive solution.

3 Conclusions

One of the most interesting branches is obtaining solutions of singular fractional differ-
ential via boundary value problems. Having these things in mind, we study the existence
of solutions for a singular nonlinear fractional boundary value problem. Two illustrative
examples illustrate the applicability of the proposed method. It seems that the obtained
results could be extended to more general functional spaces. Finally, note that all calcula-
tions in proofs of the results depend on the definition of the fractional derivative.
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