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Abstract

In the present work, we study the qualitative behavior of two systems of higher-order
rational difference equations. More precisely, we study the local asymptotic stability,
instability, global asymptotic stability of equilibrium points and rate of convergence
of positive solutions of these systems. Our results considerably extend and improve
some recent results in the literature. Some numerical examples are given to verify our
theoretical results.
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1 Introduction

Recently, studying the qualitative behavior of difference equations and systems is a topic of
great interest. Applications of discrete dynamical systems and difference equations have
appeared recently in many areas such as ecology, population dynamics, queuing problems,
statistical problems, stochastic time series, combinatorial analysis, number theory, geom-
etry, electrical networks, neural networks, quanta in radiation, genetics in biology, eco-
nomics, psychology, sociology, physics, engineering, economics, probability theory and
resource management. Unfortunately, these are only considered as the discrete analogs
of differential equations. It is a well-known fact that difference equations appeared much
earlier than differential equations and were instrumental in paving the way for the devel-
opment of the latter. It is only recently that difference equations have started receiving the
attention they deserve. Perhaps this is largely due to the advent of computers where differ-
ential equations are solved by using their approximate difference equation formulations.
The theory of discrete dynamical systems and difference equations developed greatly dur-
ing the last twenty-five years of the twentieth century. The theory of difference equations
occupies a central position in applicable analysis. There is no doubt that the theory of
difference equations will continue to play an important role in mathematics as a whole.
Nonlinear difference equations of order greater than one are of paramount importance
in applications. It is very interesting to investigate the behavior of solutions of a system
of higher-order rational difference equations and to discuss the local asymptotic stability
of their equilibrium points. Systems of rational difference equations have been studied by
several authors. Especially there has been a great interest in the study of the attractivity
of the solutions of such systems. For more results on the qualitative behavior of nonlinear
difference equations, we refer the interested reader to [1-19].
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Zhang et al. [20] studied the dynamics of a system of rational third-order difference

equations

Xn-2 yn—Z

Xnil = 5 Yo 1= —————————-
B + yn}’n—lyn—Z A + XpXp-1Xn-2

Din et al. [11] investigated the dynamics of a system of fourth-order rational difference
equations

AXy-3 A1Yn-3

= ’ y}’H-l = .
B+ VYnYn-1Yn-2Yn-3 B1 + ViXpXy_1%p-2%4-3

Kn+l

To be motivated by the above studies, our aim in this paper is to investigate the qualitative
behavior of the following (k + 1)th-order systems of rational difference equations:

AXy_k A1 Yn-k

Y Ynrl=——— n=0,1,..., (1)
B+y l_l,io Yn-i BL+n ]_[f«;o Kn—i

Xn+l =

where the parameters o, 8, v, @1, B1, y1 and initial conditions xg, %_1, ..., %_, Y0, ¥—1,---» Y-k

are positive real numbers, and

AYn—k A1 Xn—k

’ Yne1l = —, n=0,1,..., (2)
b+c ]_[f=0 KXi bi+q Hf:o Vi

Xn+l =

where the parameters a, b, ¢, ay, by, ¢; and initial conditions xo,%_1,...,%_, Y0,Y-1,---» Y-k
are positive real numbers. This paper is a natural extension of [11, 20, 21].
Let us consider (2k + 2)-dimensional discrete dynamical system of the form

Kn+l :f(xmxn—l; cvsXn—toYnrs Yn-15- .- ;yn—k), (3)

Ynl = g(xrnxn—lx et Ym Yn-1s--- ;yn—k)y n=0,1,...,

where f : I¥*1 x J*1 — [ and g : I**! x J&*! — J are continuously differentiable func-
tions and I, / are some intervals of real numbers. Furthermore, a solution {(x,,.)}5c_;
of system (3) is uniquely determined by initial conditions (x;,y;) € I x J for i € {-k,—k +
1,...,-1,0}. Along with system (3), we consider the corresponding vector map F =
(% %15+ Xutr & V> Yn1s - - -» Yuk)- An equilibrium point of (3) is a point (x,y) that
satisfies

x=fX%% ..., %9.5...,%),

Y=8F%....%9.%...,5).
The point (%, ) is also called a fixed point of the vector map F.

Definition 1 Let (x,y) be an equilibrium point of system (3).
(i) An equilibrium point (¥, y) is said to be stable if for every ¢ > 0 there exists § > 0
such that for every initial condition (x;,%;), i € {-k,—k +1,...,-1,0},
I Z?z_k(xi,y,-) — (%, y)|l < & implies ||(xy, y,) — (%, y)|| < € for all m > 0, where || - || is
the usual Euclidian norm in R2.
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(i) An equilibrium point (x,7) is said to be unstable if it is not stable.
(iii) An equilibrium point (x,) is said to be asymptotically stable if there exists n > 0
such that || Z?z_k(x,',yi) — (X, )|l < nand (x,,y,) — (x,) as n — oo.
(iv) An equilibrium point (¥, ) is called a global attractor if (x,,y,) — (%,7) as n — oo.
(v) An equilibrium point (¥, ) is called an asymptotic global attractor if it is a global
attractor and stable.

Definition 2 Let (x,y) be an equilibrium point of the map

F=(f, %0 %n-15 -« »%n—k> & Vs Y15+« +» Y=k )»

where f and g are continuously differentiable functions at (x,y). The linearized system of
(3) about the equilibrium point (¥,y) is

Xn+1 = F(Xn) = F]Xm
where
Xn

Xn-1

Xn—k
In
yn—l

YVn—k
and Fj is the Jacobian matrix of system (3) about the equilibrium point (¥, y).

Lemma 1 [22] Assume that X,,1 = F(X,,), n=0,1,..., is a system of difference equations
and X is the fixed point of F. If all eigenvalues of the Jacobian matrix Jr about X lie inside
an open unit disk |1| < 1, then X is locally asymptotically stable. If one of them has norm
greater than one, then X is unstable.

Lemma 2 [23] Assume that X,,1 = F(X,,), n=0,1,..., is a system of difference equations
and X is the equilibrium point of this system. The characteristic polynomial of this system
about the equilibrium point)_( is P(A) = ag\* + axA" " + -+ + a1k + ay, = 0, with real co-
efficients and ay > 0. Then all roots of the polynomial P(1) lie inside the open unit disk |A|
ifand only if Ay >0 for k =0,1,..., where Ay is the principal minor of order k of the n x n

matrix
a az as ... 0O
ayg dz aa 0
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Let us consider a system of difference equations
X1 = (A +B(n)X,, (5)

where X, is an m-dimensional vector, A € C"*" is a constant matrix, and B : Z* — C™*"

is a matrix function satisfying
[Bon] =0 (©)

as n — 0o, where || - || denotes any matrix norm which is associated with the vector norm

||(x,y) || = /a2 +y%

Proposition 1 (Perron’s theorem)[24] Suppose that condition (6) holds. If X,, is a solution
of (5), then either X,, = 0 for all large n or

. i
p = Tim (I1X,])" )
n— 00
exists and is equal to the modulus of one of the eigenvalues of matrix A.

Proposition 2 [24] Suppose that condition (6) holds. If X,, is a solution of (5), then either
X, = 0 for all large n or

X,
0= lim ” n+1|| (8)
=00 || Xl

exists and is equal to the modulus of one of the eigenvalues of matrix A.

2 Onthesystemx,, = — 20k y = _ %ok

B+y T Yn-i Br+y1 T Xn-i

In this section, we shall investigate the qualitative behavior of system (1). Let (¥,%) be an
equilibrium point of system (1), then for & > 8 and «; > B, system (1) has two positive
equilibrium points Py = (0,0), P; = (A, B), where A = (”‘1)/1;‘31)% and B = (O’V;ﬁ)ﬁ.

To construct the corresponding linearized form of system (1), we consider the following

transformation:
(xnr Xn-13%n-2r++ 3 Xn—krYnrYn-15--- :yn—k) = (f:fl: v :fn—k:g’gl’ v rgn—k): (9)
Xy 1 Yn—k
where f = — 201k £ =, fH =Xu1, o) fuk = Xn_ko1) and g = — kg =
f B+y ni‘(:gyn—i’f n’f n= ,f;q k n-(k-1) g Bi+r1 n{‘(:()xn—i’ & I

8 =Yn-1s +-+» G-k = Yn—(k-1). The Jacobian matrix about the fixed point (x,y) under the
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transformation (9) is given by

0 0 0 A B B B B

1 0 0 0 0 O 0 0

- O 0 .1 00 0 .. 0O

Fi(x,y) = ,

c ¢c ... cco o0 .. 0D

0 0 0 01 O 0 0

0 0 0 0 0 O 1 0
whereA = —%— B=-— oy C=- anE and D= —%
B+yyk+t’ (B+yy*1)2? (BL+y13K+1)2 Brnaktl

Theorem 1 Let o < B and oy < By, then every solution {(x,,y,)} of system (1) is bounded.

Proof 1t is easy to verify that
o m+1
Ofxnf(g> Xy ifn=(k+1)m+1,

m+1
0596,,5(%) X1k ifn=(k+)m+2,

m+1
0<x,< (—) x1 ifn=(k+1)m+k,

m+1
0<x,< (—) xo ifn=(k+1)m+(k+1),

and
m+l
(238 .

0<y, < (—) yx fn=(k+1)m+1,

m+l
05)’;15((1—1) yik fn=(k+1)m+2,

m+1
05%5(%) ya ifn=(k+)m+k,
1

m+1
0<y, < (%) o ifn=(k+lm+k+l.
1

Take &, = max{x_,...,%0} and 8, = max{y_g,...,¥}. Then 0 <x, < &; and 0 <y, < §, for
alln=0,1,2,.... O

Theorem 2 The equilibrium point Py of system (1) is locally asymptotically stable.

Page 5 of 23
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Proof The linearized system of (1) about the equilibrium point (0, 0) is given by

Xn+1 = F[(O: O)Xny

where

and

0 0 0 % 0 O 0 O
1 0 0O 0 0 O 0 O
0 0 0 0 O 0 O
E = F;(Py) = (ej)2k+2)x (2k+2) = o
0 0 0O 0 0 O 0 B
0 0 0O 0 1 O 0 O
0 0 0O 0 0O O 1 O

Let A1, Ay, ..., Aokso denote the 2k + 2 eigenvalues of matrix E. Let D = diag(dy, da, . . ., dak+2)
be a diagonal matrix, where di = diy2 = 1, diym = divoem =1 —me, 1 <m < k, and

cwin LI @) 1, @
mff 5105}

Clearly, D is invertible. Computing DED™!, we obtain

0 0 .. 0 “ddl 0 0 .. 0 0
dod* 0 0 0 0 0 0 0
0 0 ... drad! 0 0 0o .. 0 0
-1 _ k+1G
DED™=1 4 o ... o0 0 0 0 0 “ i adat,
0 0 0 0 disdl, 0 0 0
0 0 .. 0 0 0 0 ... dyondy), 0

We obtain the following two inequalities:

0<di<di<---<dy, 0 < dogsa < dogs1 < -+ < dpus,
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which implies that

dzdl_l <1, dgdgl <1, vy dk+1d]:1 <1,
and

dk+3d,:}_2 <1, dk+4d,:}_3 <1, ooy d2k+2d£]1+1 <1
Furthermore,

o o a 1

—did} = 2dt == <1,

ﬂ 1/(+1 ,3 I(+1 ﬂl_ke
and

N ndty = gt =L

B k+2%42) 42 B 2k+2 Bi1-ke .

It is a well-known fact that E has the same eigenvalues as DED™!. Hence, we obtain

max |A,l
1<m<2k+2
= [DED7|
-1 -1 -1 o * ., ! -1
= max{dZdl yeees dk+1dk , dk+3dk+2’ ceey d2k+2d2k+1’ Edldkﬂ, ﬁ—dk+2d2k+2} <1
1
Hence, the equilibrium point Py of system (1) is locally asymptotically stable. O

Theorem 3 The positive equilibrium point Py of system (1) is unstable.

Proof The linearized system of (1) about the equilibrium point P; is given by

Xn+1 = F](Pl)Xn;

where
Xn
Xp-1
Kk
X,=|""
Yn
yn—l
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and
0 O 0O 1 L L L L
1 O 0O O 0 O 0 0
0 O 1 0 0 O ... 0O
Fy(Py) = )
M M M M 0 O 0 1
0 O 0O 0 1 o0 0 0
0 O 0O 0 0 O 1 0

1 k 1 k
1 T (a_p) FiI 1 () FH (g py) o -
where L = _(%)m M and M = —(%)kn W The characteristic

polynomial of F;(P;) is given by

P(h) = A2 LMK+ 222 4 R (ke + 1)

AT (k=DM 1] 225 (10)

From (10), we have

-LM -3LM -5LM ... 0
1 —2ILM -4LM ... 0
Apkxkszy = | 0 LM =3LM ... 0 . (11)
0 0 0 . 1-ILM

It is clear that not all of Apso)x(2k+2) > 0. Therefore, by Lemma 1, the unique positive
equilibrium point (x,7) = ((a%ﬁl)ﬁ, (%)ﬁ) is unstable. O

Theorem 4 Let o > 8 and oy > p1, and let {(x,,y,)} be a solution of system (1). Then, for
i=0,1,...,k, the following statements are true:

() If o) € (0, (42 R1) x (52)%1, 00), then

o (0(%5)7) < ((57) )
1

(i) 1f (e i) € (2) %

Vi

,00) X (0,(%)ﬁ), then
one((52) )+ o527
N 14

Proof It follows from induction. O

Theorem 5 Let o < B and oy < B, then the equilibrium point Py of system (1) is globally
asymptotically stable.

Proof For a < # and «; < B, from Theorem 2, Py is locally asymptotically stable. From
Theorem 1, every positive solution (x,,y,) is bounded, i.e., 0 <x, < and 0 <y, <v for
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all n=0,1,2,..., where u = max{x_g, X_41,...,%_1,%} and v = max{y_g, Y_k+15---»¥Y-1,Y0}-
So, it is sufficient to prove that {(x,,y,)} is decreasing. From system (1), one has

Xy < AXp—k

B+y Hf:oyn—i - B

Xp+l = <Xn—k-

This implies that X (k1)1 < X(ks1)n—k AN K1)+ (k+2) < X(k+1)n+1. Hence, the subsequences

(X1} {Xr1yne2}s cees (X 1ynek}s {Xksn+ k1) }

are decreasing, i.e., the sequence {x,} is decreasing. Also,

oYk < Y-k

B+yIliomn: B

Yn+1 = < Yn-k-

This implies that Y1y < Y-k and Yer1)ns(k+2) < Yiks1)n+1. Hence, the subsequences

svna1) Yksneahs ooy rnnskh Yknrn)}
are decreasing, i.e., the sequence {y,} is decreasing. Hence, lim,_, o %, = lim,,_, o0 ¥, = 0. [J

Theorem 6 Leto > f and oy > By. Then, for a solution {(x,,y,)} of system (1), the following
statements are true:

(i) Ifx, — 0, then y, — oo.

(i) Ify, — 0, then x,, — oo.

2.1 Rate of convergence
We investigate the rate of convergence of a solution that converges to the equilibrium
point Py of system (1).

Assume that lim,_, %, = ¥ and lim,_, %, = y. First we will find a system of limiting
equations for the map F. The error terms are given as

k k
Xpsl —X = ZAi(xn—i -X)+ ZBi(y;q—i -,

i=0 i=0

k k
Ini =3 =Y Cildni=%) + Y Diyui =)
i=0

i=0
Set el =x, —x and €> =y, — y, one has
k k k k
=Y A+ Y Bl 2 =3 Gl + Y Die?
€1 = Aien—i + Bien—i’ €1 = Cien—i + Dien—i’
i=0 i=0 i=0 i=0

where A; =0 fori e {0,1,...,k -1},

o aya_cyn—lyn—Z c Yn-k
Ap=———p—,  Bo=- . =,
B+v [ TicoVn-i B+vlioyn-)(B+ vy
. 5 7 T R T B - QY XY Y3 Yk

By 1o yn0(B + y7<+)’ B4y 1o i) (B + v+’


http://www.advancesindifferenceequations.com/content/2013/1/354

Khan et al. Advances in Difference Equations 2013, 2013:354 Page 10 of 23
http://www.advancesindifferenceequations.com/content/2013/1/354

zk—1 zok
ayx n—k ayx
Bii- L Bi=- e
B +y [1icoyn-1)(B + yy*+1)

B +y T ymn)(B +v7 )

ALY X2 " Xk

Co=- k k1)’
(B1 + 1 [ Timo %n-i) (B1 + 1x5+1)
iz V1Y XX n—2%n-3 " " Kk
1=- — )
(Br + 71 [T g %ui) (B + 113k+1)
- V1Y K3 Kk
2= _ ) )
Br+n Hf:o Xn—i)(B1 + Y1 XKH)
o 1y o aryyxk

Br+n Hfzo Xu—i)(B1 + Y1 XKH) ’
(251

P ——
Bi+n 1_[;:() KXn—i

- Br+n Hfzo Xu—i)(B1 + Y1 XKH) ,

D;=0 forie{0,1,....,k—1} and Dy=

o

Taking the limits, we obtain lim,_, . A; = 0 for i € {0,1,...,k — 1}, lim,, oo Ak = —%17,

= Brry
. Xy . . 77k .
lim,_ o0 B; = —% for i € {0,1,...,k}, lim,_, o C; = —% for i € {0,1,...,k},
lim,_, o D; =0 for i € {0,1,...,k — 1} and lim,_, oo Dy = m Hence, the limiting sys-

tem of error terms at (%, y) = (0,0) can be written as

En+1 =KE,, (12)
where
e,
eb—l
e s
— n—
En - ez ’
n
ei—l
ey
0 0 . 0 %— O 0 ... 0 O
o ... 00 0 0 ... 0 O
o o0 ..10 0 0 ... 0 O
K= s
o o0 ... 00 0 0 ... 0 %%
0 0 0 0 1 o0 0 0
0 0 0 0 0 O 1 0

which is similar to the linearized system of (1) about the equilibrium point (x, %) = (0, 0).

Using proposition (1), one has the following result.

Theorem 7 Assume that {(x,,y,)} is a positive solution of system (1) such that lim,,_, , x,, =
X, and lim,_, o ¥, = ¥, where (x,y) = (0,0). Then the error vector E, of every solution of (1)
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satisfies both of the following asymptotic relations:

||En+1 ” _ |)\.F](5€,5/)i,

1
n

= [AF;(%,)

, lim
n—>o0 ||Ey||

Tim (IIE, )
where LF;(x,y) are the characteristic roots of the Jacobian matrix Fj(x,y) about (0, 0).

3 Onthesystemx,,= —2ok y = T¥nk
Y " bc[1K o xn-i” Yn by+ct [TK o Vnoi

In this section, we shall investigate the qualitative behavior of system (2). Let (¥,%) be an
equilibrium point of system (2), then system (2) has a unique equilibrium point (0, 0).
To construct the corresponding linearized form of system (2), we consider the following
transformation:

(xmxn—l;xn—z; ceosKn—ksYns Yn-1s+ - 1yn—k) = (f’ﬁx “e ;ﬁl—kygrgl: oo »gn—k)) (13)

AYn—k A1 Xpn—k
= — =X =Xy 1y s fuk = Xn_(k_1) and g = ——Ln=k = = Vyu—lree-
f brc H{fzo P ;fl n:fZ n-1» )_ﬁ’l k n—(k-1) g bt nfzo}’n—i,gl Ynr &2 = Yn-1» )

Zu—k = Yn-(k-1)- The Jacobian matrix about the fixed point (x,) under the transformation

(13) is given by

A 0 0 0
1 0 0O 0 0 O 0 O

_ o o0 ...1.0 0 0 ... 0 0

F(x,y) = ,

o 0o .. 0 CD D .. DD
0 0 0O 0 1 O 0 O
0 0 0 0 0 O 1 0

—=k _J_/k
here A = - —*2¢ =_¢ S— - __may
where (b+cxk+1)2? B b+cxk+l? C b +cljlk*1 and D (b1 +CU7k+1)Z

Theorem 8 Let {(x,,7,)} be a positive solution of system (2), then for every m > 1, the
following results hold.

(%)m+1(%)my_k ifn=02k+2)m+1,
GG ok ifn=(2k +2)m +2,

() Gy ifn=(Qk+2)m+k,

(%)m*l(%)myo ifn=2k+2)m+ (k+1),
(Gpm)" i ifn=(2k+2)m+ (k+2),
(Gpn)" w1k ifn=02k+2)m+ (k+3),

(i 0=<x,<

(% mily ifn=02k+2)m+ (2k +1),
(550)"* %o ifn =2k +2)m + 2k +2).
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(%)m(%)m+lx_k ifn= 02k +2)m+1,
(%)m(%)m+1x1_k ifn=02k+2)m+2,

(§)" ()" 5 ifn=Ck+ Dm+k,

(

(%)m(%)m+1xo ifn=02k+2)m+ (k +1),
(
(

D) 0<y. <
i 0=y = (% "y i ifn=02k+2)m+ (k +2),
Thr Vik ifn=02k+2)m+ (k+3),

(ﬂ m+1

(% iy ifn=02k+2)m+ (2k +1),
(G5)"™ 50 ifn=(2k+2)m+ (2k +2).

Lemma 3 Let % <1, then every solution {X,, y,}oe_ of system (2) is bounded.

Proof Assume that

a

b, b, b,
AL =MaXy —Yks —V-kilseerr —Y0rXkrX—fslse++rX0 (5
a) ay 1

and

b

b
A2 =MAX) —X_fy =X filseeer —X0s Vs Y—kalre++» YO (-
a a a

Then from Theorem 8 one can easily see that 0 < x, <A and 0 <y, <X, forall n =
0,1,.... O

Theorem 9 The equilibrium point (0,0) of equation (2) is locally asymptotically stable.
Proof The linearized system of (2) about the equilibrium point (0, 0) is given by

Xn+1 = F](O: O)Xny

where
Xn
Xp-1
Xpk
X,=|""
Yn
yn—l

IYn—k
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and
0 0 0O 0 0 O 0 %
1 0 0O 0 0 O 0 0
0 0 1 0 0 O 0 0
H = F(0,0) = .
0 0 0 ﬁ 0 O 0 0
0 0 0O 0 1 O 0 0
0 0 0O 0 0 O 1 0

Let Ay, A, ..., Aakso denote the 2k + 2 eigenvalues of matrix E. Let D = diag(dy, da, . . ., daki2)
be a diagonal matrix, where dy = diy2 = 1, diym = dkyoem =1 —me, 1 <m < k and

N Y SR A At
M IS0 S A G i

Clearly, D is invertible. Computing DHD™, we obtain

0o 0 .. 0 0 0 0 ... 0 Sdidyy,,
dydi' 0 ... 0 0 0 0 ... 0 0
0 0 ... dindi! 0 0 0o .. 0 0
-1 _ 1%k
DHD™ = o ¢ 0 %dk+zd;11 0 0 0 0
0o 0 .. 0 0 drssdil, 0 0 0
o 0 .. 0 0 0 0 ... dusndy, 0

Next, we have the following two inequalities:

O0<di<di<---<dy, 0 < daksz < dogs1 < -+ < diy3,

which implies that

afzdl_1 <1, dgdgl <1, oo dk+1d/;1 <1,
and

dk+3d,:i2 <1, dk+4d,:13 <1, . d2k+2d511+1 <1.
Furthermore,

Zdl Yz = %d2_11+2 = Zﬁ <1,
and

a1 1 a1 ., a 1
D ndt = Bgt -8 2 g,
bl k+2% )41 bl k+1 bl 1—ke
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Now H has the same eigenvalues as DHD ™!, we obtain that

max |\l
1<m<2k+2
= [ pHD™|
-1 -1 -1 -1 4,0 4 -1
= max{dgdl yeees dk+1dk , dk+3dk+2’ ooy d2k+2d2k+1r Edl 2%+2? h_dk+2dk+l} <1
1
Hence, the equilibrium point (0, 0) of system (2) is locally asymptotically stable. d

Theorem 10 Leta < b and a; < by, then the equilibrium point (0,0) of system (2) is globally
asymptotically stable.

Proof Assume that a < b and a; < b;. Then from Theorem 9 the equilibrium point (0, 0)
of system (2) is locally asymptotically stable. Moreover, from Lemma 3 every positive
solution (x,,7,) is bounded, i.e., 0 <x, <puand 0 <y, <v foral n=0,12,..., where
W= max{x_g, X_g41,...,%0} and v = max{y_, ¥_x+1, - --,Yo}. Now, it is sufficient to prove that

(%4, ¥n) is decreasing. From system (2) one has

AYn—k
b+ [T g%
aAYn—k
b

Xn+l =

IA

<Yn-k-

This implies that xori2pne1 < Y@ks2)n-k AN X(2k12)n4(2k+3) < V(2k+2)n+(k+2)-

A1 Xn—k

x
by + e [T yn-i

< aAXn-4

- b

Yn+l =

< Xy—k-

This implies that

Y@k+2)n+1 < X(2k+2)n-k and Y@k+2)n+(2k+3) < X(2k+2)n+(k+2)-

Hence, X(2k+2)n+(2k+3) < Yk+2)n+(k+2) < X(2k+2)n+1 and YV@k+2)n+(2k+3) < X2k+2)n+(k+2) < Y(2k+2)n+1-
Hence, the subsequences

{*Xks2)ne1)s {*Xks2ne2)s ceer {Xks2)n+(2k+2) }

and

{y(2k+2)n+l}: {y(2k+2)n+2}y e {y(2k+2)n+(2k+2)}

are decreasing. Therefore the sequences {x,} and {y,} are decreasing. Hence, lim,,_, 5 x,, =

1im,,, 00 ¥ = 0. O
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3.1 Rate of convergence

Assume that lim,_, o, %, = ¥ and lim,,_, », ¥, = . First we will find a system of limiting equa-

tions for system (2). The error terms are given as

k k
Xpsl —X = ZAi(xn—i -X)+ ZBl’(yVl—i _5})’

i=0 i=0

k k
Yusl =Y = Z Cilxui —X) + ZDi(Yn—i =7).

i=0 i=0

Set el = x, —x and €2 = y, — ¥, then one has

k k
1 _2 : Ll § : 22
€1 = Alen—i + Blen—i’
i=0

i=0
k k
e%Hl = Z Cie}q—i + ZDiei—i’
i=0 i=0
where
T e R Ao = CKYEnXng  Knk
0= ’ 1=— b o
(b + [T %) (b + cxk+1) (b + [T %ui) (b + cxk+1)
A acx*yx,_x A acxFy
k-1 = — ) k== »
(b + [T %ui) (b + cxk+1) (b + [T %ui) (b + cxk+1)
B;=0forie{0,1,...,k-1},By=——¢—,C;=0forie{0,1,...,k -1},
bc[Tilo*n—i
Ck _ ay D = d10156yn—1}’n—2 Y-k
=, o =— _ )
by + e [T i (b1 + c1 [11o V) (b1 + 175+
_ WCXYYn2Yn-3 " Yk
(b1 + c1 [T o yni) (by + c13%*1)
Dps = a1 % i
-1== _ )
(b1 + e 1o yni) by + c131)
and Dy = — a1y Taking the limits, we obtain lim,_ ., A; = _ P o

(br+er [T gy (brvaai®Hh) (b+cxkr1y2
ie{0,1,...,k}, lim,_, o, B; =0 for i € {0,1,...,k -1}, lim,,_, oo By = ZM“W, lim, oo C; =0
Bk
forie {O,l,...,k— 1}, llmy,*)oo Ck = ﬁ, lim,HooD,' = —% fori e {0,1,...,/(},
So, the limiting system of error terms can be written as

E,n =KE,,
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where
e,
eb—l
1
nk
E, = Zz
n
eﬁ—l
ei—k
and
0 0 0O 0 0 O 0%
0 0O 0 0 O 0 0
0 O 1 0 0 O 0 0
K= @ ,
0 b—IO 0
0 1
o o0 .. 0 0 0 O ... 1 o0

which is similar to the linearized system of (2) about the equilibrium point (x, %) = (0, 0).
Using proposition (1), one has the following result.

Theorem 11 Assume that {(x,,y,)} is a positive solution of system (2) such that lim,_, « x, =
X, and lim,,_, oo ¥, = y, where (x,%) = (0,0). Then the error vector E, of every solution of (2)
satisfies both of the following asymptotic relations:

1 E,
Tim (1) = [2E @), tim el

[AE;(%,7)),

’ n—>o0 ||Ey||
where AF;(x,y) are the characteristic roots of the Jacobian matrix Fy(X,y) about (x,y) =
(0,0).

4 Examples

In order to verify our theoretical results, we consider some interesting numerical examples
in this section. These examples show that the equilibrium point (0, 0) of both systems (1)
and (2) is globally asymptotically stable.

Example 1 Consider system (1) with initial conditions x_g =1.9,x_7 =1.7,x_6 = 2.5, x5 =
09,%4=15x3=104,%x2=69,%,=06,% =29,y3§=28,y7=16,y¢=18,y_5=
2.6, Y4 =28,y.3=28,y5 =35,y =21, yo = 1.6. Moreover, choose the parameters
a=155,8=17,y =27, 01 =112, 81 =12, y4 = 23. Then system (1) can be written as

15.5x,,_ 11.2y,,_
- e a0, (14)
17 + 27 [ [ ¥ni 12 + 23 [ [;Lg %

Xn+l
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with initial conditions x_g =1.9, x_7 = 1.7, x_¢ = 2.5, x5 = 0.9, x_4 = 1.5, x_3 = 10.4, x_ =
6.9,x1=06,%x=29,y5=2897=16,y6=1895=26,y4=28,y3=28,y=
3.85,y_1 = 2.1, yo = 1.6. Moreover, in Figure 1, the plot of x, is shown in Figure 1a, the plot
of y,, is shown in Figure 1b, and an attractor of system (14) is shown in Figure 1c.

Example 2 Consider system (1) with initial conditions x_35 = 0.9, x_14 = 1.9, x_33 = 0.8,
X12=03,x%1=17,%10=29,x9=19,x5=29,x7,=03,x6=35x5=14,x_4 =
15,x3=134,%9 =179, %3 =117,%0=9.8, y_15=2.9, y_14 = 3.8, y.13 = 0.9, y_12 = 0.8,
y1=11,910=39,y9=36,y8=19,9y7=37,9y6=29,y5=155y4=09,y3 =138,
Y2 =3.9,y.1=6.7, y0 = 2.9. Moreover, choose the parameters « =120, 8 =125, y =11.5,
a1 =140, B; =145, y; =14.5. Then system (1) can be written as

12096”,15 140_)1,,,15
= ) Vn+l = )
125 + 115 [ yi " 145 + 1452, i

Kn+l

n=0,1,..., (15)

with initial conditions x_i5 = 0.9, x_14 = 1.9, x_13 = 0.8, x_10 = 0.3, x_1; = 1.7, x_19 = 2.9,
X%_9=19,x%.8=29,x7=03,x_6=35,x5=14,x_4=15,x_3=13.4,x_5,=17.9,x_1 =117,
%0 =98,915=29,914=38,y13=0.9,y_12=0.8,y-11 =11,y_10=3.9,y9 = 3.6,y = 1.9,
y7=37,96=29,95=1594=09,y3=18,y.2=39,y_1 =6.7,y = 2.9. Moreover, in
Figure 2, the plot of x,, is shown in Figure 2a, the plot of y, is shown in Figure 2b, and an
attractor of system (15) is shown in Figure 2c.

Example 3 Consider system (2) with initial conditionsx_¢ = 0.9,x_5 =2.9,x_4 =1.6,x_3 =
94,%9=69,x1=28,%=19,96=19,9y5=27,94=29,y3=28,92=39,y1 =
2.4, yo = 0.8. Moreover, choose the parameters a = 115, b =117, ¢ = 27, a; = 111, by = 112,
¢1 = 23. Then system (2) can be written as

115y,_¢ 111x,_6

=Sy = p=0,1,.., (16)
117 + 27 [1% %i M 112+ 2318 Y

Xn+l

with initial conditions x_¢ = 0.9, x_5 =2.9,x_4 =1.6,x_3=9.4,x_5 =6.9,x_1 =2.8,x9 = 1.9,
Y6=19,y5=27,y4=29,y3=2.8,y9=39,y1 =24,y = 0.8. Moreover, in Figure 3,
the plot of x,, is shown in Figure 3a, the plot of y, is shown in Figure 3b, and an attractor
of system (16) is shown in Figure 3c.

Example 4 Consider system (2) with initial conditions x_15 = 7.1, x_3; = 2.8, x_30 = 19.1,
X_9=209,x8=99,x7=134,x=19,x5=109,x_4 =129, 3=09,x,=19,x_1 =
158, %90 =4.9,y_1p=109,y_11=11,y_10=3.7,y9=0.6,y s =17,y 7=17,y_6 =1.9,y_5 =
19,9.4=19,y 3=2.8,y2=17.9,y1 = 27.4, yo = 0.04. Moreover, choose the parameters
a=121,b=125,¢=9, a; =129, b; =130, ¢; =7. Then system (2) can be written as

121_)/,,,_12 129?6,,_12

e = S =——""F  n=0,1,..., (17)
1254915 T 130+ 7112, o

Xn+l

with initial conditions x_15 = 7.1, x_1; = 2.8, x_190 = 19.1, x_9 = 20.9, x_g = 9.9, x_7 = 13.4,
%6=19,x5=109,%x4=129,x3=0.9,x5=19,x;=158,%)=4.9,y12=109,y_1; =
11,y10=37,99=06,y8=17,y7,=17,96=19,95=19,y4=19,y3=28,y5 =
17.9, y_1 = 27.4, yo = 0.04. Moreover, in Figure 4, the plot of x,, is shown in Figure 4a, the
plot of y, is shown in Figure 4b, and an attractor of system (17) is shown in Figure 4c.
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(a) Plot of xy, for system (14).

'HH I —

100 200 300 400 500 600

(b) Plot of y; for system (14).
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(c) An attractor of system (14).

Figure 1 Plots for system (14).
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(a) Plot of xy, for system (15).
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(b) Plot of yy for system (15).
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(c) An attractor of system (15).

Figure 2 Plots for system (15).
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(a) Plot of x;, for system (16).
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(b) Plot of y; for system (16).

Figure 3 Plots for system (16).
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(c) An attractor of system (16).
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(a) Plot of xy, for system (17).

(b) Plot of yy, for system (17).

Figure 4 Plots for system (17).

(c) An attractor of system (17).
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Conclusion

This work is a natural extension of [11, 20, 21]. In the paper, we have investigated the qual-
itative behavior of (2k + 2)-dimensional discrete dynamical systems. Each system has only
one equilibrium point which is stable under some restriction to parameters. The lineariza-
tion method is used to show that equilibrium point (0, 0) is locally asymptotically stable.
The main objective of dynamical systems theory is to predict the global behavior of a sys-
tem based on the knowledge of its present state. An approach to this problem consists
of determining the possible global behaviors of the system and determining which initial
conditions lead to these long-term behaviors. In case of higher-order dynamical systems,
it is crucial to discuss global behavior of the system. Some powerful tools such as semi-
conjugacy and weak contraction cannot be used to analyze global behavior of systems (1)
and (2). In the paper, we prove the global asymptotic stability of equilibrium point (0, 0)
by using simple techniques. We have carried out a systematical local and global stability
analysis of both systems. The most important finding here is that the unique equilibrium
point (0, 0) can be a global asymptotic attractor for systems (1) and (2). Moreover, we have
determined the rate of convergence of a solution that converges to the equilibrium point
(0,0) of systems (1) and (2). Some numerical examples are provided to support our theo-

retical results. These examples are experimental verifications of theoretical discussions.
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