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1 Introduction and preliminaries
In the usual notation, let C denote the set of complex numbers. For

0eC (j=1,...,p) and B eC\Z; (Zy:=7Z U{0}={0,-1,-2,...}),

the generalized hypergeometric series ,F, with p numerator parameters a,...,o, and g
denominator parameters f;,..., B, is defined by (see, for example, [1, Chapter 4]; see also
(2, p.73)):

B, 1(:3])n ”'
(p,quo =NU{0}={0,1,2,..};p S g+ 1;p < g and |z| < oo;

O[; ,Ol, 1(011);12
|: p :| Z j= = pFy (o, .., 0p; Brs. .., Bys 2)

p=q+land |zl <Lp=g+1z| =1and R(w) > 0), (1.1)
where
q »
=Y B-Y o (4eC(=1..,pBeC\Z(i=1,...,q) (12)
j=1 j=1
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and (1), is the Pochhammer symbol or the shifted factorial since
Dn=n! (n€No),
which is defined (for 1, v € C), in terms of the familiar gamma function I', by

F(r+v) |1 (v=0;1eC\{0}),

Ay = ———
) ') AA+L)---(A+n-1) (v=neN;re(),

1.3)

it being understood conventionally that (0) := 1.

By using the notations as described in [3, p.33, Equation 1.4(1)] (with n = 3) (see also [4,
p-114, Equation (1)], [5, Equation (2.1)] and [6, p.60, Equation 1.7(1)]), Lauricella’s triple
hypergeometric function Ff)(x, ,z) is defined by

3 3
Ff(\)(x,y,z) = Flg)(ﬂ;blybz;bS;CI;CZ:CS}x;y;Z)

(c)m(ca)n(c3)p m! n! p!

': i (a)m+n+p(b1)m(b2)n(b3)p x" )/" 2?
m,n,p=0

(|x|+ lyl + |zl <1L;¢;e C\ Zg (j=1,2,3)). (1.4)

Motivated essentially by the works by Lardner [7] and Carlson [8], by simply splitting
Lauricella’s triple hypergeometric function Ff)(x, y,z) into eight parts, very recently Choi
et al. [5] presented several relationships between Ff) (%,9,2) and the Srivastava function
F®1x,y,2] (see also [9]). The widely-investigated Srivastava’s triple hypergeometric func-
tion F®[x, 9,z], which was introduced over four decades ago by Srivastava [10, p.428]
(see also [5], [3, p.44, Equation 1.5(14)] and [6, p.69, Equation 1.7(39)]), provides an inter-
esting unification (and generalization) of Lauricella’s 14 triple hypergeometric functions
Fy,...,Fi (see [11], [12, pp.113-114]) and Srivastava’s three functions H4, Hg and H¢ (see
[13, pp.99-100]; see also [14-16], [3, p.43] and [6, pp.60-68]).

Exton’s triple hypergeometric function X; (see [17]; see also [3, p.84, Entry 41a and p.101,
List 41a]) is defined by

> (ﬂ)2m+n+p(b1)n(b2)p xm yn Zp
XS(ﬂ!blin;Cl’cz’C3;x’y’Z) = Z (Cl)m(CZ)n(CB)p %Eﬁ

m,n,p=0

(2v/1xl + Iyl + 1zl < L5 € C\ Zg (j=1,2,3)). (1.5)

In fact, in 1982 Exton [17] published a very interesting and useful research paper in which
he encountered a number of triple hypergeometric functions of second order whose se-
ries representations involve such products as (@)as24+p and (@)2men.p and introduced a
set of 20 distinct triple hypergeometric functions X; to X5 and also gave their integral
representations of Laplacian type which include the confluent hypergeometric functions
oF1, 1F1, a Humbert function v, and a Humbert function ¢, in their kernels. It is not out
of place to mention here that Exton’s functions X; to X have been studied a lot until
today; see, for example, the works [12, 18—-23] and [24]. Moreover, Exton [17] presented
a large number of very interesting transformation formulas and reducible cases with the
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help of two known results which are called in the literature Kummer’s first and second
transformations or theorems.

Here, in this paper, we aim at establishing eleven new and interesting transformations
between Lauricella’s triple hypergeometric function FlgB)(x, y,z) and Exton’s function Xs in
the form of a single result. Our results presented here are derived with the help of two
general summation formulae for the terminating ,F;(2) series which were very recently
obtained by Kim et al. [25] and also include the relationship between Ff)(x, ¥,z) and Xg
due to Exton [17].

2 Results required

For our purpose, we require the following results recently obtained by Kim et al. [25]:

=2n,a;
2f1 |:2a +J; 2]
T()(1-a)()nle + 51

= A . 1)
T+ 4+ 3N -a -5 D@+ e+ 3+ 3

B F(-a) (o +1)(3)u( +a + [5])s

[
200+ D(o + L+ LD (—a = D + L+ (e + L +1),

(2.2)

where n € Ny, j = 0, £1,...,%5, [#] is the greatest integer less than or equal to x and its
modulus is denoted by |x|, and the coefficients .A; and B; are given in Table 1.

3 Main transformation formulae
The results to be established here are as follows:

4o y z
1+2x)“F) (@ 01, b1, b2 201+, 03, ¢35 ’ ’
( x)“F2 @, ¢1, b1, by; 261 ]CZC31+2x 1+2x 1+2x

Ce)lrQ-a)
D(c+ 4+ 3iDMA -~ [51)

) x2r yn 2

= (ﬂ)2r+n+p(h1)n(h2)p(cl + [1;1
¢ 2z
2 )

j n
preo (€n(cs)pler + Hrler + 5 +

Dr
% . ronlp!
2ax C(—c)I'A+¢)

200+ (e + 4+ 5DT (a1 — [5])

oo

Z D (ﬂ + 1)2r+n+p(b1)n(b2)p(1 tC+ [%])r ﬁy_ﬂ f

j : ‘
(62)n(63)p(cl + % + %)r(cl + % + l)r r! n! pl

np,r=0
(i=0,41,...,£5), (3.1)

where the coefficients C; and D; can be obtained by simply changing # and « into r and ¢y,
respectively, in Table 1 of A; and B;.
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Table 1 Contiguous relation coefficients

Aj B;

5 40 -a-2n?+20-a)1-a-2n)+(-a) + A +2n2 =200 —a)a +2n) + (1 )2 +
221 - =2n)-13(1 —ax) - 20 34 +2n) + (1 —a) + 62

4 20+ 1+2n(a+3+2n)-ala+3) 4ot +2n+3)

3 -o—4n-2 -3a-4n-6

2 -a—-1-2n -2

1 -1 1

0 1 0

-1 1 1

-2 1-a-2n 2

-3 1-a-4n 3-3a-4n

-4 20-200-nNB-a-2n-(1-a)4-a) 41— —2n)

-5 41 -0 -2n) -2(1-a)(1 —cx = 2n) — Ao +2n)? +2(1 —a)a +2n) - (1 —a)? -
(1-a)+801-a-2n)+7a-7 16(c +2n) + o -1

Proof For convenience and simplicity, by denoting the left-hand side of (3.1) by S and using
the series definition of Ff)(x, ¥,2) as given in (1.4), after a little simplification, we have
S= i (a)m+n+p(cl)m(bl)n(b2)p x" J/ zF 2m(1 +2%) (a+mntp).
2c1 +mlca)ulcs)y  ml nl p!

m,n,p=0

Using the binomial theorem (see, for example, [2, p.58]) for the last factor, we get

oo

Z (a)m+n+p(cl)m(b1) (bZ)p m+r an 22m+r
Q2c1 + )mlc2ules)y  mir! mt p!

S= (-D)'(@a+m+n+p),.

m,n,p,r=0

Using the identity (@)psnsp(@ + m + 1 + p); = (@)msnsp+rs after a little simplification, we
obtain

oo

_ (a)m+n+p+r(cl)m(bl)n(bZ)p m”y ¢ Q2mer r
5= 2 T oa i teen, mimp V"

m,n,p,r=0

Now using the following well-known formal manipulation of double series (see [2, p.56];
for other manipulations, see also [26, Eq. (1.4)]):

Z ZA(WI, r)= Z ZA(m, r—m),

r=0 m=0 r=0 m=0

after a little simplification, we have

21 + Pm(c2)n(es), m!nl p!t  (r—m)!

S= Z Z n+p+r Cl)m bl)n(bZ) y" 2z’ 2m+r(_1)r—m .

n,p,r=0 m=0

Using the following formula:

(=1)™r!

(=7)m

(r—-m)!= (0=m<rr,meNy),

after a little simplification, we get

S— Z (a)n+p+r(bl)n(b2)p( 2)rx y b Z (Cl)m m o

(2)ulcs), rinl pl e (261 + ) !

n,p,r=0
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Using the definition of ,F, in (1.1) for the inner series, we obtain

S-= > (a)n+p+r(bl)n(b2)p(—2)rx_ry_”i F —rc; 5
(c2)n(cs)p A p” e+ |

n,p,r=0

Separating r into even and odd integers, we have

S = i (ﬂ)n+p+2r(b1)n(b2)p22r X% y” 2 ) |:—27', C1; 2i|

Yz, :
ol (c2)n(cs)p @rlnlpt™ | 201 +J;

. i (@ niprars (BL)u(by)p(=2)7 1 5241 g1 22 [-zr-l,cl; 2]

——2kh .
npad (c2)n(c3)p 2r+1)! n! p! 2¢1 +J;

Making use of the following identity:

(a)Zr = 22r(a)r(%>ry

after a little simplification, we get

oo

s @aparbOnlbr)y & ' 2 [—zr,cl; 2]

2 .
oo (edulea)p(G)r T ptT | 204

2 (@ + Dpaprar(01)n(b2), ¥ " 27 —2r—1,c;
—9%a Z (a )+p+2( 13 ( 2)px_y_z—2F1 r ‘Cl 9
np.r=0 (CZ)n(CB)p(E)r rt n! p! 2¢ +];
Finally, using the known results (2.1) and (2.2), after a little simplification, we easily arrive
at the right-hand side of (3.1). This completes the proof of (3.1). a

4 Special cases
In our main formula (3.1), if we take j = 0,1 and +2, after a little simplification, and in-
terpret the respective resulting right-hand sides with the definition of Exton’s triple hyper-
geometric series Xg given in (1.5), we get the following very interesting relations between
F m(x d Xg:
4 (%,9,2) and Xg:
The casej = 0.

4x y z
1+2x)“F( a,c1, by, ba; 2c1, €2, €35 ) ,
L+ 207\ @ v by bas2n, 0,055 72 7o 1o

1
=Xs (a, by, by;er + 5;027(33;962)% z>. (4.1)

The casej=1.

4x y z
1+2x)9F® a,cy, by, by;2¢1 + 1,09, c3; , ,
( ) A LEL T e 2 31+2x 1+2x 1+2x

1
= Xg (61, b1, by;c1 + E’ C2, 63;x2,y, Z)

2ax
2c1+1

3
Xg <61, by, by;cr + E,Cz,cs;xz,y,z‘). (4.2)
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The case j = 1.

4x y z
1+2%)“F9( a,c1, b1, b33 2¢1 — 1,09, 035 ) )
( ) Fs Lo e P o’ 1+ 2x 1+ 24

1
= XS (ﬂ, blr bZ; - 5: C,y C3;x2,y, Z>

2 1
P Xs| @ b1,b2s01 + =, c2,0354%, 9,2 ). (4.3)
2c; -1 2
The case j = 2.

4x y z
1+2x)“FP ( a,c1,b1,b2; 201 + 2,0, ¢35 , ,
( )Fy LELEw 2A PO o 1+ 26 1+ 2%

3
=X (d, bi,by;c1 + 5,62,63;962,}/, Z)

ax

3
Xg|a+1,b1,bo;c1 + =, c,¢3;6%, 9,2
o il g( Lbsat 2,C3 Yy )

4a(a + 1)x>

5
+—— " Xela+2,b,byci + =, ¢0,¢35%%, 9,2 ). 4.4
(1 + 1)(2c1 + 3) 8( LOBET 5y 0 IR > (44

The case j = -2.

4x y z
1+2%)“F9( a,c1, b1, ba; 201 — 2, ¢, ¢33 ) )
( )Ey Lo T2 =4 PO o’ 1+ 26" 1+ 2%

1
= X3 (tz, by, by;c1 — 5,62,63;962,31, z>

a

X 1
+—%s <a+1,b1,bz;cl - E,Cz,Cs;xZ,y,z>

C1 —

da(a + 1)x> 1
bd—— " Xela+2,b1,b0;00 + =, 0,035, 9,2 ). 4.5
(@ —1)2c -1) 8 1,025€C1 5 2,C3 y (4.5)

Remark Clearly, Equation (4.1) is Exton’s result (see [17]) and Equations (4.2) to (4.5) are

closely related to it. The other special cases of (3.1) can also be expressed in terms of Xg

in a similar manner.
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