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1 Introduction
Gupta et al. [1] introduced discrete g-Beta operators as follows:

> k
Vn,q(f(t);x) = Vn(f5 %) = ﬁ an,k(q;x)f(ﬁ)’ (L1)

74 (1 +1],45"

where

k(k=1)/2 k

(4:%) z
n 3X) = .
Pri'q B,(k+1,n) (1+ x)g’f"+1

In the above paper, Gupta et al. [1] introduced and studied some approximation properties
of these operators. They also obtained some global direct error estimates for the above
operators using the second-order Ditzian-Totik modulus of smoothness and defined and
studied the limit discrete g-Beta operator. Also, they gave the following equalities:

VauLig;x) =1, Vu(t;g;x) =x  foreveryn e N and

1 X
Vi(thqx) = | ——— +1 )a2 + ———.
(t50) (q[muq+ )x e,

In the recent years, applications of g-calculus in approximation theory is one of the inter-
esting areas of research. Several authors have proposed the g analogues of Kantorovich-
type modification of different linear positive operators and studied their statistical approx-

imation behaviors.
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In 1974, Khan [2] studied approximation of functions in various classes using different
types of operators.

On the other hand, statistical convergence was first introduced by Fast [3], and it has
become an area of active research. Also, statistical convergence was introduced by Gadjiev
and Orhan [4], Dogru [5], Duman [6], Gupta and Radu [7], Ersan and Dogru [8] and Dogru
and Orkcii [9].

In 2011, Orkcii and Dogru obtained weighted statistical approximation properties of
Kantorovich-type g-Szdsz-Mirakjan operators [10].

Recently, Dogru and Kanat [11] defined the Kantorovich-type modification of Lupas op-
erators as follows:

n [k+1]/[n+1] —k k(k-1)/2 k _ -k
Rolfs q:%) n+1]Z( /[ f(t)dqt> (Z) 149 L=0"" 4y
k=0

k]/[n+1] Q-x+gx)---1-x+qg"x)

In [11], Dogru and Kanat proved the following statistical Korovkin-type approximation

theorem for operators (1.2).

Theorem 1 Let q:=(g,), 0 < g <1, be a sequence satisfying the following conditions:

1
st-limg, =1, st-limg,=a (a<1) and st- 11m — =0, (1.3)
n n [Vl]

then if f is any monotone increasing function defined on [0, 1], for the positive linear oper-
ator R,(f; q; %), then

st-lim|[Ru(f3¢5) = o, = O
holds.

In [5], Dogru gave some example so that (g,) is statistically convergent to 1 in ordinary
case. Throughout the present paper, we consider 0 < g < 1. Following [12, 13], for each
non-negative integer 7, we have

1=q"
(n], =1 1’ 771
n, q=1,

[n],! = {[”]q[” —1)4n-2],--- g Zzi),Z,...,

(n) _ [n],!
k), [kl ! — k],

Further, we use the g-Pochhammer symbol, which is defined as
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The g-derivative D f of a function f is defined by

A= x#0.

The g-Jackson integral is defined as (see [14])
b [o¢]
/ f@dx=0-q9bY f(bg")q", 0<q<l, (1.4)
0 n=0
and over a general interval [a, b], one defines

b b a
/af(x)dqxz/o f(x)dqx—/o f(x)dgx. (1.5)

Now, let us consider the following Kantorovich-type modification of discrete g-Beta op-

erators for each positive integer # and g € (0,1):

11, & [k+1]4/[n+1]q (a;
Vilfiqin) = Ll Z( f[ f(t)dqt>’%, (16)

[n]q =0 klq/n+1lq

where f is a continuous and non-decreasing function on the interval [0, 00), x € [0, 00).
It is seen that the operators V' are linear from the definition of g-integral, and since f
is a non-decreasing function, g-integral is positive, so V; are positive.
To obtain the statistical convergence of operators (1.6), we need the following basic re-

sult.

2 Basicresult

Lemma 1 The following equalities hold:
0 Vigx) =1,
(i) Vitgx) =x+ m,

n-2 2 n—-1
S(42. . _q [n+2]gx” o q (2q+1) q
(i) Vy(t%5g5%) = ey, Xt ([n+1]q + [n+1]q[3]q)x+ 1123,

Proof By using (1.4), (1.5) and the equality [k + 1], =1 + [k],, we have

[k+1]q/[n+1]4 qk
f dp=—1_, 2.1)
[Klg/In+1l [n+1],
[k+1]q/[n+1]4 qk 1
tdt = —([k] " —> (2.2)
/[qu/[nu]q T2\ (2],
[k+1]q/[n+1]q k 2 1 1
/ Pd-—1 ([k]; M BTSN —> 2.3)
[Klg/n+1]4 (n+1]7 (3l4 (3]

Hence, by using V,,(1;¢;x) =1 and (2.2), we get

Vi(Lgx) =1.
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Similarly, using (2.2), V,(1;¢;x) = 1 and V,,(¢; ¢;x) = x, we obtain

q
Vit q;x) = Vu(t; q; V(L g3 %) —————
o (6 q3%) (%) + Vil qx)[n+1]g[3]q
q
=Xt ————.
[2]4[n + 1],
Finally, using (2.3), V,.(L, g;x) = 1, V,,(t; ;%) = x and V,,(t%; ¢; %) = (m +1)x? + ﬁ’ we
obtain
_ (2q +1) q
Vit g3x) = Ly (55 x) + ———— V(6 g5 %) + ————V, (1, ¢; %)
%) = 4" Va(t545%) 1,6, T ez, Y
n-2 2 n—1 2 1
g% n+ ]qx2+(q s (q+)>x+ q2 ' .
[n+1], (n+1], [n+1],(3], [n+1]q[3]q

Remark 1 From Lemma 1, we have

C VM — e ) — 9
oy (x) =V, (t —xq3%) = Rl
8a (%) = Vi ((t = 2% q5%) = Vi (5 qx) = 26V (G g5 %) + %°
:<q”‘2[n+2]q_1)xz+( ¢’ Qg+l 2 )x
[n+1], (m+1], [n+1],03], [n+1]402],
q

T EN

Remark 2 If we put g = 1, we get the moments of Kantorovich-type modification of dis-

crete beta operators as

Vit x) =x+

2m+1)’
(n+2) 2x 1
V* tz;l; — 2 ,
7 (£51%) 1) Tr1) T 3me1p
1

Vit -x1%) = ——,
n(t = xiLix) 2(n+1)

and

Vy ((t —x)z;l;x) = V:(tz;l;x) -2xV; (t; ;%) + a2

x> x 1

T el)  el) 3me1?

3 Korovkin-type statistical approximation properties

The study of Korovkin-type statistical approximation theory is a well-established area of
research, which deals with the problem of approximating a function with the help of a
sequence of positive linear operators (see [9, 15, 16] for details). The usual Korovkin theo-
rem is devoted to approximation by positive linear operators on finite intervals. The main
aim of this paper is to obtain the Korovkin-type statistical approximation properties of
our operators defined in (1.6), with the help of Theorem 1.
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Let us recall the concept of a limit of a sequence extended to a statistical limit by using
the natural density § of a set K of positive integers:

1
8(K) = lim —{the number k < n such that k € K}
non

whenever the limit exists (see [17]). So, the sequence x = (x¢) is said to be statistically
convergent to a number L, meaning that for every ¢ > 0,

S{k: | — L] 28} =0

and it is denoted by s¢-limg g = L.
In this part, we will use the notation ||f|| instead of ||f||c(o,.,] for abbreviation.

Theorem 2 Let q = (q,) be a sequence satisfying (1.3) for 0 < g, < 1 and a Kantorovich-
type modification of discrete q-Beta operators given by (1.6). Then, for any function f €
C[0, u] € C[0,00) and x € [0, 1] C [0, 00), where i > 0, we have

st-lim || Vi (f; 4 ) =f | = 0,

where C[0, u] denotes the space of all real bounded functions f which are continuous in
[0, u].

Proof Using V;i(1;q,;x) = 1, it is clear that
st-lim|| Vi (1; g5 %) - 1| = 0.
n
Now, by Lemma 1(ii), we have

qn

Vit qi) =] = |+ G Sy -

x (3.1

B R
[2]g, (1 + 1,
For a given ¢ > 0, we define the following sets:

U={k:||V;(taqisx) - x| = ¢}

and

B . qk
U1 = {k —[2]qk[k+1]qk Zé‘}

From (3.1), one can see that U C U. So, we get

. o . L3
6{k§n.||Vn(t,qk,x) x”ZS}Ea{kSH'i[Z]qk[k+l]qk zs}.

By using (1.3), it is clear that

. qn _
() =
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So,

gk
SMk<n:———>¢4 =0,
{ T [2lglk+ 1]y T }

then
st—limH Vit qus %) —xH =0.
Finally, by Lemma 1(iii), we have

[V2 (%5 i) =2

_ ‘ gy n+2],, 24 ([ q;"! N (g, +1) ) qn 2

[+ 1, nilly, Uyl ) 1l Bl,
4, [ +2], » | @ (24, +1) n
metl, | ey, ety Bl 1 102, B8,

_ l _ 1 n-2 n-1 (an + 1) qn
‘A2<(qn 1>+[n+11qn (q" T, )*[mugnmqﬂ)’

where A, = max{u?, u,1} = u2.

(1 _ 1 n-2 , n-1_ (2qn+l) _ qn
If we choose «,, = (qn 1), B, = Ty, (@i +qi + Bl ) Vu = G, Blgy then one can
write
st-lima,, = st-lim B, = st-limy, = 0, (3.2)
n n n

by (1.3). Now, given ¢ > 0, we define the following four sets:

5= {k: [V (2 i) -2 = i},
Ay
Sl={k:ak2£}, Sz={k:ﬁk2318T2}, SsZ{kIVkESISTz}

It is obvious that S € §; U S, U S5. So, we get

S{kfnz ||V:f(t;qk;x)—x|| ZAig} 58{k§n:ak23872}+8{/{§n:ﬂk2£}

£
Sik<m:ypr=—1.
+ { <n:y> 34, }
So, the right-hand side of the inequalities is zero by (3.2), then

st—li;n” V(£ qumx) — % = 0.

So, the proof is completed. g

Page 6 of 15


http://www.advancesindifferenceequations.com/content/2013/1/345

Mishra et al. Advances in Difference Equations 2013, 2013:345 Page 7 of 15
http://www.advancesindifferenceequations.com/content/2013/1/345

4 Weighted statistical approximation
Let B,2[0,00) be the set of all functions f defined on [0,00) satisfying the condition
f(x) < My(1 + x?), where My is a constant depending only on f. By C,2[0,00), we denote

the subspace of all continuous functions belonging to B,2[0,00). Also, let C;‘Q [0,00) be

the subspace of all functions f & C,2[0, o), for which lim,.o0 % is finite. The norm on
C;:z [0’ OO) is ”f||x2 = supr[O,oo) llf-f?z‘ .

Theorem 3 Let g = (q,) be a sequence satisfying (1.3) for 0 < g, < 1. Then, for all nonde-

creasing functions f € C,[0,00), we have
st—lizn” V(3G -) _foZ =0.

Proof As a consequence of Lemma 1, since V! (%% qu; %) < C1x?, where C; is a positive
constant, V;(f;q.;x) is a sequence of linear positive operators acting from C:z [0, 00) to
B,2[0,00). Using V/*(1;q,;x) = 1, it is clear that

st—liVIIn” V(L qusx) — Isz =0.
Now, by Lemma 1(ii), we have

|Vn (f;qu)—x| < qn

Vit gnsx) —x| , = su . 4.1
| Vo & s ) = %] S e SRl nel, (4.1)
By using (1.3), it is clear that
. qn
st-lim| — ) =0,
n ([Z]Qn [n + l]% >
then
st—li;n” V2 (t; G ) —xsz =0.
Finally, by Lemma 1(iii), we have
[V2 (&5 q) -2
"2+ 2 2 et 2q, +1
S(qi" [ ]q”—1> sup x2+< B, 4+ 1) )
[n+1], xe0,00) L+ % (m+1ly, [n+1],,[3],,
qn
X sup +
x€[0,00) 1+x2 [n+ l]én [g]qn
- (qZ‘z[rH 2]g, _1> N ( 4 . (Q4n+]) ) L
- [ +1]g, (m+1l, [n+1]g,I[3],, [+ l]fzn[3]qn
1 1 _ 4 (2q.+ 1)) qn
=l =-1)+ 2y gy + .
(qn ) [ +1],, ("" B, ) e 8,
If we choose &, = (- 1), B, = [}Hi]qn (@2 +q + (2[3?;,1))’ Yn= [n+1]§:[3]qn , then one can

write

st-limay, = st-lim B, = st-limy, = 0, (4.2)
n n n


http://www.advancesindifferenceequations.com/content/2013/1/345

Mishra et al. Advances in Difference Equations 2013, 2013:345 Page 8 of 15
http://www.advancesindifferenceequations.com/content/2013/1/345

by (1.3). Now, given ¢ > 0, we define the following four sets:

P (ke Vi (%) ] o = o),

x2—

) € €
Pi=1k:ar> -1, Py=3k:Br>—-14, Py=3k:ye>—14.
1 {( Olk_g} bl { ,Bk_g} 3 { )/k_3}
It is obvious that P € P; U P, U Ps. So, we get

S{kfn:||V:(t;qk;x)—x||xzzs} 58{k§n:akz§}+8{k§n:/3kz§}

+8{k§n:yk2 g}
So, the right-hand side of the inequalities is zero by (4.2), then
st—liylln” Vi (£ qnix) - 57| 2 = 0.
So, the proof is completed. d

5 Rates of statistical convergence
In this part, rates of statistical convergence of operator (1.6) by means of modulus of con-

tinuity and Lipschitz functions are introduced.

Lemma 2 [15] Let 0 <g<1anda € [0,bq], b >0. The inequality

b b 1/2 b 1/2
f |t — x| dyt < (/ |L‘—x|2dqt> (/ dqt>
a a a

is satisfied.

Let Cp[0, 00), the space of all bounded and continuous functions on [0, c0), and x > 0.
Then, for § > 0, the modulus of continuity of / denoted by w(f; §) is defined to be

w(f;8) = sup [f(@) —f(x)].

x—8<t<x+8;t€[0,00)

Then it is known that lims_, o w(f; §) = 0 for f € Cp[0, 00), and also, for any § > 0 and each
t,x > 0, we have

O -f&)] < () (1+ =), (5.1)
70~ 0) 5

Theorem 4 Let (q,) be a sequence satisfying (1.3). For every non-decreasing f € Cg[0, 00),
x>0 andn €N, we have

Vi (fs i) —f ()] < 20(f /3, (),
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where

(4 n+ 2], 5 gt (2, +1) 24,
8u(x) = ( [+ 1, _l)x i ([n +1, [+, Bl, 1+, [2]%)’6
qn
T 12 31,

(5.2)

Proof Let non-decreasing f € Cg[0,00) and x > 0. Using linearity and positivity of the
operators V! (f; g,;x) and then applying (5.1), we get for § > 0 and n € N that

1
< a)(f;S){V;(l;qn;x) + EV:(It—xI;qn;x)}.

(Vi (Fs qusx) = f(x)| < Vi([f(8) = £(

Taking into account V;¥(1;g,;x) = 1 and then applying Lemma 2 with a = [k],/[n + 1], and
= [k +1],4/[n + 1]4, we may write

1 i (g [k+1]4/[n+1]q 172
|V*(f qu) f(x)| <Cl)(f 8){ l[l’l+ ]q Zp /;(kqlx) (‘/[ (t—x)qut)

[n] Klg/n+1]g
[k+1]4/[n+1]4 1/2
X ( / dqt> .
[Klq/[n+1]4

By using the Cauchy-Schwarz inequality, we have

nly = 7 Jwgwma,

1/2
Vl + 1 q ank(q x [k+1]4/[n+1]4 oy
(1] 2k-1 q
q [klq/[n+1]q

k=

. 1 [l’l n l]q o) pn,k(q; x) [k+1]4/[n+1]q ) 1/2
\Vi(fs qusx) = f ()| = o(f;8) L+ < (t—x)%d,t

< o(f; 8){1+8(V*((t %)% @ x )) (V*(l, n,x))m}

Taking g = q,, a sequence satisfying (1.3), and using §,(x) = V(¢ — x)%;g,;x) and then
choosing § = §,(x) as in (5.2), the theorem is proved. O

Notice that by the conditions in (1.3), st-lim,, §,, = 0. By (5.1), we have
st-limw(f;8,) = 0.
n
This gives us the pointwise rate of statistical convergence of the operators Vi (f;g,;x) to
&)
Now we will study the rate of convergence of the operator V;i(f; g,;x) with the help of

functions of the Lipschitz class Lip,, (), where M > 0 and 0 < « < 1. Recall that a function
f € Cgl0, 00) belongs to Lip,,(«) if the inequality

V(t) —f(x)| <M]|t-x|% Vt,xe€[0,00).

We have the following theorem.
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Theorem 5 Let the sequence q = (q,) satisfy the conditions given in (1.3), and let f €
Lip, (o), x> 0 with 0 < <1. Then

V(s @) —f ()| < MS2" (), (5.3)
where §8,(x) is given as in (5.2).

Proof Since V;(f;qy,;x) are linear positive operators and f € Lip,,(«), on x > 0 with 0 <

a <1, we can write

Vi (fsgus0) = f@)| < Vi ([f(8) = £( ;%)
<MV (It — x| qus x).

If we take p = %, q= ﬁ, applying Lemma 2 and Hoélder’s inequality, we obtain

\ [+ 1y~ puilgsx) (Ut rta o2
Vilfigi ~flo)] <M S P / (- xPdyt
a 4o 9 (Klg/[n+1]q

[k+1]g/[n+1] @-a)/2
X ( / dqt) 1,
(klg/n+11g

a2
[+ 11y g () [0
qz nzk 1 (t—x)qut

q [Klq/[n+1]4

(%
<n+1

2-a)/2
7 pnk(q x) [k+1]q/[n+1]4 y
[n] Z 2k 1 q
q

|Vl qns%) - fx)| = M
k=0 [klq/[n+1]q
<

< M(VE((t - %)% %)) (Vi G g ) T

< M(VE((2 - %)% g.5%))*".
Taking 8, (x) = (V5 ((£ — %)% gn; %)), as in (5.2), we get the desired result. d

6 The construct of the bivariate operators of Kantorovich type
The purpose of this part is to give a representation for the bivariate operators of Kan-
torovich type (1.6), introduce the statistical convergence of the operators to the function
f and show the rate of statistical convergence of these operators.

For f: C([0,00) x [0,00)) = C([0,00) x [0,00)) and 0 < gy;,gn, <1, let us define the
bivariate case of operators (1.6) as follows:

n1 nz(f in:qnz,x,y)
_ [1’11 + I]in [Vlz + l]qnz

["Il]qn1 [n2]qn2

o ka+llgy, /Im+lgy  lka+llgy, /n2+1lg,,
x Y Z( /[ /[ f(s,8)dy, sdg,, t>

k1=0 k=0 kl]qul /[Vl1+1]qnl k2]qn2 /[”2+1]qn2

pnl 19 (61;41 ’ qnyx,y)
2ki—1 2kp-1 ’
dm dny

(6.1)
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where
k(ki=1)/2_ko(ka-1)/2
Py ki @y Gy %, Y) = an el
ny,n,k1,kp\Ynyr Ang s V) = ky+1 ko+1°
By, (ki +1,m)By,, (ky +1,1m2) (1 + X))

In [18], Erkus and Duman proved the statistical Korovkin-type approximation theorem
for the bivariate linear positive operators to the functions in space H,,, .

In 2006, Dogru and Gupta [19] introduced a bivariate generalization of the g-MKZ op-
erators and investigated its Korovkin-type approximation properties.

Recently, Ersan and Dogru [8] obtained the statistical Korovkin-type theorem and
lemma for the bivariate linear positive operators defined in the space H,,, as follows.

Theorem 6 [8] Let L, ., be the sequence of linear positive operators acting from H,,,(R>)
into Cg(R,), where R, = [0,00). Then, for any f € H,,,

st-1im | Ly, (1)~ | =0

Lemma 3 [8] The bivariate operators defined in [8] satisfy the following items:
() Lonyny 03 Gy > Gy %0 Y) = Gty Goy»

[Vlllqnl x

(11 ni,ny (fl’ in ’ qnz;xyy) qulqnz [n1+1 an ?7

[n2]qy
(111) Lnl,nz (fZ:qnl:qnzrx:y) dm qn, [”’2‘*1‘1; 1{},
. [nl]qn [”1 1]qn 2 [”lllqn
W) Loy 33 G s %:9) = @3y Ay [n11+1]?;n " Tatans + Amn [n1+1]?;1 T
[n2]gp,, [12-1] 2 [n2]
3 qny g ) a3y
Imny ln2+1]g,,  W)(+duyy) * dm 24113, 147

In order to obtain the statistical convergence of operator (6.1), we need the following

lemma.

Lemma 4 The bivariate operators defined in (6.1) satisfy the following equalities:
(V' 2 oy 03 Gy @y %, 9) = 1,
(i) Vo U5 s Gy %, y) = % + m

qn
(iii) V3 iy (2 Gy Gnyp:9) = 9 + m

*Im+2lg, Pl (2qn; +1) q
. l nl n n
i —
( V) n1 ) (ﬁi: 1> dnyr%» J’) [n1+l ( [n1+1]g, [n1+1]q,,1 [3]qn1 ) + [m Jrl],zm1 [3]qn1
-2 ng -1
qn2 [m2+1gny o ( dns (2qn2 +1) Iny
[

+ + .
[n2+1]qn2 n2+1]qn2 [n2 +1]qn2 [B]qnz y [n2+1]%n2 [?')]q,,,2

Proof By the help of the proofs for the bivariate operator in [20], the conditions may be
easily obtained. So, the proof can be omitted.
Let g = (q,) and g = (qx,) be the sequence that converges statistically to 1 but does not

converge in ordinary sense, so for 0 < gy,,,4,, <1, it can be written as
st-limg,, = st-limg,, = 1. (6.2)
n ny

Now, under the condition in (6.2), let us show the statistical convergence of bivariate op-
erator (6.1) with the help of the proof of Theorem 2. d


http://www.advancesindifferenceequations.com/content/2013/1/345

Mishra et al. Advances in Difference Equations 2013, 2013:345 Page 12 of 15
http://www.advancesindifferenceequations.com/content/2013/1/345

Theorem 7 Let g = (q,,) and q = (q4,) be a sequence satisfying (6.2) for 0 < gu,,qu, <1,
and let Vi be a sequence of linear positive operators from C(K) into C(K) given by (1.6).

Then, for any function f € C(K; x K1) C C(K x K) and x € K; x K; C K x K, where K =
[0,00) x [0,00), K7 = [0, 1] x [0, ], we have

st-}gryrllz I Vi ) =f ||C(K1><K1) =0

Proof Using Lemma 4, the proof can be obtained similar to the proof of Theorem 2. So,

we shall omit this proof. d

7 Rates of convergence of bivariate operators
Let K = [0,00) x [0,00). Then the sup norm on Cp(K) is given by

Ifll = sup |[f(x,9)

(xy)eK

. feCpK).

We consider the modulus of continuity w,(f; 81, ;) for bivariate case given by §1,8, > 0,

w2 (f381,82) = {sup|f (x,y') = f(x,)| : (,¥), (%, y) € K and |’ — x| < &y,

Y -y <&}
It is clear that a necessary and sufficient condition for a function f € Cp(K) is

lim Oa)(f; 81,82) =0,

81,60—

and w(f; 81, 82) satisfy the following condition:

i) ot (14 ) 1 22) 71

for each f € Cp(K). Then observe that any function in Cp(K) is continuous and bounded
on K. Details of the modulus of continuity for bivariate case can be found in [21].
Now, the rate of statistical convergence of bivariate operator (6.1) by means of modulus

of continuity in f € Cp(K) will be given in the following theorem.

Theorem 8 Let q = (q,,) and q = (q.,) be a sequence satisfying the condition in (6.2). So,
we have

’V;lkl,nz (f; q”l’qHZ’x’y) _f(x’y)’ E 4‘(1)(f, \Y 5n1(x)7 vV 8}12(9&'))7

where

-2 —
5 () = (qu [ +2],,, 1>x2 . ( @ (qn+))
" ["1 + l]qnl [Vll + l]qnl [}’11 + l]qnl [B]qnl

_ 2q}11 ) + qm
1+ 11y, 21, ) T + 12, B,

) (7.2)
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5,.00) = (qﬁg—z [ +2]g,, 1)y2 ( a2t . Can+D)
" [y + 1], [y +1]g,,  [n2+1ly, [8lg,
2q, ) ny
- + . (7.3)
12+ 1,y 21, )/ T + 12,131,

Proof By using the condition in (7.1), we get for §,,,68,, >0 and n € N that

|V:1,Vl2 (3 qny> Gy %> 9) —f(x,y)|
< Vo ([F&55) =f(:9)

;qm,qnz,xd’)

1
< off; Snl(x),8n2(x)){ Vinsi Y03 G @y %,9) + 5= V(| - ;qnl,qm,x,y)}
n

1
x {Vé‘l,nz(ﬁ);qnpqnpx,y) 5 V:(IJ/—yI;qm»qnz,x,y)}
"o

If the Cauchy-Schwarz inequality is applied, we have

V*(|x’ —-x V2

n

’ 2 1/2
3G Gy % Y) < (Vi (8 = %) 55 s @y %9)) (Vi (03 Gy Gny 5% 9))
So, if it is substituted in the above equation, the proof is completed. O
At last, the following theorem represents the rate of statistical convergence of bivariate

operator (6.1) by means of Lipschitz Lip,, (e, a2) functions for the bivariate case, where
feCgl0,00) and M >0and 0 < a3 <1, 0 <y <1, then let us define Lip,, (o1, @2) as

If (&, 9) —flep)| < Mlx' — x|y =y Va,x,9,5 € [0,00).
We have the following theorem.

Theorem 9 Let the sequence q = (qy,,) and q = (qy,) satisfy the conditions given in (6.2),
and let f € Lipy(a1,02), x> 0and 0 <oy <1,0<ay <1. Then

| Vrz,nz (f’ qnl ’ an,x:y) _f(x’y) | S M(Snlal/Z(x)anZth/Z(x),
where 8, (x) and §8,,(x) are defined in (7.2), (7.3).

Proof Since V; . (f3qu>qn,>,y) are linear positive operators and f € Lipy (1, 2), x > 0

and 0 <y <1, 0 <y <1, we can write

Vo s 3@ @y 9) = f @ 9)| < Vi (F(&8) = F @95 G Gy %09)

< MV (|¥ =% 19 = 9|5y a0, 9)
= MV:mz (‘x/ —x‘al;qnpqnzrx:y)

X V;‘klanz (|y/ _3’|az?qm,q@,%y).

Page 13 0of 15
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If we take p; = 0%, 125 %, q = ﬁ, qs = ﬁ, applying Holder’s inequality, we obtain

Vi s 3@ Gy ) = fo0, )| < M(Vys L () =) Gy Gy 7)™

2-a1/2
X (VZI,nz(ﬁ);QnPan,x:J’)) “

X (Vi (0 =9) 5y Gy 2,9) "

2-a/2
X (V:bnz(fo;q"l’qnz’x’y)) "

= M8y, ()8, ().

So, the proof is completed. d
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