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Abstract

The aim of this research paper is to demonstrate how one can obtain eleven new and
interesting hypergeometric identities (in the form of a single result) from the old ones
by mainly applying the well-known beta integral method which was used
successfully and systematically by Krattenthaler and Rao in their well known, very
interesting research papers. The results are derived with the help of generalization of
a quadratic transformation formula due to Kummer very recently obtained by Kim et
al. Several identities, including one obtained earlier by Krattenthaler and Rao, follow
special cases of our main findings. The results established in this paper are simple,
interesting, easily established and may be potentially useful.
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1 Introduction and preliminaries
The generalized hypergeometric series ,F, is defined by [1, 2]

[0 PR O{p; 0(1),,,
qu Z (ﬂl)n
1817 ey ﬂq;

O(p)n

(ﬁq)n Vl' )

where (a), is the Pochhammer symbol (or the shifted or raised factorial, since (1), = n!)
defined (for a € C) by

1, VIZO,
(a)n:
al@+1)---(a+n-1), neN={1,2,...}
_F(a+n) _
" T@ eC\ 7, (2)

and Z; denotes the set of non-positive integers, C the set of complex numbers, and I"(a)
is the familiar gamma function. Here, p and g are positive integers or zero (interpreting an
empty product as unity), and we assume for simplicity that the variable z, the numerator
parameters oy, ...

, o, and the denominator parameters g, ..., B, take on complex values,

provided that no zeros appear in the denominator of (1), that is,

B eC\Zs j=1,...q. 3)
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For the detailed conditions of the convergence of series (1), we refer to [2]. It is not out of
place to mention here that if one of the numerator parameters, say a;, is a negative integer,
then series (1) reduces to a polynomial in z of degree —a;.

It is interesting to mention here that whenever a generalized hypergeometric function
reduces to a gamma function, the results are very important from the application point of
view. Thus the classical summation theorems such as those of Gauss, Gauss second, Kum-
mer and Bailey for the series F;, Watson, Dixon, Whipple and Saalschiitz for the series
3F, and others play an important role in the theory of hypergeometric and generalized
hypergeometric series.

In a very interesting, popular and useful research paper, Bailey [3], by employing the
above mentioned classical summation theorems, obtained a large number of results in-
volving products of generalized hypergeometric series as well as quadratic and cubic
transformations. Several other results were also given by Gauss and Kummer.

Evidently, if the product of two generalized hypergeometric series can be expressed as
another generalized hypergeometric series with argument x, the coefficients of " in the
product must be expressible in terms of gamma functions.

In our present investigation, we are interested in the following quadratic transformation
due to Kummer [4]:

2a, b; a, a+ % ;
1-x)2F —Z | =)F x| (4)
2b; b+ % ;

This result was independently rediscovered by Ramanujan [5, Entry 2, p.49].
Using (4) and employing the so-called beta integral method, recently Krattenthaler and
Rao [6, Eq. (3.4), p.164] obtained the following interesting identity:

a, a+i, 1id, d+ 3
4F3 1
b+i, e,  e+3;
2a, b, d;
T(e)T(e - 2a - d) .
=—— ~.F 2 (5)

" T(e-2a)(e-d
(e-2a)l(e-d) 2b, 1+2a+d-e

provided 2a or d is a nonpositive integer.
Very recently, Kim et al. [7] have obtained a generalization of Kummer’s quadratic trans-

formation formula (4) in the form

24, b;
1 -x)"2F, —2
2b +j;
~ L'(H)ra-on)
T+ 3+ inra-s-14)
o0 2 (@)n(a+ Db+ ),

A T e ),

n=0
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Table 1 The coefficients A; and B;

J Aj(n) Bj(n)

5  —4(1-b-2n)? 4(b+2n)2 = 2(1 = b)(b+ 2n)
+20-6)1-b=-2n+0-b2  —(1-b)2+340b+2n)+b+61
+22(1-b-2n)+13b-33

4 2b+14+2n)b+3+2n) 4b+3+2n)

-b(b+3)

3 b+2+4n -(3b+6+4n)

2 —(b+1+42n) -2

1A 1

0 0

-1 1 1

-2 1-b-2n 2

-3 1-b-4n 3-3b-4n

-4 201-b-2n3B-b-2n) 4(1-b-2n)

—(1-b)4-b)

-5 4(1-b-2n)? 4(b+2n)2 =201 = b)(b+ 2n)
200-b)1-b-2n)-(1-b)? ~(1-b)2-16(b+2n)+b-1
+8(1-b-2n)+7b-7

2a C'(-b)I'(1+b)

T @b ) T(Cb— I+ 5+ L)

X w2 @t Pala+ Db+ 1+ [5]),
'ZBf(n) n b+ iis b+l
n=0 : 2t z)n( +3]+ D

(6)

forj=0,41,4+2,43,+4,+5.

Here, as usual, [x] denotes the greatest integer less than or equal to x and its modulus is
denoted by |x|. The coefficients A; and B; are given in Table 1.

Here, in this paper, we show how one can easily obtain eleven interesting hypergeomet-
ric identities including the Krattenthaler-Rao result (5) in the form of a single unified re-
sult by employing the beta integral method developed by Krattenthaler and Rao [6]. The
results are derived with the help of generalization (6) of Kummer’s formula (4). Several
interesting special cases of our main result including (5) are also explicitly demonstrated.

The results presented in this paper are simple, interesting, easily established and (po-
tentially) useful.

2 Main result
Our eleven main identities are given here in the form of a single unified result asserted in
the following theorem.

Theorem 1 For 2a or d to be a non-positive integer, the following generalization of
Krattenthaler-Rao formula (5) holds true:

2a, b, d;
(&)l (e - 2a —d) 4

Tle—2a)(e—d)> > ,
2b+j, 142a+d-e;

B I'(b)I'(1-b)
T+ 3+ inra-s-14)

$h A @ula s Dulb+ (51, Gty + ),

o (bt alb+ G+ D (Lalber
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2a (d) r(-b)Ira+bs)

"ebp\e) T+ L+ 3iDr(-b - [4])

i Bi(a+ Y@+ 1),(b+1+ 5D, Gd+1),(id +1),
n (b+ %j+ %)n(b+ %j+ 1), (%e+ %),,(%e+ 1),

(7)

n=0
Sorj=0,%1,%2,43,+4,+5. The coefficients A; and B; are the same as given in Table 1.

Proof Let us assume that 2a is a non-positive integer, say 2a = —m, where m is a positive
integer. Now, multiplying the left-hand side of (6) by x%~1(1 — x)¢%"1, where we suppose
temporarily that Re(e) > Re(d) > 0, and integrating the resulting equation with respect to
x from O to 1, expressing the involved 1 F) as a series and change the order of integration
and summation, which is easily seen to be justified due to the uniform convergence of the

involved series, and denoting it by S;, we have

> (2&),,(]9),,(—2)” ! d+n-1 —d—2a-n-1
= - n 1-— e a—n .
M HZO: @b + ot /0 x 1-x%) dx

Evaluating the beta-integral and using the identity

_1)"T
MNoa-n)= %,

we have, after some algebra,

g L@re-d-2a)5~  (a),®)nd, 2"
1T C(e-2a) ;(Zb t)a(l+2a+d—e), n"

Summing up the series, we have

2a, b, d;
3 2. (8)
2b+j, 1+2a+d-e;

_I'(@r'(e-d-2a)
YT T(e-2a)

Also, multiplying the right-hand side of (6) by x*1(1 — x)*"%"!, and proceeding similarly
as above and denoting it by S,, we get after some simplification

r')ra->os)
Sz = 1. 1s j+1
LG+ 3j+3iDrA-b-[%))

3 é (a)n(ﬂ hl %)n(b + [”71])” ! d+2n-1 e—d-1
'n2=0: nt (b+ %j)n(b + %j+ %)n /(; x 1-x) dx
2a r'-b6)ra+bs)

" @b+ )T+ L+ LDrCb- (1))

nt b+ 5+ )b+ 3j+ 1),

00 p 1 j 1
SB[ g,
0

n=0
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Evaluating the beta integrals and using Legendre’s duplication formula

2Tl (2 + )

I'(22) NG ,

we have, after some simplification,

o _T@re-a rora-»
2 T'(e) L+ 3+ 3T -b-[5)

. iﬁ @n(@+ 3)alb+ 5D Gd)a(5d + 3
n b+ 3B+ 3+ Dn (GOu(ze+ 3

n=0 2 2 2

2 (g) T(-B)I(1+b)
@b+))\e)T(b+ L+ LjDr(-b - [£])

)

. i Bi(a+3)u(a+Da(b+1+ [ED)n Gd + D)u(3d +1),

il b+ 3+ b+ 3+ 1), (Ge+ 3aGe+1), |
Finally, equating (8) and (9), we get the desired result (7). This completes the proof of (7).
The above restriction on the parameters d and e may now be removed by appeal to analytic

continuation. O

3 Special cases
Here we shall consider some of the very interesting special cases of our main result (7).

Each of the following formulas holds true provided 24 or d must be a non-positive integer.

Corollary 2
2a, b, d;
()T (e-2a-d) 4 )
Tle—2a)(e—d)> >
2b, 1+2a+d-e
a, a+ %, %d, %d + %;
=453 1 (10)
11 1,0, 1.
b + 2 56, ie + 2

Proof Setting j = 0 in (7) and simplifying the resulting identity, we are led to formula
(10). O

Corollary 3

2a, b, d;
(&)l (e - 2a —d) @

F(e—2a)1*(e—d)3 >
2b+1, 1+2a+d-eg

1 1 1 1
a, ﬂ+§, Ed’ §d+ 5;
=4F; 1
1 1 1 1,
b+ 2 ie, §€+ 2
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2ad a+%, a+1, ld+%, %d+1;
a

+ 2 F 1 (11)
e(2b+1) 5 11
b+§, §e+§, —e+1;

Proof Setting j =1 in (7) and simplifying the resulting identity, we are led to formula (11).

O
Corollary 4
2a, b, d;
(e)T (e - 2a - d) 4 )
Tle—2a)(e—d)> >
2b-1, 1+2a+d-e¢
11 1 1,
a, a+ 2 Ed, Ed + 3
=4F;3 1
1 1 1,
b-3 36 ety
2ad a+l, a+l, id+i, 1d+1;
a
- mz}lj}; 1]. (12)

1 1 1 1 .
b+§, §€+§, §€+1,

Proof Setting j = —1 in (7) and simplifying the resulting identity, we are led to formula

12). O
Corollary 5
2a, b, d;
') (e-2a—-d) )
I“(e—ch)F(e—d)3 2
2b+2, 1+2a+d-e
a, a+%, %b+%, %d, %d+%;
=5F4 1
1 1 31 1 1.
§b+2, b+ 3 56, §€+ 2
1 1 11 .
zad 6l+§, 6l+1, §d+i’ §d+1,
+ 22 R 1. (13)
e(b+1) pid 1 - .
+ 2 §€+ 2 §e+1,

Proof Setting j = 2 in (7) and simplifying the resulting identity, we are led to formula
(13). O

Corollary 6

2a, b, H
T'(e)T(e - 2a —d) @ d

—_—— 2
Te-2a)(e—d)> >
2b-2, 1+2a+d-e
a, a+i, b+l 14, ld+ L
=5F,

1 1 1
2 b_i’ ie, 5€+
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2ad . %, a+l, ld+l %d+1; 1 "
Teb-1*° ) '

1 1,,1 1
20 26t 3

Proof Setting j = -2 in (7) and simplifying the resulting identity, we are led to formula
(14). O

Corollary 7

2a, b, d;
3F2 2
2b+3, 1+2a+d-e

I'(e)T(e—2a—-d)
I'(le—2a)'(e—d)

1 13,3 1 1 1,
a, ﬂ+§, Zb+§’ id’ §d+§,
=s5Fy 1
1 1 3 1,1
ib+3, b+3, 3 3€+ 5
1 35,5 1 11 )
6ad a+sy, a+l, b+, zd+3, zd+1;
@ 1 (15)
+75 4 .
e(2b + 3) 3,3 pas ) 1
g0ty Oty 3€+5, e+ 4

Proof Setting j = 3 in (7) and simplifying the resulting identity, we are led to formula
(15). 0

Corollary 8

2a, b, d;
(&)l (e - 2a — d) 4

—_—— 2
Te—2a)(e—d)> >
2b-3, 14+2a+d-e¢
1 1.3 1 1.1,
a, ﬂ+§, Zb+ ) Ed’ §d+ 3
=5Fy 1
1, 1 3001 1,,1,
ib-1 b-3 30 ¢+ 3
1 35,1 1 1 .
6ad a+l, a+sy, bty 3d+s35, 5d+];
- —5F 1. 16
e(2b-3)"" 3p,_3 p_l 1,1 1 ) 1o
-1 b-3 gety e+l

Proof Setting j = -3 in (7) and simplifying the resulting identity, we are led to formula
(16). O

Result (10) is the well-known result of Krattenthaler and Rao [6] and results (11) to (16)
are closely related to it.

Remark 9 We conclude this section by mentioning that the series s F; appearing on the
right-hand side of results (13) to (16) can also be written as a sum of two 4F3, and then we
can obtain alternate forms of the results.
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