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1 Introduction

We consider the discrete matrix Sturm-Liouville spectral problems

A(R(M)Axi(1) = Qi(M)xia(A) =0, i€ [0,N -1],

x0(A) =xn41(A) =0, detR;(A) #0, i€[0,N]
and

AR(W)AZ(L) - Q(WE(A) =0, i€ [0,N-1], w2
1.2
Ro(A) =&na(0) =0,  detR())#0, i€[0,N],

where Ax; = x;,1 — x;, x;(A) € R”, n>1, A € R is the spectral parameter, and the real sym-
metric # x 1 matrix-valued functions R;(A), R;(1), Q:(x), Qi(1), i € [0, N] are differentiable

in the variable A and obey the conditions

iie»(x) <0 iQ(x) <0, i€[0,N] (1.4)
v = dy = e :
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Conditions (1.3) imply [1, 2] that problem (1.1) is a special case of the discrete symplectic

eigenvalue problem

() = Wiyih), i) = [xF,ul]" €R*, i=0,...,N,

(15)
%0(A) = xn41(A) = 0,
4 p |0 1
W;(A) _]E(VVL()“))]‘VZ’ AJj=0, J= |:—I 0:| (1.6)

which depends in general nonlinearly on the spectral parameter (see [2]). Here W;(}) €
R2x2" g 3 differentiable (hence continuous) symplectic matrix-valued function of the
variable A, such that W;(A)TJW;(A) =] for i = 0,...,N, A € R. By [2], the matrix-function
W;(A) is symmetric for all » € R and (1.6) describes the monotonic behavior of W;(})
with respect to A. In the case of spectral problem (1.1) for y;(A) = [x] (A), ul (W17, u; (1) =
(Ri(M)Ax;(X), i=0,...,N, un(A) = un(X) + Qu(X)xn41(A), the symplectic matrix in (1.5)
has the form

1.7)

W) = [ ! R0 }

Q) I+ QMR ()

and the monotonicity assumption in (1.6)

I QMR | [ -£Qi) 0 I 0
W;(A) = . 4 o »
0 R (1) 0 —LR(M) | | -R7MQi(A) R

>0, i€[0,N]

is obviously equivalent to (1.3).

The oscillation and spectral theory for symplectic difference systems with linear depen-
dence on the spectral parameter was successfully developed in [3—5]. For the special case
of the matrix Sturm-Liouville difference equations the assumption in [3-5] on the linear

dependence on A € R leads to the following restrictions:

d d - « « o
—R;(})=0, —Ri(}) =0, Qi(A) =P, — AW, Qi) =P =2 W,
di di (1.8)

Pi = Per, j)i = i)l', Wi = WT Wi = W[T: Wi = 0, Wi = 0

on the coefficient matrices R;(1), R;(%), Q:(n), Qi()») in (1.1), (1.2). The so-called global
oscillation theorem (see [3, 4]) applied to problem (1.1) with assumptions (1.8) relates the
number of finite eigenvalues of (1.1) less than or equal to a given number A = b to the
number of focal points (counting multiplicity) of the principal solution of (1.1) with A =5
(see [1]). Relative oscillation theory adds new aspects to the classical oscillation results
by showing that matrix analogs of weighted zeros [6-10] of the Wronskian for suitable
solutions of (1.1), (1.2) can be used to count the difference between the numbers of finite
eigenvalues of problems (1.1), (1.2). Recall now some results of relative oscillation theory
developed in [6, 7, 10] for the scalar case of (1.1), (1.2), (1.8). Consider the Sturm-Liouville


http://www.advancesindifferenceequations.com/content/2013/1/328

Elyseeva Advances in Difference Equations 2013, 2013:328 Page 3 of 25
http://www.advancesindifferenceequations.com/content/2013/1/328

eigenvalue problems

r,Ax, le )\) 0, ;"i >0, .;Co()») = QACN+1()\) =0, (110)

A
A(F

rLsz()")) (qt )")le()\) 0, ri> 0, xO()‘) = xN+1()‘) =0, (19)
) - (

i=0,...,N-1

Introduce the Wronskian for two solutions x;, &; of the difference equations in (1.9), (1.10):
wi(x, %) = rixiaX; — 7ixi%i1. According to [6], the Wronskian w;(x,x) has a node at i (or a
generalized zero [11, p.719] in [i,i + 1)) if either w;w;,1 < 0 or w; = 0, wiyy # 0. Then, by [6,
Theorem 4.3], for problems (1.9), (1.10) with r; =7, g; = g; and a < b, a,b € R, we have

#(xV(a), zN V(b)) =#{r € o1la <1 < b}, (111)

where #(x, X) denotes the total number of nodes of w;(x, %) in (0, N + 1), #{A € o1]|a < A < b}
denotes the number of eigenvalues of (1.9) (or (1.10)) between A = a and A = b and the
solutions xf ) &M x; ) Me {0,N +1} of (1.9), (1.10) obey the conditions xﬁ\},}/l 0, &%) =0at
i=Me{0,N +1}.

The main result in [7] extends (1.11) for the case g; # ;. According to [7, Theorem 1.2],
the number of weighted nodes of the Wronskian in (0, N + 1) equals the number of eigen-
values of (1.10) below A = b minus the number of eigenvalues of (1.9) below or equal to
A=a:

#(xV(a), zN V(b)) = #(xND(a), 20 B)) =#{r € 2| < b} ~#{h €L <a).  (L12)

In the recent paper [10], the previous result is generalized for the case r; # 7, q; # q;- Note
that relative oscillation theory for scalar spectral problems (1.1), (1.2) with nonlinear de-
pendence on A (see [12]) has never been developed before.

In [13-16] we derive relative oscillation theory for symplectic difference eigenvalue
problems with linear dependence on A. Note that results in [13, 14] cover the special case
of the matrix Sturm-Liouville eigenvalue problem (1.1), (1.8) with the linear dependence
on A only under the additional assumption R; = f%i, i=0,...,N. Therelative oscillation the-
ory which deals with the case R;(A) # R;(1) is called extended (see [9, 10]). Results of this
paper rely on the concept of finite eigenvalue of (1.5) and the global oscillation theorem
which was recently proved in [2, 17] for symplectic eigenvalue problems (1.5) with nonlin-
ear dependence on the spectral parameter L. We combine these results with Theorem 2.1
in [13] presenting the relation between the numbers of focal points of conjoined bases of
two discrete symplectic systems with different coefficient matrices. This opens the door
for generalizing relative oscillation theory for the case of spectral problems (1.1), (1.3) and
(1.2), (1.4).

The paper is organized as follows. In Section 2 we recall main concepts of oscillation
theory of symplectic difference systems and the comparative index theory developed in
[13, 18-20]. We introduce the relative oscillation numbers which generalize the concept
of a weighted zero of the Wronskian for the matrix case. At the end of Section 2, we prove

some properties of the relative oscillation numbers.
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Section 3 is devoted to relative oscillation theory for problems (1.1), (1.2). In Section 3.1
we derive the relative oscillation numbers for the pair of symplectic difference systems as-
sociated with (1.1), (1.2) (see Theorem 3.4). We also investigate other representations of the
relative oscillation numbers connected with different choices of symplectic difference sys-
tems associated with (1.1), (1.2) (see Section 3.2). The main theorems (see Theorems 3.8,
3.9) proved in Section 3.3 generalize (1.12), (1.11) for the case of matrix eigenvalue prob-
lems (1.1), (1.2).

In Section 4 we provide several examples illustrating the relative oscillation theory for

scalar problems (1.1), (1.2) with nonlinear dependence on the spectral parameter.

2 Notation and auxiliary results

We will use the following notation. For a matrix A, we denote by A7, A™!, A~T, A", rank A,
indA, A > 0, A <0, respectively, its transpose, inverse, transpose and inverse, Moore-
Penrose pseudoinverse, rank (i.e., the dimension of its image), index (i.e., the number of
its negative eigenvalues), positive semidefiniteness, negative semidefiniteness. By / and
0 we denote the identity and zero matrices of appropriate dimensions. We also use the
notation H;:[:MAk = ANAn_1 - - - Ay for the product of matrices An,An_1,...,Ap, Where
we put [[10 Ax = L.

Introduce the symplectic difference systems

yin =Wy,  WIIW; =], (2.1)

~

Vi =WiH,  WIWw,=J, (2.2)

where y;7; € R*".
Recall (see [11]) that 27 x # matrix solutions Y;, ¥; of (2.1), (2.2) are said to be conjoined
bases if

rank Y; = 1, YIJY;=0,  rankY;=n, YIjy,=o, (2.3)
and the conjoined bases Yi(M), }A’i(M) of (2.1), (2.2) with the initial conditions Y, ](V[M) =017,
lA’,(MM) =[01]7 at i = M are said to be the principal solutions at M.

Note that for conjoined bases Y;, Y; of (2.1), (2.2) there exist symplectic fundamental

matrices Z;, Z such that
v,=zlo 0", Y=zl n" (2.4)
(see [11, Remark 1(ii)]). Define the Wronskian
wi(Y,Y) =w; = YTV, (2.5)
for conjoined bases of (2.1), (2.2).
Recall the definition of focal points and their multiplicities for conjoined bases of (2.1).

We define the numbers of focal points of conjoined basis Y; = [X] U7 in (i,i +1], [i,i +1),
respectively (see [21, Definition 1], [19, Definition 3.2]): m;(Y) = rank M; + ind P;, m(Y) =
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rank M; + ind P;, where

M; = (I - XinX},1)Bi, M; = (I - X:X))BT,
T, =1-MM, T;=1-M M,
P; = TX.X[,BiT,, P; = T X;n X B T..

In particular, according to [1, Section 5], the number of focal points of a conjoined basis
Y; = [X] (Ri(A)AX;)T]T of matrix Sturm-Liouville equation (1.1) in the interval (i,i + 1] is
defined to be the number

m;(Y) = n —rank X;,1 + ind (X] R;(A)Xj1). (2.6)

The main results of this paper are based on the comparative index theory established in
[13,18-20]. According to [19, 20], we define the comparative index for 2x# x n matrices Y,
Y with conditions (2.3) using the notation

A~ A

M=(1-Xxx"NX, X=[0]y, X=[10]Y,
T =I-MM, (2.7)
D=DT =Twl(Y, X' XT.

The comparative index is defined by u(Y, Y) = (Y, Y) + uo (Y, ), where w1 (Y, f/) =
rank M and p,(Y,Y) = ind D. Introduce the dual index u*(Y,Y) = u1(Y,Y) + ui(y, Y),
where u3(Y, Y) = ind(-D).

For the comparative index u(Y, f’), we have the estimate (see Property 7 in [19, p.449])

w(Y,Y) <rankw(Y,¥) <n, (2.8)

where w(Y, Y) is the Wronskian given by (2.5).
If Z; is a symplectic fundamental matrix for (2.1) connected with a conjoined basis Y;
(see (2.4)), then, according to [19, Lemmas 3.1 and 3.2], we have

mi(Y) = (Yo, Wilo 117) =p*(Z; 0 0%z 0 1", (2.9)

mi(Y)=p (Y, W0 N7)=w(z7o 0%.z1400 07, (2.10)

where m1;(Y), m;(Y) are the numbers of focal points in (i, + 1], [i, i + 1), respectively.

In this paper we will use the comparative index ,u(Zi‘ ly,, Z;}l Y;;1) which, according to the
second formula in (2.10), presents the number of focal points n}(Z™ Y)in [i,i + 1) of the
transformed conjoined basis Z{lf’i (see [14]) with the upper block [/ O]Zi‘lf’i =—w;(Y,Y)
associated with the Wronskian (2.5). To emphasize the role of the Wronskian (2.5) in
the relative oscillation results, we introduce the notation m*(w;, wiy1) = mi(Z™ Y) =
wW(Z1Y, Z7) Yi,), where by (2.7), (2.10) we have

i+1

m* (w;, wi,1) := rank M; + ind(P;),
M, = (I - W;Wi)WZ:rl; Ti=1- MZTML,, P = 7;Wi+1W:Q:i7;, (2.11)

A T (55— o oS
¢ = (Z'Y) J(Z A\ Yin) = Y TW WY, = Y W W Y.

i+1
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Note that according to (2.8), we have the inequality
m* (Wi, wiy) < rank(¢;) <n (2.12)

because of the definition €; = (Z;'Y;)T/(Z;} Yi,1) in (2.11).

i+l
Introduce the notation

N N
WY, MN)=> m(Y),  I(Y,M,N)=> mj(Y)
i=M =M

for the numbers of focal points of Y; in (M, N + 1] and [M,N +1).
For arbitrary 2n x n matrices Y, ¥ with conditions (2.3) and symplectic matrices W, W,
we define the operator

LY, Y, W, W)
=n(WY,Wio 07)-u(wy,wio N7)+un(Wy,W?)-puy,?). (2.13)

The main result in [19] (see Theorem 2.2) establishes the equality u(WY, wWY) =
w(Y, ) + w(WY, w[o 1)T) — w(WY¥, W[0 I]7) and then

LY, Y, W, W)=0 (2.14)

for the case W = W.
When Y := Y], Y= }A’L are conjoined bases and W := W, W= \X’/, are the coefficient
matrices of (2.1), (2.2), operator (2.13) takes the form

LY, Vi, Wiy W) = my(Y) = mi(Y) + Au(Y;, Y5), (2.15)

where, according to (2.9), my(¥) = u(ffm, wil0N7T), m,(Y) = w(Yie1, Wi[011T) are the num-
bers of focal points in (i,i + 1]. In [13] we derive the general representations of (2.15) in
terms of the comparative index for the coefficient matrices of (2.1), (2.2). For arbitrary
symplectic matrix W separated into n x n blocks A, B, C, D introduce the notation

I 0
A B A B
(W) = o W=
0 -I C D
C D

~

In [13, Lemma 2.3]) we prove that 4n x 2n matrices (W), (W) associated with symplectic
W, W obey (2.3) (with # replaced by 2x) and then the comparative index for the pair

(W), (W) is well defined. The results of this paper are based on the following comparison
theorem proved in [13, Theorem 2.1].

Theorem 2.1 Let Y;, V; be conjoined bases of (2.1), (2.2) associated with symplectic fun-
damental matrices Z;, Z; such that (2.4) hold. Then

LY, Vi, Wi, W) = #(Y,, Y2), (2.16)
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where

A

#Y, V) = n(Z7 2, (271 Zin) = ((W0), (W), (2.17)

i+1

and then

N
> LY, Y, Wi, W) = LY, M,N) = 1Y, M, N) + n(Yaa, V) = (Yo, Vi)
i=M

N
=Y #Y, T, (2.18)
i=M

where (Y, M,N), (Y, M, N) are the numbers of focal points in (M,N +1].

The numbers #(Y;, ¥;) in the right-hand side of (2.16) are called the relative oscillation
numbers for the symplectic difference systems (2.1), (2.2). Note that the inequality

[#(Y, ¥;)| < rank(W; - W) (2.19)

holds for the relative oscillation numbers in (2.16) (see the proof of Theorem 2.1 in [13]),
and then #(Y;, ¥;) = 0 for the case W; = W,.
For the particular case when Y3, Y; are the principal solutions of (2.1), (2.2), we have the

following corollary from Theorem 2.1 (see [13, Corollary 2.4]).

Corollary 2.2 Let Yi(o) and )A’i(Nﬂ) be the principal solutions of (2.1) and (2.2) associated
with symplectic fundamental matrices ZEO), ZNY such that conditions (2.4) hold. Then

14

rF(YWN,0,N) - 1(Y@,0,N) = {(Y?,0,N) - 1(Y?,0,N)

N
-3 O, T, (220
i=0

where the relative oscillation numbers #(Yl-(o), lA/i(N“)) are defined by (2.17) for 7= ZEN”),
(0)
Zl' = Zi .

Relative oscillation theory for symplectic eigenvalue problems with linear dependence
on A developed in [13, 14] is based on [13, Lemma 2.2], [14, Lemma 1] where we evaluate

relative oscillation numbers (2.17) assuming that the following condition

. I 0
Wt = [C 1}, i=0,...,N, (2.21)
i

holds for the matrices W;, W; in (2.1), (2.2) (here C; = CiT due to symplecticity of W, Ww5).

Then, by [14, Lemma 1], we have the following representation

#(Y;, V) = m* (wi, wi) —ind(€)), € = X CiXin (2.22)

i+

Page 7 of 25
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provided (2.21) holds. In particular, for the scalar case of Sturm-Liouville equations (1.9),
(1.10) with r; = 7;, relative oscillation numbers (2.22) take the values £1 if and only if the
Wronskian w;(x, &) = rix;,1%; — rix;%;,1 for solutions x;, &; of (1.9), (1.10) has a weighted node
at i according to the definition in [7] (see [14, Remark 1]).

Note that the symplectic matrices (1.7) associated with matrix Sturm-Liouville equa-
tion (1.1) for two arbitrary values A = a and X = b, a # b obey condition (2.21) only for the
case when R; does not depend on A. For two spectral problems (1.1), (1.2) condition (2.21)
is satisfied under the additional assumption R; = R;. In the next section, using the spe-
cial structure of symplectic matrices (1.7), we evaluate the relative oscillation numbers for
problems (1.1), (1.2) for the general case R;(}) #IA?i(A), Q:(n) # Q:(%). In the proofs we will
use the following ‘multiplicative’ property of operator (2.13).

Lemma 2.3 For arbitrary symplectic matrices $1,S,,...,S, and 5,8,,... ,Sp, where p > 1,
define Z(r) := [1i_; St Z(r) = [T S, r=0,1,...,p. Then, for any 2n x n matrices Y, Y
with conditions (2.3), we have

p
L(Y,Y,2(p), Z(p)) = Y L(Z(r-1)Y,Z(r-1)Y,S,,5,)
r=1

p

+Y (w(zmlo n7.slo 1"

r=1

-u(@mio n%80 n7). (2.23)
Proof By definition (2.13), in the left-hand side of (2.23) we have

L(Y,Y,Z(p), Z(p))
=uw(Z@)Y.Z@)lo N7)-u(ZEY,ZE)lo 1n7)
+1(Z®Y, Z@)Y) - u(y, ¥). (2.24)

Similarly, for the operator £(Z(r - 1)Y,Z(r-1)Y,S,,S,) in the right-hand side of (2.23), we
derive

L(Z(r-1Y,Z(r-1)Y,5,,§,)

=nw(Z(NY,500 N7)-p(2@Y, S0 07)+Aaw(Zr-1Y,Z(r-1)Y),
and then

L(Z(r-1Y,Z(r-1Y,5,,5,) - n(Zro 07,80 07
+u(Zzmlo ntslo Nh
=-L(Z(r-1DY,Zr-Dl0 07.5,.5)+Ap(Z(r-1Y,Z(r-Dl0 17)
+L(Z(r-1Y,Z(r-1[0 17,5,S,) - Ap(Z(r-1Y,Zr-1[0 1I7)

+Ap(Z(r-1)Y,Z(r-1)Y). (2.25)
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By (2.14), L(Z(r - 1)Y, Z(r - 1)[0 117,8,,S,) = L(Z(r - 1)Y, Z(r - 1)[0 17, S,,S,) = O, then

summing (2.25) from r =1 to r = p, we derive (2.24). The proof is completed. O
Remark 2.4
(i) Assume that Y;, ¥; are conjoined bases and )Q(M), f’i(M) are the principal solutions of

(2.1), (2.2) at M € Z. If we apply Lemma 2.3 for the casep =N -M +1, N > M,
Y=Yy, }A/:: ?Mr Sk := Wierems Sk = vAVk—lJrM’ k=1,~-;[9,

then Z(r)Y := Yarrp, Z(r)Y := Yarr, and Z(P)[0 1)7 := YO, Z(n[0 )7 := TP,

r=0,...,N — M +1. For the given case, equality (2.23) takes the form

A N N A
L(YM, Y [TWo ] ] W)
i=M i=M
N

=Y LY, Y, Wy Wi) + (Y™, M,N) - 1(Y), M, N). (2.26)
=M

In particular, if systems (2.1), (2.2) are disconjugate in [M, N], i.e.
(Y™, M,N) = (Y™, M,N) = 0, then

N N N
,c(yM, LA W) S LT W)
=M i=M

i=M

(i) Note that (2.26) gives us possibility to replace pointwise evaluation of N — M + 1
operators (2.15) associated with the pairs W, W, by computation of only one
operator (2.13) associated with the products ]_[f\i w Wi, ]_[i\:] M W;. In this paper we
apply Lemma 2.3 in the opposite direction. Assume that for any i the following
factorizations W; = Hi:l Sk, W; = I—[iz1 Sk hold for the coefficient matrices of (2.1),
(2.2) (here p and S, Sk can depend on §). Then for Y :=Y;, Y := ¥; we have
Z(p)Y := Y1, Z(p)f’ := Y}, and Lemma 2.3 presents the action of operator (2.15) at
the point i as a result of actions of p operators associated with the factors Sy, St
k=1,...,p (see the proofs of Lemma 3.3 and Theorem 3.4 in the next section).

We will also need the following result which is based on (2.22). It is well known (see
[11, 20, 22]) that symplectic transformations with lower block triangular matrices do not

change the number of focal points. In particular, if we introduce the symplectic matrices

I 0 N I 0 ~ ~
K; = , K= . , ;= PF, = PF, 2.27
O A S 02

then m(Y;) = m(K;Y;), m(Y;) = m(K;Y;), and for operator (2.15) we have

L(K:Y:, KiY, Kia WiK;, Ko WK
= () - m(Y;) + Ap(K; Y, K;Y7)

Page 9 of 25


http://www.advancesindifferenceequations.com/content/2013/1/328

Elyseeva Advances in Difference Equations 2013, 2013:328 Page 10 of 25
http://www.advancesindifferenceequations.com/content/2013/1/328

Note that we can rewrite f; in the form f; = L(Y}, Y;,K;, K;), where K;, K; obey assumption
(2.21). Then for f; we have the representation

fi=m*(wi, ;) —ind(€), € = X[ (P, = P)X;, i, = YT KK Y, (2.29)

where the Wronskian w; is given by (2.5) and m™*(w;, w;) is defined by (2.11) with w;,; := w;.

So we have proved the following lemma.

Lemma 2.5 The relative oscillation numbers #(Y;, fﬁ) and #(K,»Yi,f(,«)?,») with K;, f(, given
by (2.27) are connected by the equation

#(Y,, V) = (K Y, K Y)) - Af,

where f; is presented by (2.29). In particular, for the case Y; := Yi(o) and Y; := )A/i(N“), we have
fna =fo =0, and then, by Corollary 2.2,

N N
[(Y9,0,N) = 1(Y®,0,N) = > #(¥7, ¥) = > # (kv KIN).
i=0 i=0

3 Relative oscillation theory for matrix Sturm-Liouville difference equations
3.1 Relative oscillation numbers for matrix Sturm-Liouville difference equations
Consider the evaluation of relative oscillation numbers (2.17) for the special case of the
matrix Sturm-Liouville equations. Introduce the conjoined bases of systems (2.1), (2.2)
associated with (1.1), (1.2):

vio) =[x ufw]’,  he=[&Fe drw]’
U0 = Ri(WD)AX: (L), 00 = R(W)AX,(N), i=0,...,N, 3.1)

Un.a(X) = Un(A) + Qu(A) Xy (), Ui (1) = Un(h) + Qu(0)Xna (0.

Note that the coefficients Qy (1), Qx(1) are not needed in equations (1.1), (1.2), but for
convenience we define them at i = N such that (1.3), (1.4) hold. In Remark 3.2 we will show
that the results of this section do not depend on the definition of Qx(A), Qn(L).

The Wronskian (2.5) of Yi(a), Y;(b) for two fixed values » =a and A = b

wi(X(a), X(b)) = wi(a, b)
=X (@)U(b) - UF (@)X(b), a,beR,i=0,...,N+1 (3.2)

obeys the equation

Awia,b) = ~(A (] (@) (Ril@) ~ Ri(5)) AXi(D)

+ X11(@)(Qi(a) - Qb)) X (b)), i=0,...,N. (3.3)
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The symplectic coefficient matrices (1.7) associated with (1.1), (1.2) can be presented in
the special factorized form

M(A):[ ! 0} {1 R"_I(M}Li(k)Hi(/\),

Q@) Ij|o I
(3.4)
oo | T O[T R s
W"m_[éi(x) 1} {0 / }—LZ(A)H,(A)-

The main result of this section is based on the consideration of the following particular

cases.

Lemma 3.1 (Case I) Assume that for spectral problems (1.1), (1.3) and (1.2), (1.4), the ma-
trices R,(1), Ri(\) obey the conditions

d d . A
——R;(A) = ——R;(A) =0, R;=R;, i=0,1,...,N, 3.5
R() = SR i (35)

then relative oscillation numbers (2.17) have the form

#(Yi(a), Yi(b)) = m* (wi(a, b), wini(a, b)) — ind(€i(a, b)),

A (3.6)
Ci(a,b) = X}1(a)(Qul@) - Qb)) Xi (),

where m*(w;(a, b), wi,1(a, b)) is given by (2.11) with €; := €;(a, b) and w; := w;(a, b) defined
by (3.2).

Proof For case (3.5) we have that condition (2.21) is obviously satisfied for matrices (3.4):

. ¥ -1 = . A. — I 0
Wil@) Wi (b) = Lia)Li(b) = [ 0@ - BB) 1} (3.7)

and then applying (2.22) we derive (3.6). O

Remark 3.2 Note that in the definition of symplectic systems (1.7), (3.4) we can put
Qn(A) = Qn(A) = 0 and then #;(Yx(a), Yx(b)) = 0. However, for the case when ¥; :=
}A’i(N“), we have #;(Yy(a), f’N(b)) = 0 for any choice of Qn(1), QN(A). Indeed, for this

case wn(a,b) = wni(a,b) = X§+1(a) by (3.3), (3.2) and according to (2.11), we have
m*(wn(a, b), wn.(a, b)) = ind(Cx(a, b)).

Lemma 3.3 (Case II) Assume that for spectral problems (1.1), (1.3) and (1.2), (1.4) the ma-
trices Q;(1), Q:i(L) obey the conditions

d .

d A )
aQi(k):d_AQi(k)zo: QiEQir i=0,1,...,N, (38)

then relative oscillation numbers (2.17) have the form

#1(Yi(a), V(b)) = m* (wi(a, b), wi1(a, b)) — ind(B(a, b)) + P;,
Bia,b) = U @R (6) - RA@)Ua), U0 = R(AAX().
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Here m*(w;(a, b), wi,1(a, b)) is defined by (2.11) where €; := B,(a, b), and the number P; does
not depend on a, b:

Pi = 1nd(1A€l()\0)) - 1nd(R,()L0)), )\0 eR. (3.10)

Proof Note that for case (3.8) matrices (3.4) obey the condition

(3.11)

WL (b)Wila) = H (b)H(a) = [1 Ri(a) ‘Ril(b)} '

0 I

The symplectic upper block triangular factors H;(a), H,(b) in (3.11) can be represented in
the form

Hia)=J"Ki(@),  Hi(b) =JTK(b)],

where K;(a), Ki(b) are the symplectic lower block triangular matrices. Assumption (3.8)
implies that L;(a) = ii(b) = L; in (3.4). Consider operator (2.15) for case (3.8). Applying
Lemma 23 forp=4, S =8, :=J, S, :=Ki(a), S :=Ki(b), S3=83:=J7,84 =84 =L;, Y := Y},
Y= ﬁ, we have

L(Y;, Yi, Wila), Wib)) = L(Y;, Yi, L Ki(@)], LT Ki(b)])
= L(Y; Vi J.)) + L(Y: ], Ki(a), Ki(D))
+ L(Ki(a)1Y:, K0T Y3, )77
+ L(Hi(a)Yi(a), Hi(6) Yi(b), L, L)
+{un(H@o 070 0"
-uw(H®mo 0570 0},
where the addends in the braces correspond to the last sum in (2.23). Taking into account
that the right-hand side of operator (2.13) equals zero for W = W (see (2.14)) and evalu-

ating the difference {u(H;(a)[0 I17,J7[0 I]7) — w(H;(b)[0 1)7,JT[0 I1)T)} according to the

definition of the comparative index, we have

A

L(Yi(a), Y,(b), Wila), Wi(b)) = LJYi(a),]V:(b), Ki(a), Ki(b)) + ind(R;(b)) — ind(Ri()).

Recall that the symmetric nonsingular matrices R;(1), R;()) are continuous functions in
A and then their eigenvalues have the constant sign for A € R. So we have ind(f%i(a)) =
ind(R;(%o)), ind(R;(a)) = ind(R;(%o)) for any Ao € R.

Note that the symplectic matrices K;(a), K;(b) in the operator L(JY;,] Y;, Ki(a),K;(b)) are

unit lower block triangular and then they obey condition (2.21):

(ANRLBY = TEL () FT-1 T _ 1 0
K@)\ (b) = JH{) 7 (b)) = [fe,»l(m— . J.
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Evaluating L(JY;(a),] Yi(b), Ki(a), Ki(b)) according to (2.22), where €; should be replaced by
B,(a,b) = U (a) (R (b) - R;M(a))Uj(a), we derive (3.9) with P; given by (3.10). The proof
is completed. d

Consider the evaluation of the relative oscillation numbers for the general case. Intro-
duce the following Wronskian:

wis(a,b) = X (a)L;(b) — UF (@)Xi1 (), i € (i,i+1) (3.12)

i+

for U;()), U;(1) defined as in (3.1). Here we use the intermediate point i* € (i,i + 1) for the
convenient interpretation of subsequent results. Note that

A~

wis(a, b) = wi(a, b) - U] (@) (R (b) - R (@) UL;(b), (3.13)
wia(a, b) = wi(a,b) - X[, (@)(Qi(@) - Qi(b)) Xin (b), (3.14)
and then summing (3.13), (3.14) we derive (3.3). In particular, if case I takes place (i.e., con-

ditions (3.5) hold), we have w;«(a, b) = w;(a, b) by (3.13) and similarly, by (3.14), w;,1(a, b) =
wix(a, b) in case II.

Theorem 3.4 (General case) For spectral problems (1.1), (1.3) and (1.2), (1.4) associated
with symplectic matrices (3.4), relative oscillation numbers (2.17) have the form

#(Yi(a), Yi(b), Wia), WiD)) = # (i, i*) + #,(i",i + 1), (3.15)
where the numbers

#y(i,i*) = m* (wi(a, b), wi(a, b)) — ind(Bi(a, b)) + P;, (3.16)
#,(i*,i + 1) = m* (wi (a,b), wii (@, b)) — ind(€;(a, b)) (3.17)

are evaluated according to (3.9), (3.10) and (3.6), respectively, with w;,1(a, b) := wix(a, b) for
case Il and wi(a, b) := wix(a, b) for case I.

Proof For the proof we use factorizations (3.4) and Lemma 2.3. Putting in Lemma 2.3
p=2,8:=Hj(a), S := H;(b), Sy := Li(a), Sy := Ly(b), Y := Y;, ¥ := ¥}, we derive

L(Yi(a), Yi(b), Wi(a), Wi(b))
= L(Yi(a), Yi(b), Li(@)H(a), Li(b)Hi(b))
= L(Yi(a), Yi(b), Hi(a), Hi(b)) + L(Hy(a)Yi(a), H;(b) Y,(b), L(a), Li(D)).

By (3.11), (3.7) operators L(Yi(a), %i(h), Hy(a), (b)) and L(Hy(@)Yi(a), Fli(b)¥i(b), Li(a),
Li(b)) can be evaluated according to cases II and I, respectively. For case II, we have that
the conjoined bases Y;(a), Yi(b) obey the symplectic systems Yix(a) = H;(a)Yi(a), Vi (b) =
Hi(b)Yi(b), i* € (i,i + 1), and then we have to use the Wronskian Y« ()Y (b) = w;(a, b)
given by (3.12) instead of w;,1(a, b). Similarly, in case I we use that Y(a), Vi (b) obey the
symplectic systems Y;,1(a) = L;i(a)Y(a), fﬁ+1(b) = ]:,'(b)}A’,»* (b) and then we apply (3.6) re-
placing w;(a, b) by w;(a, b). Finally, we point out that such modifications of (3.9) and (3.6)
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do not touch the matrices B;(a, b), €;(a, b) according to their definitions in (3.9) and (3.6).
The proof is completed. d

Now we formulate some properties of the relative oscillation numbers given by (3.15),
(3.16), (3.17).

Proposition 3.5
(i) If case I takes place (i.e., conditions (3.5) hold), then in (3.15) we have
#(Y(a), Y,(b)) = #,(Yi(a), Yi(b)) for #,(Yi(a), Yi(b)) given by (3.6). Similarly, for case
11, #(Yi(a), (b)) = #1(Yi(a), Yi()) with #;(Y(a), Yi(b)) given by (3.9).
(i) Ifthe conditions

Qi@ = Qub),  Ri(a)= Ri(b) (3.18)

hold, then the relative oscillation numbers given by (3.15), (3.16), (3.17) are

nonnegative. In particular, for the case Q;(1) = Qi(A), Ri(A) = R; (M), a < b, the
relative oscillation numbers are presented in the form

#(Yi(a), Yi(b)) = m* (wi, wis) + m* (Wi, wi1) 2 0, a<b, (3.19)

where m*(w;, wix) and m*(wp, wi,1) are defined by (2.11) with €; :=B(a,b) > 0 and
¢;:= Ci(a,b) > 0 given by (3.9) and (3.6), respectively.
(iii) For the relative oscillation numbers in (3.15), we have the estimate

[#(Ya), Ti(0))| < rank(Ri(a) - R(b)) + rank(Qi(@) - Qu(b) <2 (3.20)

Proof For the proof of (i), we use (3.13), (3.14). Case I implies (see (3.13)) that w;(a,b) =
wix(a, b) and the matrices B;(a,b), P; in (3.9), (3.10) equal zero. Then #;(i,i*) = 0 and
#(Yi(a), Yi(b)) = #,(Y:(a), Yi(b)). In a similar way, for case II, €;(a,b) = 0, and we get from
(3.14) that wj,1(a,b) = wi=(a, b). Finally, it follows that #;(i*,i + 1) = 0, #(Yi(a), Yi(b)) =
#1(Yy(a), (b))

For the proof of (ii) we note that under assumptions (3.18) numbers (3.17) are nonneg-
ative because of ind(&;(a, b)) = 0. For the proof #;(i,i*) > 0, we use the following index
result:

ind R;(b) — ind R;(a) = ind(R;* () - R7*(a)) — ind(R;(a) - Ri(b)) (3.21)

which follows from (2.14) for the case Y := [Ri(a) 117, ¥ := [Ri(b) I]T, W := . Recall that
in the proof of Lemma 3.9 we used indR;(A) = ind R;()o), ind R;(A) = ind R;(A¢) accord-
ing to monotonicity assumptions (1.3), (1.4). Then, by (3.21), indR;(b) — indR;(a) = P; =
ind(R;(b) — R;(a)), where we use that ind(R;(a) — R;(b)) = 0. Finally, we have #;(i,i*) =
(P; —ind(®B;(a, b))) + m*(w;, w;x) > 0 because of

P; —ind(B(a, b)) = ind(R;'(b) - R ()) - ind (U] (@) (R7 (b) - R (a)) Ui(a)) = 0.

For the case Q;(%) = Q;(A), Ri(A) = Ri(A), a < b, we additionally have P; = ind(R;*(b) —
R7'(a)) = 0 and in (3.16) ind(B;(a, b)) = 0. Then the proof of (ii) is completed.
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By (2.19), relative oscillation numbers (3.16), (3.17) obey the inequalities

|# (i, i*) | < rank(H;(a) - Iillr(b)) = rank(R;(a) - f?,-(b)),
’#1 (i*, i+ 1)’ < rank(L;(a) - ii(b)) = rank(Q,'(a) - Qi(b)),

and then for the relative oscillation numbers in (3.15) we have estimate (3.20). The proof
is completed. 0

3.2 Other representations of the relative oscillation numbers for matrix
Sturm-Liouville difference equations

By expanding of the operators A, the matrix Sturm-Liouville equation in (1.1) (or (1.2))

can be rewritten as the three-term recurrence [1, 23]

Rivi(Mxiv2 — Ti(M)xi1 + Ri(M)x; =0, i€ [0,N -1],

(3.22)
Ti(2) = Rin(A) + Ri(A) + Q;(R).
In [1, Theorem 3.1] the following result for equation (3.22) is proved. If we put
yi=[xl ull L u; = Ri(A)xia — Pi(M)x;, i € [O,N],
(3.23)

uns1 = (Tn(h) = Praa(A))ansn — Ry (M)

with an arbitrary symmetric matrix P;(1), then, according to [1, Theorem 3.1], y; solves the
symplectic difference system with coefficients depending on P;(A). Here we assume (see
[1]) that Ry,1(1), Qn()) are defined so that conditions (1.3) hold.

The choice P;(A) := R;(A), i € [0,N + 1] leads to the symplectic system with matrix (1.7).
The solution y;(A) of this system is connected with y; in (3.23) by the following symplectic
transformation:

5100 = KG0), K = [ ! 0} . (324)
Ri(A)=Pi(x) 1

The Wronskian w;(X(a), X (b)) for conjoined bases of the transformed systems also de-
pends on the choice of P;(1), f)i(k). So we have

wi(X(@), X (b)) = w;(X(a), X (b)) + X[ (@) (Ri(@) - Ri(b) - Pi(a) + (b)) Xi(b),  (3.25)

where w;(X(a), X (b)) is given by (3.2).
In particular, the Wronskian in [10] (for the scalar problems (1.9), (1.10))

(X(a), X(8)) = Wi(a, b) = X7 @R (6)&is1(b) - XT, (@R (@) Ki(b) (3.26)

i+1

corresponds to the choice P;(1) := 0, P; = 0 in (3.23). Transformation (3.24) in this case
leads to the following coefficients matrices:

V%(k){ 0 R;l(fxl) } v“mu):[ 0 ARflA(i\l) ] (3.27)
-R;(A)  Ti(AMR;(A) -R;(A)  Ti(AR7(A)
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where T;()) is defined in (3.22) and YA",-()») is defined similarly for (1.2). Formula (3.25) for
P;(1):= 0, P; := 0 takes the form

wi(X(@), X(8)) = wi(X(@), X(B)) + X[ (@) (R(@) - Ri(0)) KilD). (3.28)

It is easy to see that

‘/Vz(d) ‘;V_l(b) = Z,‘(&Z, b)’

Mi(ﬂ, b) 0
Ty(@)Mi(a,b) - M; T (a,b)Ti(b) M;"(a,b) |’

l

Li(a,b) = (3.29)

Mi(a, b) = R (@)R,(b),
where M;(a, b) = I for the case R;(a) = Ri(b). Slightly modifying the proof of Lemma 1 in
[14, p.1233] (see also [13, Lemma 2.1]), we have the following representation of the relative

oscillation numbers for the transformed systems with matrices (3.27):
#(?t(a)r ?l(b)) = m* (ﬁ/i(‘L b)’ ﬂ/Hl (“: b)) - M(f/i+1(a)’ Zi(a’ b) i‘/i+1(ﬂ))' (330)

Here Y(a) = Ki(a)Yi(a), Yi(b) = Ki(b)Y;(b) and Ww;(a,b) is given by (3.26). The number
m*(wi(a, b), wi,1(a, b)) is defined by (2.11) with &; := D;(a, b), where

i+1

Dy(a, b) = X} (@Ri(@)R (b)(Ti(@) - Ti(D)) Xin(@) + X[ (@)Ri(D) X1 (a)

- XTI (@)Ri(a)R7 (b)Ri(a) X (a). (3.31)

In particular, for case I (see Lemma 3.1), relative oscillation numbers (3.30) coincide with
#;(Yi(a), Y;(b)) given by (3.6). In the general case, by Lemma 2.5, relative oscillation num-
bers (3.30) are connected with (3.15) by the formula

#(Yi(a), Yi(b)) = #(Yi(a), Yi(b)) - Af,, (3.32)

where f; is given by (2.29) with €; := X[ (a)(R;(a) - Ri(b))Xi(a). For relative oscillation num-
bers (3.30), we have the following estimate (compare with (3.20)):

#(Y:(a), Y:(b))| < rank D;(a, b) < n, (3.33)
[#( )|

with D;(a, b) given by (3.31). For the proof, we apply inequalities (2.8), (2.12) to the ad-
dends in the right-hand side of (3.30) such that m*(w;(a, b), wi;1(a, b)) < rankD;(a, b),
w(Yi1(a),Li(a, b)Yi1(a)) < rank Di(a, b). By analogy with Remark 3.2, we can also show
that #(¥x (a), YN (b)) = 0 for any choice of Qu (1), Ry.1(A), Qu(A), Rys1(1).

However, we cannot guarantee that Proposition 3.5(ii) holds for relative oscillation num-
bers (3.30). In particular, for the scalar case of problems (1.1), (1.2), we show that (3.30)
takes the value —1 for the case Q;(1) = Q;(1), R;(A) = R;(A), a < b under the monotonic-

ity assumptions in (1.3), (1.4) (see Example 4.2 in Section 4). Moreover, one can verify by

Page 16 of 25


http://www.advancesindifferenceequations.com/content/2013/1/328

Elyseeva Advances in Difference Equations 2013, 2013:328 Page 17 of 25
http://www.advancesindifferenceequations.com/content/2013/1/328

direct computations that the monotonicity assumption (1.6) holds for (3.27) only if R;(%)
does not depend on A. So we have

o R 0 0 LR [| RN RAMNTO) | 7
w’(k)_][ﬂ(k)Ri_l()n) I:| [%Ri(k) —%T,(k) 0 I ] =0,

and the last condition is equivalent to

4 Ry=0,  LQ0)<0
a vt dy =T
where we use Lemma 2.7 in [22] to evaluate the index of a symmetric matrix with zero

diagonal block (see also index results in [24]).

3.3 Relative oscillation theorems
In this section we prove analogs of (1.12), (1.11) for the case of matrix eigenvalue problems
(1.1), (1.2). Recall the notion of the finite eigenvalue introduced for (1.5) in [2].

Definition 3.6 Let Yi(M)(A) = [X;(M)T U;(A)T1T be the principal solution of (1.5) at M = 0.
The number A € R is a finite eigenvalue of (1.5) if

O(hg) := rankXNH()»k’) —rank Xy,1(Ag) > 1,
where rank Xy,1(A¢™) = lim;_, , o rank X1 (1) and 6(Ax) is the multiplicity of Ax.

The global oscillation theorem in [17] connects the number of the finite eigenvalues
(including their multiplicities) of (1.5) with the number of focal points of the principal
solution under the additional assumption Im B;(A) = const, A € R, where B;(1) is the block
of W;(A) in the upper right corner (see [17, Theorem 3.2]). The symplectic matrix (1.7)
satisfies this condition, and then we can formulate the global oscillation theorem for the
special case of problem (1.1).

Theorem 3.7 Assume (1.1), (1.3). Then the finite eigenvalues of (1.1) are isolated, bounded
from below, and there exists p € {0,1,...,nN} such that for any b € R

1(YO1),0,N) = #{» € 1|1 < b} +p, (3.34)
where #{)\ € 01|\ < b} is the number of finite eigenvalues of (1.1) in (oo, b], (Y©(b),0,N) =
Zﬁo m; (YO (b)) is the number of focal points (2.6) of the principal solution Yi(o)(A) in
(0,N +1] for > = b, and

p=1(Y904),0,N), xo<min{i€o}. (3.35)

Using Corollary 2.2 and the connection (3.34) between the number of focal points of
the principal solution /(Y®(b),0,N) and the number of finite eigenvalues we can easily
prove the following main theorems.

Theorem 3.8 (Relative oscillation theorem for matrix Sturm-Liouville equations) Let o,
09 be the finite spectra and YI.(O)()»), }A’i(N“)()\) be the principal solutions of (1.1), (1.3) and
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(1.2), (1.4). Then there exists the constant * € {0,%£1,...,£nN} such that for all a,b € R,
the following identity holds:

N
#remh bl -#realr=al=>Y #(¥ @), ¥V ®) -p. (3.36)
i=0
Here the relative oscillation numbers are defined by (3.15), (3.16), (3.17),
N
P=> #Y00), TN (0)) = p2 - p1,
i=0
and p; = 1(Y©(%0),0,N +1), p1 = (YO (%0),0,N +1), Ao < min{A € 51 U,}.
Proof According to Theorem 3.7,
#reolr<a)=1(YOa),0,N)-p;,  #reoslr <b}=1(YOb),0,N)-p,,
where, by (3.35) po —p1 = (YO (),0,N) = (YO (20),0,N), Ao < min{A € o1 Uo,}. Then

#reor <b)-#rea|r<a)=1(YOb),0,N) - 1(Ya),0,N) - P. (3.37)

By Corollary 2.2, we derive

N
1(YO5),0,N) - 1(YO(a),0,N) = > #(¥(a), 1)),

i=0

N
Pr—p1= ‘:ﬂ = Z#(Yi(())()to): }A/,‘(NH)()\())), Ao < mln{k co U 0'2}
i=0

for #(Yi(o)(a), f/i(Nﬂ)(b)), a,b € R given by (3.15), (3.16), (3.17). Substituting the last repre-
sentations into (3.37), we complete the proof of (3.36). O

For the case R;(A) = f?i(k), Q) = Q,»(A), b > a, Theorem 3.8 presents the number of
finite eigenvalues of (1.1) in (a, b].

Theorem 3.9 (Renormalized oscillation theorem) For problem (1.1), (1.3) for a < b, the
following identity holds:

N
#cola<r<bi=Y #¥ ), YN w)),
20: ( ) (3.38)

#(Y (@), YN b)) = m*(wi, wpe) + m* (Wi, wi) = 0,

and m*(w;, wi), m*(wp,w;,1) are defined by (2.11) with €; := B;(a,b) > 0, and €; :=
&i(a,b) = 0 given by (3.9) and (3.6), respectively.

Proof For the case R;(A) = Ri(%), Qi(A) = Qi(A), b > a, we have in (3.36) that #{\ € 0’| <
by-#{reo|r<a}=#{A eola<i <b}and*P = p; — p, = 0. Applying Proposition 3.5(ii),
we complete the proof of Theorem 3.9. d
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Remark 3.10
(i) In the definition of (3.16), we use the number P; given by (3.10) which does not

depend on 4, b. Then it makes sense to introduce the new constant

N N N
P=P-> Pi=Y #(¥ "), 7" (h)) - > (ind(Ri(ho)) — ind(Ri(10))),
i=0 i=0 i=0
)\0 < mln{k c€o U 0'2} (3.39)

and use identity (3.36) in the form
N ~
#remh<b -#realr<a} =Y {#(¥ @, 7" ®) - P} -P. (3.40)
i=0

For the numbers #(Yi(o) (a), )A/i(N“)(b)) — P;, we can also improve the estimate (3.20)
[#(Y"(a), YNV (b)) - Pi| < rank B,(a, b) + rank €;(a, b)

for B;(a, b), €;(a, b) given by (3.9) and (3.6). Indeed, by analogy with the proof of
(3.33), we have

4 (YO @), Y (b)) - P,| = |m* (wila, b), wi(a, b)) — ind(By(a, b))|
<rank*B;(a, b),

where we use that m™*(w;(a, b), wi(a, b)) < rank*B;(a, b) by (2.12) and

ind(B,(a, b)) < rank B;(a, b). Similarly, we can prove that

[#1(Y " (a), Y™ (b))| < rank ¢;(a, b). Note that (3.36) and (3.40) coincide for the
case P; = ind(R;(1)) — ind(R;()) = 0, for example, under the traditional assumption
Ri(A) >0, Ri(x) > 0.

(i) According to Lemma 2.5, in the right-hand sides of (3.36), (3.38), we can use other
representations of the relative oscillation numbers investigated in Section 3.2. In
particular, we can use the relative oscillation numbers given by (3.30).

(iii) Note that Theorem 2.1 presents the connection between the numbers of focal
points of conjoined bases of two arbitrary symplectic systems. In particular, we can
apply Theorem 2.1 to the general case of two symplectic eigenvalue problems (1.5)
with nonlinear dependence on the spectral parameter (see [2, 17]). The main
properties of relative oscillation numbers (2.16) for this general case are subject of

the present investigation of the author.

4 Examples

This section is devoted to examples which illustrate the applications of Theorems 3.8,
3.9 to the scalar spectral problems (1.1), (1.2). Note that the classical oscillation theory
for scalar spectral problems (1.1) with nonlinear dependence on the spectral parameter is
developed in [12].
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Example 4.1 Consider problem (1.1) for the scalar Sturm-Liouville difference equation

A(ri(W)Axi (V) - i(Mxia(A) =0, i=0,1,2,3,
x0(A) =x4(A) = 0, (4.1)

ri(A) = (=D)* exp((-1)'A),  qi(A) =7,

then for the principal solution of (4.1) at 0, defined by the initial conditions x,(X) = 0,
x1(A) = 1/rg(A), we have

xa(A) = —A3 — 622 sinh()1) — 8A sinh?(X) + 2A + 4-sinh(}),

and the finite eigenvalues of (4.1) are the zeros of x4(A): A1 & —0.6167186, 1, = 0, A3 =
0.6167186.
According to Theorem 3.9, we have #(Yi(o)(a), }’i(N+l)(b)) = m*(w;, wix) + m*(Wix, Wiy1),

where for the scalar case

. 1, wi#0,wwx <0;
(Wi, wi) = ‘
0, otherwise;
(4.2)
. L, wia #0,wiawp <0;
m* (Wi, Wign) = )
0, otherwise.

Then, according to (4.2) and Theorem 3.9, the number of finite eigenvalues of problem
(4.1) in the interval (a, b] equals the total number of generalized zeros of the Wronskian in
all intervals [i,i*), [i*,i +1),i=0,...,N, i* € (i,i + 1). For example, if a = -0.8, b = 1.8,
we have the three sign changes of the Wronskian w;(a,b) (see Figure 1), then accord-
ing to Theorem 3.9, the three eigenvalues of problem (4.1): A; &~ —0.6167186, A, = 0,
A3 &~ 0.6167186 are located in (—0.8,1.8]. Note that the relative oscillation number 0 <
#(Yi(o)(a), Yi(N”) (b)) < 2 achieves its maximal value 2 at the point i = 2.

Example 4.2 In this example we evaluate the number of eigenvalues of problem (4.1) in
Example 4.1 using the representation of the relative oscillation numbers in the form of
(3.30). Recall that (3.30) are associated with the Wronskian w;(a, b) given by (3.26). For
the scalar case representation, (3.30) can be simplified as follows:

#(Vi(a), V(b)) = m* (Wi(a, b), Wi (a, b)) — ind(Dy(a, b)),

Dj(a, b) = ri(a)/r:(b)(Ti(a) — Ti(b))xin1(a)* + Uri(b) (ri(b)* - ri(@)?)xi(@)xii(a),

T;(A) = ri(A) + ria (X)) + i (A).
Then we have

1, Dila,b)>0, W1 #0,Wwwx <0;
#(Yi(a), Yi(b)) = { -1, Di(a,b) <0, W; #0, i1 < 0; (4.3)

0, otherwise.
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Graph of the sign of w(a,b), a=-0.8, b=1.8
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Figure 1 Graphs of the sign of the Wronskian and the relative oscillation numbers in Example 4.1 for
a=-08,b=1.8.
Graph of the sign of wi(a,b), a=-0.1, b=0.15
2 T T T
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Graph of the relative oscillation numbers, Sum=1
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Figure 2 Graphs of the signs of the Wronskian, Dj(a, b), and the relative oscillation numbers in
Example 4.2 fora=-0.1, b=0.15.

It is possible to show that definition (4.3) is equivalent to the definition of a weighted
node of the Wronskian in [10]. According to Remark 3.10(ii), the number of finite eigen-
values of problem (4.1) in the interval (a, b] equals the total number of weighted nodes
of the Wronskian in [0,N]. For example (see Figure 2), for a = -0.1, b = 0.15, the to-
tal number of weighted nodes of the Wronskian in the interval [0, 3] equals 1, and we
have only one eigenvalue A, € (—0.1,0.15]. Note that the relative oscillation number -1 <
#(f’i(o)(a), f/i(NH) (b)) <1 achieves its minimal value -1 at the point i = 1.
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Graphs of 12 2(%):#(;1 €0, 1< A)
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Figure 3 Graphs of the functions y1,5(A) of the number of eigenvalues below or equal to A, A € R for
problems 1, 2 in Example 4.3.

Example 4.3 Consider spectral problem (4.1) (probleml) and the following spectral
problem (problem2):

A1) A% (1)) = §i(WEia () =0, i=0,1,2,3,

Xo(A) =x4(A) =0, (4.4)

) = (D, @) = -0+ 2).
The finite eigenvalues of (4.4) are the zeros of the equation

M) =(A+2)°%-21-4=0, A =212 2~ 34142136,

Ay=-2,  A3=2Y2_2~_0.5857864.

The localization of the eigenvalues of (4.1) and (4.4) is shown in Figure 3 where we present
the functions y; 5(1) of the number of eigenvalues below or equal to A, 1 € R.

According to Theorem 3.8, we can calculate the difference between the numbers of
eigenvalues of (4.4) and (4.1) using the relative oscillation numbers #(Yi(o)(a), IA/Z-(N*D(b)) =

#7,(i,i*) + #;(i*,i + 1). For the scalar case, we have

L, 774 b)-r(a) > 0and wi # 0, wywp < 0;
#y(i,0%) - Pi = { -1, 771(b) — r7H(a) < 0 and w; # 0, w;wi < 0; (4.5)

0, otherwise,

where the number P; given by (3.10) is defined as P; = ind(7;(*o)) — ind(r;(Xo)) = (=1)*1.
Then we can say that the Wronskian has a weighted node at i if # (i, i*) — P; = +1. Accord-
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Graph of the sign of wi(a,b), a=-4, h=—4
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Figure 4 Graphs of the signs of the Wronskian, C;j(a, b) = gj(a) - gi(b), Bi(a, b) = ?,.‘1 (b) - r,.‘1 (a) and the
relative oscillation numbers in Example 4.3 fora = b = -4.

ing to Remark 3.10(i), we can consider the sum Z?:o P; = 0 as the parameter of problem
(4.4).
Similarly, for the scalar case, we derive

1, qia)-qib)>0and wy #0,wiawx <0;
#1(%i+1) = 1 -1, qi(a) - :(b) <0 and wyr 70, Wi 1wy < 0; (4.6)

0, otherwise,

and say that the Wronskian has a weighted node at i* if #;(i*,i + 1) = £1.

Denote C;(a,b) = qi(a) - §;(b), Bi(a, b) = 77*(b) — r;*(a) and observe that we can calculate
the constant i? given by (3.39) evaluating the sum of (4.5), (4.6) fora = b = ¢ < min(A, ).
By Figure 4 we conclude that 8 = 0, where we take @ = b = Aq = —4. Then, according to
Theorem 3.8, we can evaluate the difference #{A € o,|A < b} —#{A € 51|A < a} between the
numbers of eigenvalues of (4.4) and (4.1) calculating the total number of weighted nodes
of the Wronskian for all i and i*,i=0,...,N, i* € (i,i + 1).

Figure 5 presents the graphs of the signs of the Wronskian, Ci(a,b) = qi(a) — 4:(b),
Bi(a,b) = 771(b) — r7'(a) and the relative oscillation numbers #(Yi(o)(a), )A’i(N”)(b)) - D,
i=0,1,2,3. For example, we have

#(Y @), Y b)) - Po = #1(0,%) = Po + #1(*,1) =2, i =1/2

because of By(a, b) > 0, wow < 0,and Co(a, b) > 0, wyw < 0, i* = 1/2. Similarly, in the next
point i = 1, we have B;(a,b) < 0, wywx < 0, and Ci(a,b) > 0, wowi < 0, i* = 3/2, and then
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Graph of the sign of wi(a,b), a=-10, b=10

2 T T T T T T T T T T
a a o O --a
’ . ’, ~ L ’
0r ’ N , \\ . 4 > N ’ i
’ N~ s ’
a o a
-2 1 1 1 1 1 1 L | | L
0 0.5 1 1.5 2 25 3 3.5 4 45 5
Signs of Bl(a,b) and C/(a,b)
2 T T T T T T T T T
.:___- -_-__‘...‘.____0
~ - ~ .
ok ~ e ~. = [ = sign((B(a.b)) 4
RN o - S o =@ = sion(Cab)
-2 | 1 | L 1 1 | | | L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Graph of #i - Pi, Sum=3
T T T T T T T T T
el - D X _-a .
o - - S
L ~m- ~ i
0 7] ~o
[
- | 1 | | 1 1 L | | |
0 0.5 1 1.5 2 25 3 35 4 45 5

Figure 5 Graphs of the signs of the Wronskian, C;j(a, b) = gj(a) - gi(b), Bi(a, b) = ?,.‘1 (b) - r,.‘1 (a) and the
relative oscillation numbers in Example 4.3 fora=-10, b= 10.

#(Yl(o)(a), f’l(N+1)(b)) —P; =-1+1=0. Finally, according to Figure 3, we have
#{ € 0pA <10} —#{L € 0y|r < -10} =3 -0 =3,

and the sum of the relative oscillation numbers by Figure 5 equals 3.
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