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1 Introduction
Fractional differential equations appear more and more frequently in various research ar-
eas, such as in modeling mechanical and electrical properties of real materials, as well as in
rheological theory and other physical problems, etc.; see, e.g., [1-6]. Differential equations
involving the Riemann-Liouville, Caputo, and Griinwald-Letnikov differential operators
of fractional order 0 < g < 1 appear to be important in a number of works, especially in the
theory of viscoelasticity and in hereditary solid mechanics.

In [3], the authors obtained new oscillation criteria for a fractional differential equations
of the form

Dix+filt,n) =ve) + %), lim [ x(t) = ar, 1)
where the functions f;, f, and v are continuous.

In this paper, we consider the oscillation theory for a fractional differential equation with

mixed nonlinearities of the type

Dfx—p(e)x(t) + Y qi(t)|x(t)

i=1

a0 =vo, lim [ () = a, 2)

where {p(#)}, {v(¢)}, and {g;(t)} (1 <i < m) are continuous functions on [a, +00), and A;
(1 <i < m) are ratios of odd positive integers with A; > --- > A/ >1> Ap1 > -+ > Ayppe

By a solution of equation (2) we mean a function x(¢) which is defined for ¢ > a and
satisfies equation (2). Such a solution is said to be oscillatory if it has arbitrarily large zeros
on [a, 00); otherwise, it is called nonoscillatory. Equation (2) is said to be oscillatory if all

its solutions are oscillatory.
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By ,D? we denote the Riemann-Liouville differential operator of order g with 0 < g <1.
For p > 0, the operator J? defined by

JPx(t) = Fi(p) / o ds,  Sxex 3)

is called the Riemann-Liouville fractional integral operator. The Riemann-Liouville dif-
ferential operator ,D? of order ¢ for 0 < g <1 is defined by ,Dfx(t) = % +~7x(t) and, more

generally, if m > 1 is an integer and m — 1 < ¢ < m, then

dm
Dix(t) = apila (). (4)

In [2, Lemma 5.3], under much weaker assumptions on p(¢), v(¢) and g¢;(£), the initial
value problem (2) is equivalent to the Volterra fractional integral equation

x(t) = ‘”(%Z))ql
+ %q) (t—s)T! {v(s) +p(s)x(s) = ) qi(s)|x(s) ’Ai_lx(S)} ds. ®)
a i=1

Therefore, a function x(¢) is a solution of (5) if and only if it is a solution of fractional
differential equation (2).

In this paper, using the similar methods as that in [7], we give new oscillation criteria for
equation (2) which generalize and improve the main results in paper [3] and references
cited therein. Examples are given to each of these equations.

2 Oscillation criteria of Riemann-Liouville fractional differential equations
Lemma 2.1 (see [8]) Suppose that X, Y and U, V are nonnegative, then

O XYL X*<(-1DY*, A>1, (6)

(I) pUV*I-U*>(u-1)V*, 0<u<l, (7)
where each equality holds if and only if X =Y or U = V.
Using the knowledge of linear algebra, we can easily obtain Lemma 2.2.

Lemma 2.2 Let (a1, 0, ...,0y,) be an m-tuple satisfyingog > -+ >0y >1> 01 > -+ > 0y >
0. Then there exists an m-tuple (11,02, ..., W) satisfying

l m
Z ain; = Z a;in;
i=1 i=l+1
with Y " ni=land 0<n;<1fori=1,2,...,m.
Theorem 2.1 Assume

>0 forl<i<l;
<0 forl+1<i<m.

p()>0,  gi(t) (8)
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If for some constant K > 0,

hmmft1 q/ (t-9)7" 1(v(s +I(2:pA 1(s)|q(s)|1 A )ds— 9)

i=1

and

t—>00

1
lim sup tl_q/ (t- < +K ZpM |ql _’\) ds = 00, (10)

then every solution of equation (2) is oscillatory.

Proof Suppose to the contrary that there exists a nonoscillatory solution x(¢) of equa-
tion (2). Without loss of generality, we may suppose that x(¢) > 0 for t > T It follows from
equation (5) that

gl T
(1) < (trg’q))q 'm'w;) / (5" |F(s)] ds
1 t 1
Tq)/T(t—s)q v(s) ds
v | (-9 (PO~ 3 g ) ) ds, (an
L(q) Jr =

where F(s) = v(s) + p(s)x(s) — Y1, qi(s)x™i(s).
For t > T, multiplying the inequality (11) by I'(g)£'~4, we find that

I(g)tx(t) < C(T) + £ / [(t — )T ly(s) ds
T

P l
vt [ g [Z(xip(s)x(s) - ) (S))} “
i=1

+t1q/(t s)q1|:

where C(T) = (Tl_a)l‘qMH + faT(Tl_s)l‘q|F(s)| dsand A = (Zf=1 Ai—=1)/(m=1)>0.
Fort> T, set

(=Ap(s)x(s) + |qi(s)|x* (S))} ds, 12)

i=l+1

1 _1
Xi=q/ (9x(s) and Yi=(p()g, " ()7, 1<i<l,
1

1 A 1\ %1
%ix(s) and Vi:<;P(S)|51i(S)| “‘) , l+l<i<m,

U= |0]i(S)
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using Lemma 2.1(I) for 1 <i </and (II) for / + 1 < i < m to obtain

T(q)t"x(t) < C(T) + tl_q/t(t—S)q’lv(s) ds
T

A

t ! A §
rt70 [ (6= - 0y G0 0 ds
T i=1

A

o [ R A\ hi =
+ 1 q/T(t—s)q ! Z(l—k,)(z) phit (s)|qi(s)|Hz ds

i=l+1

<C(T) + ¢ /t(t —8)Tu(s) ds
T

¢ UENPY 1
+ 117 / (t-9)TKY pil(s)|qi(s)| i ds, =T, (13)
T i=1

where K = max{i; — 1, max1<j<m(l — )»,»)(%)l%i }. Note that the improper integral on the
right is divergent. Taking the limit inferior of both sides of inequality (13) as t — oo, we get
a contradiction to condition (9). In the case x(¢) is eventually negative, a similar argument
leads to a contradiction to (10). This completes the proof of Theorem 2.1. d

Following the proof of Theorem 2.1, we can easily obtain the following corollaries.
Letting [ = m in equation (2), we get Ay > Ay > -+ > A, > 1.

Corollary 2.1 Suppose p(t) > 0, q;(t) > 0,1 < i <m. If (9), (10) hold for some constant
Ki >0, then equation (2) is oscillatory.

Proof Suppose to the contrary that there exists a nonoscillatory solution x(t) of equa-
tion (2). Without loss of generality, we may suppose that x(¢) is an ultimately positive so-
lution of equation (2). So, there exists T > a such that x(¢) > 0 for ¢ > T. It follows from
equation (2) that

t

L@t x(t) < C(T) +£71 / (t—9)T"v(s)ds
T

+t7 /T t(t -7 [Z (%p(S)x(S) - qi(S)x“(S))] ds.
i=1

Fort> T, set

% 1 *l, "1_1
Xi=q;"(s)x(s) and Y;= ( . p(s)g; " (s)) , 1<i<m,
ma;

and, using Lemma 2.1(I), we obtain

[ (g)t"9x(t) < C(T) + £+ /t(t —8)Ty(s) ds
T

t m A 1
s / (-9 Y P e g i ds, =T,
T

i=1
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where K; > % The remaining part is similar to that of Theorem 2.1, so we omit the
details. The proof of Corollary 2.1 is finished. g

If / = 0 in equation (2), then 1 > A1 > Ay > - -+ > A,,. Similarly, we obtain the following

corollary.

Corollary 2.2 Suppose p(t) < 0, g;(t) < 0,1 <i < m. If (9), (10) hold for some constant
K; > 0, then equation (2) is oscillatory.

If p(s) = 0 and 1 < / < m in equation (2), we obtain the following corollary.

Corollary 2.3 Assume

, (14)
<0 forl+1<i<m.

>0 forl<i<i
4 { S
If there exists a positive function r(t) on [a, 00) such that for some constant K3 > 0,
t mooa 1
lim inftl‘q/ (£ =) v(s) + K3 Z rhi-l (s)!q,f(s)| i ) ds = —00
t—00 a

i=1

and

t—00

¢ UENNDY 1
lim sup £177 / (¢ —s)71 (v(s) + K3 Z rrI(s) ’q,»(s)‘ = ) ds = 00,
a i=1

then every solution of equation (2) is oscillatory.

Proof For Ay > -+ > X >1> Ajy1 > -+ > Ay, by Lemma 2.2, there exists an m-tuple

(M5 ..., nm) satisfying
! m
Z)Lﬂli = Z Aill;.
i=1 i=l+1

Suppose to the contrary that there exists a nonoscillatory positive solution x(¢) for t > T.
It follows from equation (2) that

[ (q)t"9x(t) < C(T) + £ /t(t —8)Ty(s) ds
T

t l
+ g / (t -5 [Z(ximr(s)x@) - qi(s)st))} ds
T i=1

+ tl’q/T (t—s)7t |:Z(—Amir(s)x(s) + ’qi(s)|x*f (s))i| ds.

i=l+1

The remainder of the proof is similar, so we omit the details. g
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Remark 2.1 When /=2, m =2 and p(t) = 0, a similar result is obtained by [3]. However,
our result, Corollary 2.3, is different from that obtained in [3] since an auxiliary function
r(t) is involved.

Remark 2.2 The results remain valid for fractional differential equations involving the
Riemann-Liouville differential operator ,D? of order g with m —1 < g < m, where m > 11s
an integer of the form

Dix—pOx®) + Y q:0)|x()" " x(0) = v(t),
i=1

- 15
DI x@) =ar, k=1,...,m-1, (15)

lim J77x(t) = ay,.
t—at

In fact, initial value problem (15) is equivalent to the Volterra fractional integral equation

m (¢ - )q—k 1 t ~ m -
x(t) = ; l‘fk(q_ = 3T / (t—s)? l[v(s) + p()x(s) - ;qi(s)|x(s)|* 1x(s)} ds.

We have similar theorems in such a case as thatin 0 < g < 1.

3 Oscillation of Caputo fractional differential equations

In this section, we give oscillation criteria for equation (2) under the Caputo fractional
derivatives approach. Caputo’s definition can be written as

aCD?x(t) =];”_qx(’”)(t), m-1l<qg<m,

where x(¢) is an m times differentiable function. The initial value problem of equation (2)
should be replaced by

Cqu - plt qu(t ‘x x(t) = v(t), @) =ar, k=0,1,...,m. (16)

Moreover, the corresponding Volterra fractional integral equation, see [9, Lemma 6.2],

becomes
- 1ak(t a)k
- 3 e
k=0

*r(q)/a (t-9" [”“”P(S)x(s) > )]0 m} ds.

i=1
Using similar methods, the oscillation criteria can be obtained for Caputo’s case.

Theorem 3.1 Assume that condition (8) holds. If

litrgcigftl_’" /t(t — )t (V(S) +K Zp% (s)|q,-(s) ’ 1‘1*z> ds = —00 17)

i=1
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and

limsup £~ / (t—s)tt <V(S) +K Zp% (s) |q,»(s)| ﬁ) ds =00 (18)

t—00 i=1
for some constant K > 0, then every solution of equation (16) is oscillatory.

Corollary 3.1 Suppose p(t) >0, q;(t) > 0,1 <i <m. If (17), (18) hold for some constant
Kj > 0, then equation (16) is oscillatory.

Corollary 3.2 Suppose p(t) > 0, gi(£) < 0,1 <i <m.If (17), (18) hold for some constant
K; > 0, then equation (16) is oscillatory.

Corollary 3.3 If condition (14) holds, and there exists a positive function r(t) on [a, 00)
such that

t m A 1
lim inftl""/ (¢ —s5)T |:v(s) + K3 E rhi-l (s)\qi(s)| Hi:| ds = —00
t—00 a

i=1

and

¢ " A 1
limsup £~ / (¢ —s)7t |:v(s) + K3 Z rrI(s) |qi(S)| 1-‘Aij| ds = 00

t—00 i=1
for some constant K3 > 0, then every solution of equation (16) is oscillatory.

Remark 3.1 In [1], the Grilnwald-Letnikov fractional derivative, under the assumption
that the function x(¢) must be m + 1 times continuously differentiable, can be obtained
from (4) under the same assumption by performing repeatedly integration by parts and
differentiation. Therefore, our results are suitable for the Griinwald-Letnikov fractional
derivative approaches, too.

4 Examples

In this section, we give the following examples to illustrate the effectiveness of our theo-
rems.

Example 4.1 Consider the following fractional differential equation:
1 1 1 1
oD x — 2% + 263|x| 2 x — t|x| 2% = sint, liI(I)l Jg x(£) = 0. (19)
t—0*

It is easy to obtain K = % Using Theorem 2.1, we get
t m Py 1
liminf ¢~ / (=) vls) + K Y pP(s)|quls)| 77 | dis
— 00 a p=y

t—00

t 5 t
=1iminft%/ (t—s)‘% sins + ~ | ds = liminf¢2 / (t—s)‘% sinsds +
0 8 t—00 0

|
ol

).
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Since the integral fot(t - S)’% sinsds is negative for ¢ = 2km — 7,k =0,1,2,..., we get

! 5
liminf¢2 (f (t—s)_% sinsds + Zﬁ) = —00.
0

t—00

Furthermore, for the same reason,
t
5
lim sup t3 (/ (t - s)’% sinsds + —t%> = o0.
t—00 0 4
So, equation (19) is oscillatory.

Example 4.2 Consider the following fractional differential equation:

1-q

t
oDY2x — x4 283 x] i = —— + 202 3, lim J32x(¢) = 0. (20)
I'2-q) =0
: -a 9/2 _ 43
Since 7 +267° =17 >0 and

Ai

t m
£ / (=) vis) + K Y pht(s)|qils)| 5 ) ds
a i=1

A —_—

¢ i i 1
> - f (- 9TIK Y pi1(5)]gils)| 7 ds
a i=1

'K
_ tl/Z/ Z(t_s)—I/Z ds
0

K
= —t,
2

we get that neither (9) nor (10) is satisfied. We can also easily verify that x(f) = ¢ is a
nonoscillatory solution of (20).
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