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Abstract

Itis known that certain convolution sums can be expressed as a combination of
divisor functions and Bernoulli formula. One of the main goals in this paper is to
establish combinatoric convolution sums for the divisor sums &,(n) = de (—1)?7’1d5.
Finally, we find a formula of certain combinatoric convolution sums and Bernoulli
polynomials.
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1 Introduction
The symbols N and Z denote the set of natural numbers and the ring of integers, respec-
tively. The Bernoulli polynomials By(x), which are usually defined by the exponential gen-

erating function

P d— £k
=N " Bi(x)—,
e —1 kX(; K5

play an important and quite mysterious role in mathematics and various fields like analysis,
number theory and differential topology. The Bernoulli polynomials satisfy the following
well-known identities:

N
Zik _ BraN +1) - B (0) k>1)
, k+1
j=0
1 & k+1 .
= T Z(_n/( ; )B,-Nk+1f. (11)
=0

The Bernoulli numbers By are defined to be By := Bi(0). For n € N, k € Z, we define

some divisor functions

or(n):=) d  ofm= ) d\  Glm=) ()T

dln ndln dln
Eodd
~ n_
Gelm) =Y (-Da'd,  o(m2)= Y d.
dln d|n
d=I(mod2)
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It is well known that o} (1) = ox(n) — 0x(5) and 6x(n) = ox(n) — 20%(5) [1, (1.13)]. The
identity

ik 5 11
;a(k)a(n -k) = 503(11) + (E - 5;4)(7(14)

for the basic convolution sum first appeared in a letter from Besge to Liouville in 1862 [2].
Hahn [1, (4.8)] considered

36 Z & (m)6 (= m) = —36(n) + 303(n) if n is odd, 12)

o -36(n) - 503(n) + 403(5) if nis even.

For some of the history of the subject, and for a selection of these articles, we mention
[3, 4] and [5], and especially [6, 7] and [8]. The study of convolution sums and their ap-
plications is classical, and they play an important role in number theory. In this paper, we
investigate the combinatorial Bernoulli numbers and convolution sums. For k and # being
positive integers, we show that the sum

k

2k +1 .
Z( . )sz02k+1-2;’(7’l)
2N Y

can be evaluated explicitly in terms of divisor functions and a combinatorial convolution
sum. We prove the following.

Theorem 1 Let k, n be positive integers. Then

k 2k +1 .
Z % ByiGoks1-2i(n)

j=2

- 2k + o3y, (1) — (2k i 3) S () - (w)azk_l(n)

2 6
k-1 2% n-1
-2k +1) Z <2s . 1> Z 0ok -25-1(1M) G541 (1 — m).
s=0 m=1

Remark 2 Let # be positive integers. In Theorem 1, replace k by 1, we find easily that

N
—_

o(m)o(n—m) = 303*(11) - %63(1/1) - %6(14), (1.3)

N
N

and in particular, if g € N, p = 2g + 1, an odd prime integer, then

M=

3
o

q
6(m)6(p—m) = %q(q +1)(2g+1) = Zkz = %Bg(q +1). (1.4)
m=1

Equations (1.3) and (1.4) are in (1.2) and [9, Corollary 2.4]. Using these combinatoric
convolution sums, we obtain the following.
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Theorem 3 Ifk is a positive integer, then

2k +1
Z 2V—2k—1( * )BV (21 +1)" = Byl + 1),

u,v,w
u+v+w=2k+1 r

where (?**1) = @0 4414 1=1,2,3,4,5,6,7,8,9,10,11,12.

u,v,w. ulviw!

Thus, we can pose a general question regarding Bernoulli polynomials.

Question For all £,/ € N, does the identity

u,v,w

2%k +1
3 2v2k1( " )Bv-(21+1)w=82k+1(l+1) hold?

ut+v+w=2k+1

The problem of convolution sums of the divisor function o1(n) and the theory of
Eisenstein series has recently attracted considerable interest with the emergence of quasi-
modular tools. In connection with the classical Jacobi theta and Euler functions, other
aspects of the function oy (#n) are explored by Simsek in [10]. Finally, we prove the follow-

ing.

Theorem 4 [fa (> 2) and k are positive integers, then
(i)

k-1

201
m
<2s . 1) Z O2k-25-1,1 (Er 2) 02541 (2% — m)
s=0 m=1

1 22/( a-1 1 2(2k+1)a -1
_ B 2a B _2a+1 1 ,
(2(2k+1)) el )+( (2k+1))Z ol 4( 22k _ | * )
(i)

k-1 24-1

Z 2s+1>202k 2 “’( 2)"2“1(2”—”1)

=
1+ 22k 1 2(2k+1)a 1
- (2(2k+1))2 2w (2 ( 22k+1 ] )

1 (22k(a+1 22k(a+1 + 22/«1 1 1)
1

i) 2% _
3 2(2/(—1)(a+1) _ 2(2/(—1)a+1
a-2 a-1
+2 ( ] )+2 - =,

(iii)

k-1 201
O2k-2 1( )Uz 1(2% - m)
prs <2s+1) Z * o
a-1

1 ) 1 i
- (2(2k+ 1))32“1(2 )+ ((Zk n 1)) ;Bzm(z)
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1 /2@k+la _ 1 1 [ 22ka+l) _ 92kla+])-1 | 92ka-1 _q
+§ 22k+1 _ 1 +§ 2% _1
,(3- 9(2k-1)(a+1) _ 9(2k-Da+1
4
+2 ( 22k—1 -1 )

2 Properties of convolution sums derived from divisor functions
Proposition 5 ([8]) Let k, n be positive integers. Then

kK ok k k
3 (2 (2]+ 1)32/02k+12j(n) - _<2 2+ 3)021<+1(n) - (2k+1) (g - ﬂ) o2k-1(n)

Jj=2

k-1 n-1
2k
+(2k+1) E <2$ . 1) E Ook-25-1(1M) 0241 (1 — m).
s=0 m=1

Proposition 6 ([7, 11]) Let k, n be positive integers. Then

k-1

2k 1
0 3 (oer 1) Zoak s 0M 1= ) = (05,40 = 1),
k-1

n
1
(ii) Z <2$ N 1> Zogk 25-1(2m — 1)095,1(2n —2m + 1) = 02k+1(2n)

§=

Proof of Theorem 1 Let k,n € N. By Proposition 5 and Proposition 6, we obtain

k-1 n-1

= ZO: (2S + 1) ; Gak-2s-1(m) 01 (n — m)

§

k-1 ol
a (25 N 1) Z (ozk—zs—l(m) — 209k-25-1 (%))
) (U2S+1(n —m) = 202541 <Vl —21’1’1))

It is easily checked that

m n—-m
02k-2s5-1 5 02541(1 — M) + 0ok _o5_1 (M) 02,1 B

m n-—m
= O02k-2s-1 E 02s+1 T + 0k—25-1(M) 09511 (n — m)

+ (Uzk2s1(m) — O2k-25-1 (%)) (02s+1(n —m) = 011 (n —2m ) )

Thus,

1

k-1 n—
m n—m
T = 05— - 409951 —
2 <2s+1) ;(0% 25-1(M) 091 (M — M) + 4ogk_ag 1( B )02s+1< ) ))

k-1 n-1

K —
— Z <252_: 1) Z(sz 25— 1( >023+1 <¥) + Oop_2s+1 (M) 02,1 (1 — m))
=1
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k-1 n-1

—2520: (2s+1) Z(ffzk 25-1(m1) — O9k2s- 1(?))

=1

X (02s+1(f’l —m) —(72s+1<n ;m))

-1

k-1 ;
=2 an (23 + 1) Z <<Tzk-2s-1(m) — O2k—2s-1 (%)) (0’25+1(n ) — ey (n —2m)>

n-1

<2S + 1) ; (UZkzsl (m)025+1 (l’l — Wl) — 209k-2s-1 (%>02s+1 <n _Zm ))

k-1 n-1
=2 Z (2S + 1) ;O‘;kfk—l (m)O'Z*S+1(}/[ - m)

§=

k k
- {(i;iz)azm(n) + (é —n)@k_l(n) +
2k +3 n n
(4m> wa(5)+ (5-5)m(3)
1 2k +1
2/<+1 ( ) 2j02k+1- 2;( )

k
= (031 (1) = mo5y 1 (m) = (%) {Uzkﬂ(”) = 209k41 (g) }

k 9 n n
- g{azkl(n) - 02k1(§)} + n{Uzkl(l’l — Ok 1(5)}

@ ~
L

X\ 2k
Z (2 -'.—I)BZ/UZMI—Z/‘(”)}

j=2

+
\&]

k
1 2k +1 n
Tkl ;( % )BZj{G2k+1Zj(n) 202k +1- 2;<2>}
k
2k +3 k. 2k +1 .
= 03 (m) = <4k 2>0'2k+1(”1) - gffzk 1(n) - T Z < % >sz<72k+1—2j(1’l)~

j=2

This proves the theorem.

Example 7 Let n be a positive integer. In Theorem 1, put k = 2, we get

—

n—

16(m)63<n—m) o2 (n) - 05(”1) 24&3(n>+ﬁ&(n>.

N
i

Corollary 8 Let k, n be positive integers. Then, we obtain
(i)

K ok 1 .
Z . ) B2jOaks1-2i(21)
A

k k k
= (%)02*“1(271) - (2 2+ 3>0'2k+1(2n) (%)02]( 1(2ﬂ)

n-1

k-1
2k R A
- (2k+1) E (25 . 1) E Ook-25-1(2m)Go41(2m — 2m),
s=0

m=1
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(ii)

k
2k +1 n
a ( % >B2j{02k+1—2j(n) + 02k+1—2j(5)}

j=

= —0ok41(n) — 2(k + 1)ooxa1 (g) - wazm(n)
2k +1)(k — 6n) n
T O <§)

k-1 n-1
+2(2k+1)2( )Zazk 2%- 1( )@m(n m),
s=0 m=
(iif)

L2k 41 N
Z 2 Bsj03is1-95(1)

j=2
. k2k+1) n2k+1) ,
=2koy,, (1) - T%/H(”) Tazk 1(n)
k-1 n-1
2060y ( ) 3" 05 2y 1(Masaa(n— m)
m=1
. (k-9m)(2k +1) n(2k +1) n
=-2(k + 1)og,,(n) — ¢02k71(n) + ——oo| =
6 2 2
k-1 2% n-1
+22k+1) ( -~ 1) Y 03 e (M)asa (1 — m).
s=0 m=1
Proof (i) We note that
k-1 n-1
SX: (25 + 1) ; Oo—2s-1(2mM)05,1 (n — 2m)
k-1
2k )Z
= Osp—25-1 (M) 05,1 (1 — m)
— (2s +1 5 s+
k-1 n-1
-3 (2S+ 1) > 051 (@m = D)oz, (n— 2m —1)).
s=0 m=1
(i) and (iii) are applied in a similar way. a

3 Bernoulli polynomials and convolution sums
Proposition 9 ([12]) Let k, n be positive integers. Then

k-1 n-1

Z Z 22 05y 1 (m14) 02511 (n — m)
<2S + 1> m=1

§=

1 1
= 1021@1(1’1/2) ~1 (02 (1) = 2% 03 (1/2) — 2% 0y (n/4))
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- Z(Uzk—l(n) + 2% 0g1(n/4))

92k-1 2k

1 2k +1
; Bioosr;(n/2
2 7% 2k+1§< j )’Uzkl’(n/)

+ —0'2[(1(}’1, 2) +

2k
1 2% +1
T2kt Z ( j )B 25 oy (n14)

2k

1 2k +1
2% +1) B; k+1—j ;2
* 22k +1) Zo( j ) i02kc+1-7,1 (715 2)

j=

1 2k +1
_ 2v—1 Bv w 52).
2(2k +1) Z (u, v, w) Owa (1:2)

u+v+w=2k+1

It is well known that oy_s1,0(%;2) = 2% 1og_», 1(2). Using Proposition 9, we get

this lemma.

Lemma 10 Let k, n be positive integers. Then
(i)
k-1 n-1

Z <2s . 1) Zazk 2 10( 2>025+1(Vl —m)

s= =1

m

1 n 1 (1:2) 1 n 9
= —0 — )+ ——0 n;2) + 20k D° =
4 2k+1 9 4-(2/( 1) 2k+1,0 (2]( + 1) 2k+1,0 2

toora ) 2 + 12 - — 2) + 2
20k +1) 0241 (152) = 202k (1) + S0210(152) = 200 (152) + 0241 (152)

n ) k (:2) k n n2
— —O9k_ + — 09k 32)+ | — — = Joor —;
4 2k-1\11 6 2k-1,0\" 2738 2k-1,0 5

k 0% K okl n
= oo D) [ — 2 : B: =
+ 1202k 1,1(71 )+ 22k + 1) 4 - ( 2 ) 2j02k+1 2;(2>

j=

k
1 2k +1 n
202k +1) Byioaks1-2j0| =32
+ 2(2k +1) ;( 2 ) 2j02%k+1 2,,0(2 )
1 &2+l
22k +1) Bajoaki1-2j1 (152
+ 2(2k +1) 1_22( 2 ) 2 02k+1-2j,1 (115 2)

1 (2K +1
Y ERETN " BV w, ; ’
2(2k +1) Z 2 <u, v, w) owa(:2)

u+v+w=2k+1
(ii)

k-1 n-1

m
E E 02k-25-1,1 <—; 2) Oa41(n — m)
(23 + 1) —~ 2

_ 1 k+1 n k-3n
) (2(2k+ 1))02“1(") * (2k+ 1)"2k+1(5) ¥ < D )UZk—l(l’l)

k—6n n 1 n
+ D) 02k-1 5 —4Uzk+1 5
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1 ) 71 n'2
— <74(2k+ 1))0'2/”1,0(}’1, )— (2(2k+ 1)>O'2k+1,0(§r )

- (m)azk,l(niz) + %Uzk(”)

1 1
- Eazk,o(nﬂ) + Zazk,o(m 2) - ZUZk,l(Vﬁz)

n . k (5:2) k n n 9 k (5:2)
+ =0 1(n) = =02k_10(1;2) = | — = = o100l =32 | — —0oo_11(m;
2 0% g O2k-10 o g )0l g 1 0211
2% X kel n

= B, =
2(2k+1),22< 2 > o 2’(2)
K 2k +1 n
By; 2ol =2
2k+1) =ZZ< , ) 2j02k+1 2,,0(2 )

J

k
2k +1
2(2k +1) Z < . >32/<72k+1_2j,1(n;2)

j=2

1 2k +1
- i B,0y,1(1;2).
ke ( ) Pu{15:2)

u,v,w
utv+w=2k+1 ’

Remark 11 (i) Using Lemma 10, we obtain

2 1
Z 2V_1< k+ )Bvaw,l(n;z)

u,v,w
u+v+w=2k+1 ’

B 2k +1 n () +2 (2) n'2
= ) O02k+1 5 — 02k\N) + 202k,0\1; 2) + O2k,0 5

_ <@) {Uzkl(l’l) + 209410 (g 2) } + 2k + Doy (n;2)

2% 2%
2k +1 n 2k +1 n
k
+27 Z( j )Bj02k+1—j<5> + Z( j )Bj52k+1—j,0<5;2)
j=0 j=0
2k
2k +1
+ Z ( j )Bj02k+1—j,1(1’1; 2)

j=0

k-1 n-1

—2(2k +1) Z < ) Z 02k-25-1,0 (%, 2) Ogs1(n — m)
m=1

2k +1 n 9 n 5 n 9
=— ookl = | —2no911| =2 | + o —
5 21| 5 %-11{ 5 %1\ 5

% 2%
2k +1 2k +1 n
- Z ( ; )Bi@k*l—i(”) + (22k -1) Z < . >BJGZk+1—j(_>
o~/ 0~/ 2

% 2%
2k +1 2k +1
+ Z ( j )B 02k+1—1o< ) Z ( ) )B/Uzk+1—j,1(n; 2)
=0 =0

+2(2k+1) Z ( ) Zgzk 25— 11( )st+1(1’1 m).
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(ii) If # is an odd integer, then

2k +1
)OS (o X E)
u,v,w

u+v+w=2k+1

k-1 2% n-1 m
=22k +1) Z (28 . 1) Z O2k—25-1,1 (3, 2)025+1(l’1 —m).
s=0 m=1
(iii) In (3.1), put k =1, we get
3 n-1 m
Z 2V—1< >Bv0w,1(n;2) = 1220‘1'1(—;2>0'1(l’l—m),
U, v, w 2
u+v+w=3 m=1

and thus,

n-1
;O’Ll (gﬂ)m(ﬂ -m)= i (03(n) — 01(n)).

In (3.1), replace k by 2, we find that

5
> 22(,) Jaeaon)

u+v+w=5

n-1 n-1
=40 (Z 03,1(%;2>01(n —m) + ZoM(%;Z)ag(n - m)),
m=1 m=1

and thus,
n-1 m n-1 m
203,1(5;2)01(" —-m)+ ;01,1(5;2)03(71 —m)
= L (305(}1) —1003(n) + 701(1/1)).
240

Proof of Theorem 3 1f n = 1, compare both sides of (3.1), we obtain

2% +1
3 2”( ot )szo.
u,v,w

ut+v+w=2k+1

If we put # = 3 in (3.1), we obtain

Z 21/—1 (2k + 1>BV . (1 + 3W)
u,v,w

u+v+w=2k+1

2k +1
Z 2V1< + )BV .3
u,v,w

ut+v+w=2k+1

k-1 k
202k +1)) (252+ 1).

s=0

Page 9 of 11

(3.2)

(3.3)
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From (3.1) and (3.3), we get

o2t (2k " I)BV 3% = (2k +1)2%. (3.4)

u,v,w
u+v+w=2k+1 ’

By combining (1.1) and (3.4), we obtain

u, v, w

2k +1
2. 2V‘1( ' )Bv-3W=22kBZk+1<2).

u+v+w=2k+1

Others cases follow in a similar way. This completes the proof. d

Proof of Theorem 4 (i) If a is a positive integer, then

1 2k+1> ' 4.\ V_1<2k+1> B
> 2 (u’v’w B, 0w1(2%2)= Y. 2 v B,=0

u+v+w=2k+1 u+v+w=2k+1

by (3.2). According to Remark 11(i), we deduce that

k-1

2k
0= 2(2/(+1)Z< +1> E Ok-2s— 11(5 2>02s+1(2 -m)
2k 2k
2k +1 2k +1 24
— E ( <j+ )Bj02k+1_j(2a)+ (22k—1) E < j+ >Bj02k+l—j(7>

j=0 Jj=0

2k
2k+1 24 2k+1 24
() en(52) (557 () 2 1}
j=0

If a =1, it is clearly evident. We suppose that a > 1. We check that

2k

<2k + 1) 2a)2k+1-/
0

- FZO <2k + 1)( 1)IB ( )2k+1*]’ + 2(2k1+ 1>Bl . (2a)2k

]

J
- 1 2%

— 2/ 2k __ a

( (+1)Z; +2(2k+1)< > )(2 )

j=0

= By (2) (3:5)

by (1.1).
(ii) and (iii) are applied in a similar way. O

Remark 12 If p is a prime integer, then

k-1

Z V-2 <Zkv+l>B -p _(2k+1)z< 2k )Zazk 25— 11< )UZsH(I”_m

u+v+w=2k+1

by (3.1) and (3.2).
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