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Abstract

This paper is concerned with fractional differential inclusions with three-point
fractional integral boundary conditions. We consider the fractional differential
inclusions under both convexity and nonconvexity conditions on the multivalued
term. Some new existence results are obtained by using standard fixed point
theorems. Two examples are given to illustrate the main results.
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1 Introduction
Fractional differential equations have recently gained much importance and attention due
to the fact that they have been proved to be valuable tools in the modeling of many physical
phenomena [1-3]. For some recent developments on the existence results of fractional
differential equations, we can refer, for instance, to [4—17] and the references therein.
Differential inclusions arise in the mathematical modeling of certain problems in eco-
nomics, optimal control, etc. and are widely studied by many authors, see [18, 19] and the
references therein. For some recent works on differential inclusions of fractional order, we
refer the reader to the references [4, 5, 20-29].
Motivated by the above papers, in this article, we study a new class of fractional bound-
ary value problems, i.e., the following fractional differential inclusions with three-point

fractional integral boundary conditions:

°DY%(t) € F(t,%(t),°DPx(t)), te[0,1],1<a<2,0<B<1, O
x(0) =0, al”x(n) + bx(1)=¢c, O0<n<l,

where °D? denotes the Caputo fractional derivative of order p, I the Riemann-Liouville

fractional integral of order ¢, F : [0,1] x R — 2F is a multifunction and 4, b, ¢ are real

constants with an'*? # -bI'(y +2).

We remark that when b = —1, ¢ = 0 and third variable of the function F in (1) vanishes,
problem (1) reduces to a three-point fractional integral boundary value problem (see [17]
with F = f a given continuous function).
©2013 Fu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/304
mailto:fuxi1984@hotmail.com
http://creativecommons.org/licenses/by/2.0

Fu Advances in Difference Equations 2013, 2013:304 Page2of 13
http://www.advancesindifferenceequations.com/content/2013/1/304

The rest of this paper is organized as follows. In Section 2 we present the notations,
definitions and give some preliminary results that we need in the sequel, Section 3 is dedi-
cated to the existence results of problem (1), in the final Section 4, two examples are given
to illustrate the main results.

2 Preliminaries
In this section, we introduce notations, definitions and preliminary facts that will be used
in the remainder of this paper.

Let (X, || - ||) be a normed space. We use the notations: P(X) ={Y C X :Y # 0}, Py(X) =
{Y € P(X) : Y closed}, Pp(X) = {Y € P(X) : Y bounded}, P.,(X) = {Y € P(X) : Y compact},
P (X) ={Y € P(X) : Y compact, convex} and so on.

Let A, B € P,(X), the Pompeiu-Hausdorff distance of A, B is defined as

h(A,B) = max{sup d(a, B), sup d(b,A)}.
acA beB

A multivalued map F : X — P(X) is convex (closed) valued if F(x) is convex (closed)
for all x € X. F is said to be completely continuous if F(B) is relatively compact for every
B € Py(X). F is called upper semicontinuous on X if, for every x € X, the set F(x) is a
nonempty closed subset of X, and for every open set O of X containing F(x), there exists an
open neighborhood U of x such that F(UJ) € O. Equivalently, F is upper semicontinuous if
the set {x € X : F(x) C O} is open for any open set O of X. F is called lower semicontinuous
if the set {x € X : F(x) N O # (J} is open for each open set O in X. If a multivalued map F is
completely continuous with nonempty compact values, then F is upper semicontinuous
if and only if F has a closed graph, i.e, if x, — x, and y, — y,, then y, € F(x,) implies
7. € F(x,) [30].

A multivalued map F: [0,1] — P(X) is said to be measurable if, for every x € X, the
function ¢ — d(x, F(t)) = inf{d(x, y) : y € F(t)} is a measurable function.

Definition 2.1 A multivalued map F: X — Py(X) is called
(1) y-Lipschitz if there exists y > 0 such that

h(F(x),F(y)) < yd(x,y) foreachx,yeX.
(2) a contraction if it is y-Lipschitz with y < 1.
Definition 2.2 A multivalued map F: [0,1] x R x R — P(R) is said to be Carathéodory
if:
(1) t — F(t,x,y) is measurable for each x,y € R;
(2) » — F(t,x,y) is upper semicontinuous for a.e. ¢ € [0,1].

Further, a Carathéodory function F is said to be L!-Carathéodory if
(3) for each k > 0, there exists @i € L¥([0,1], R*) such that

|F@x%9)| =sup{lv|:veFtxy)} <o)
forall |x| <k, |y| <kandae. te[0,1].

The following lemmas will be used in the sequel.
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Lemma 2.1 (see [31]) Let X be a Banach space. Let G : [0,1] x X — Py, (X) be an L'-
Carathéodory multivalued map and P be a linear continuous map from L'([0,1],X) to
C([0,1], X), then the operator

PoSg:C([0,1],X) = Pye(C([0,11, X)),  y+> (PoSe)(y) = P(S,)
is a closed graph operator in C([0,1],X) x C([0,1],X).
Here the set of selections
SEx = {V 1S Ll([O,l],R) V() € F(t,x(t)) fora.e.t €0, 1]}.

Definition 2.3 ([32]) The Riemann-Liouville fractional integral of order g for a function
f is defined as

1 t
__ &ds, q>0,

POt )y ws

provided the integral exists.

Definition 2.4 ([32]) For at least n-times differentiable function f, the Caputo derivative
of order g is defined as

1
I'(n—-q)

DIf(t) = f t(t —s)" Y (S ds, n-1<q<nn=[q]+1,
0

where [g] denotes the integer part of the real number g.

Lemma 2.2 ([16]) Let « > 0, then the differential equation
‘D*h(t)=0

has solutions h(t) = co + c1t + cot> + -+ + ¢ t" ' and
I%°Dh(t) = h(t) + co + it + Cot® + -+ - + cyg ",

herec;eR,i=0,1,2,...,n—1,n=[a] +1.

Lemma 2.3 Foranyy € C([0,1],R), the unique solution of the three-point boundary value

problem
D*x(t) =y(t), te[0,1],1<a <2, )
x(0) =0, al”x(n) + bx(1)=¢c, 0<n<l,
is given by
s o—1 _5)x+ -1
o gyt tc—b [, U —y(s)ds) ta ) Wﬂiwy) (s) ds
x(t) = ———y(s)ds + — - — .
o Tla) 7 b n b

F(y+2) (y+2)
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Proof For 1 <« <2 and some constants ¢y, c; € R, the general solution of the equation
¢D*x(t) = y(t) can be written as

x(t) = I*y(t) + co + c1t. (3)

From x(0) = 0, it follows that ¢y = 0. Using the integral boundary conditions of (2), we

obtain

an o 1 (1 _S)oz—l ~
<m >c1 +al yy(n)+b/0 Wy(s)ds-c.

Therefore, we have

1 (1=s)%— §)tY— 1
c-bf, a S) y(s) ds— afo ) ¥(s) ds
= 617]1+V b
C(y+2)
Substituting the values of ¢y, ¢1, we obtain the result. This completes the proof. O

Let us define what we mean by a solution of problem (1).

Definition 2.5 A function x € AC'([0,1],R) is a solution of problem (1) if it satisfies the
boundary conditions in (1) and there exists a function f € L}([0,1],R) such that f(¢) €
F(t,x(2),°DPx(t)) a.e. on t € [0,1] and

_g)a-1 et 1
o /t (t- S)a—lf(s) G Ja G 1) ds) ta Jo BT f(s) ds
o Tla) % +b lf(”;:g) +b

Let C([0,1],R) be the space of all continuous functions defined on [0,1]. Define
the space X = {x : x and °Dfx € C([0,1],R),0 < B < 1} endowed with the norm |x| =
max;eo,1) |*¥(£)| + max;epo,1) |°DPx(¢)|. Obviously, (X, | - ||) is a Banach space.

Theorem 2.1 (Nonlinear alternative of Leray-Schauder type) Let X be a Banach space, C
be a closed convex subset of X, U be an open subset of C with 0 € U. Suppose that F : U —
Py, (C) is an upper semicontinuous compact map. Then either (1) F has a fixed point in U,
or (2) there are x € 0U and )\ € (0,1) such that x € AF(x).

Theorem 2.2 (Covitz and Nadler) Let (X, d) be a complete metric space. If F : X — Py(X)

is a contraction, then F has a fixed point.

3 Existence results
In this section, three existence results of problem (1) are presented. The first one concerns
the convex valued case, and the others are related to the nonconvex valued case.

Now let us begin with the convex valued case.

Theorem 3.1 Suppose that the following (H1), (H2) and (H3) are satisfied.
(H1) F:[0,1] x R x R — P, (R) is a Carathéodory multivalued map.
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(H2) There exist m € L*°([0,1],R*) and ¢ : [0, 00) — (0, 00) continuous, nondecreasing
such that

|E@t,%9)|| = sup{Ivl:v e F(t,x,y)} < m(®)(e(1x]) +¢(Iy]))

forx,yeR, te[0,1].
(H3) There exists a constant M > 0 such that

M 51 4)
O+ |lmll(pM) + y(M)Q ~
where
lc| 1

= , 0= 1 )
ol tel0,1] IF‘"’M |( ' F(2—,B)>
Q:< 11 Te-pr s+ ﬁ))

Mo+l T(e-B+ 1) re-p) rﬂ(ﬂyig b|

Then boundary value problem (1) has at least one solution on [0,1].

Proof Consider the multivalued operator N : ¥ — P(X) defined as
Nx)={he X :h=Sv,veSr,} (5)
with

Sk = {V IS Ll([O,l],R) V() € F(t,x(t),”Dﬂx(t)) fora.e.t €0, 1]},

ayl

/ (-5t -1 t(c - bfo v(s)ds) tafo Ty V)
S+ a 1+y a 1+y
F(Ol F(ny+2) + b l"(ny+2) +b

Clearly, by Lemma 2.3, we know that the fixed points of N are solutions of problem (1).
From (H1) and (H2), we have, for each x € X, that the set S, is nonempty [31]. Next we
will show that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder
type. The proof is given in the following five steps.

Step 1: N(x) is convex valued. Since F is convex valued, we know that Sg, is convex and
therefore it is obvious that for each x € X', N(x) is convex.

Step 2: N maps bounded sets into bounded sets in X . Let

B ={xeX:|xl|l<r}
be a bounded subset of X'. We need to prove that there exists a constant k > 0 such that
for each x € B,, one has || /|| < k for each 4 € N(x). Let x € B, and % € N(x), then there

exists v € Sg, such that

h(t) = (Sv)(t) fort e [0,1].

Page 5of 13
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By simple calculations, we have

tp_ a1 A= S)" d
t)|§/ oo |v(s)| ds + ihd ||fm]1+y b:V(S)l )

T(y+2)

a+y

lalfy U - [v(s)| ds

| + bl
_ Imli(e(r) + ¥ () |l
+ 1+y
Mo +1) lf('ly+2) +b)
() + v ) s + )
[ + b
Similarly, we can obtain
2210]
(£=s)* P! S)” p- 1 leal
/ y 1ol 555
- ||m||(<p(r> + w(r)) le]
+
Fle=f+1)  T@-B)EL +b
, I or) + w () "2’1‘;*51 k)
L2~ B)I AL + b| '

Therefore, we have

Ih(e)| < - m,h'f' o (1+ o m) + () + ¥ ()
( 11 re-p r'i'ii*ﬁ)u(lfm))‘
Mla+l) T@-p+1) T(2- )| 2L 4 p|

Hence, we obtain

2] < O+ [lmll(p(r) +¥(r)Q =
Step 3: N maps bounded sets into equicontinuous sets in X. Let B, be as in Step 2 and
0 <t <t <1. Then, for each x € B, and h € N(x), there exists v € Sg, such that h(t) =

(Sv)(¢) for t € [0,1]. Since

|h(ts) - h(tr)|

2 (t —s)*! Bty =)t = (-9
< /tl 7[‘(0[) v(s)ds| + /0 @) v(s) ds
|(t2 —t)(c— bfo (L S V(s) ds)l |(t, - ti)a fo O:W 1v(s) ds|
| an1+1/ bl | anlﬂ/ bl

(y+2) F(y+2)

Page 6 of 13
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_imlite@) + ()t —)* - Imll(p(r) + Y ()les - (8 - 0)* — &7

+
= (e +1) Ca+1)
el =) Imlp(r) + ¥ ()2~ ) ({5 + k)
1+y 1+y
|I?(ny+2) b' |I?(ny+2) bl

and

|“DPh(ty) - “DPh(ty)|

aty” B at
re-g r@e-4
_ Imlitee) + v~ - 67 Ll 2P _F)
= Fla-pg+1) (2_ﬁ)|f‘(y+2) + bl

-B
< I Py(ty) - I Pu(ty) +

a+y

||m||(g0(r)+1/f(r))(t -5 ) FES + 7)

1+
L2 - B)l £ + bl

’

we deduce that
|n() - @) >0 ast,— 4

independently of x € B, and & € N(x).

Step 4: N has a closed graph. Let x,, — x, h,, € N(x,) and h,, — h,, we need to show that
h, € N(x,). Since h, € N(x,), there exists v,, € Sg, such that 4,(£) = (Sv,)(¢) for t € [0,1].
We must prove that there exists v, € Sg,, such that /() = (Sv,)(¢) for ¢ € [0,1].

Now, let us consider the continuous linear operator P: L'([0,1],R) — X

o+y—1
E(f—s)e btfo (- S v(s) ds atfon ("Iiflwy) v(s) ds
v— P)(t) = T@) m]w pTe :
0 C(y+2) b T(y+2) +b
and denote
ct
w(t) = o

C(y+2)

Clearly, we have Sv = Pv + w and
P(vu)(t) = hn(£) = w(t) > hi(£) —w(f)  in X,

By the definition of P, we have
h,—wePoSr(x,).

It follows from Lemma 2.1 that P o Sf is a closed graph operator. Since x,, — x,, we have
h(£) = w(t) = P(v,)(t)

for some v, € Sg,,. This implies that /, € N(x,).
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Step 5: A priori bounds for solutions. Let x € AN (x) for some A € (0,1). Then there exists
v € Sp, such that x(¢) = L(Sv)(¢) for £ € [0,1]. By a similar discussion as in Step 2, we have

[x(®)] +[°DPx(®)] < O + llml (¢ (llxl) + ¥ (Ilx1))Q fort € [0,1].
Thus
%l < O+ llmll (¢ (Ilxll) + ¥ (I21))Q  for ¢ € [0,1].
By the assumption of (H3), there exists M such that ||x|| # M. Let us set
U={xeX:|xll <M}

As a consequence of Steps 1-4, together with the Arzela-Ascoli theorem, we can obtain
that N : U — P, (X) is an upper semicontinuous and completely continuous map. From
the choice of U, there is no x € U such that x € AN(x) for some A € (0,1). Hence, by
Theorem 2.1, we deduce that N has a fixed point x € U which is a solution of problem (1).
This is the end of the proof. d

Next we study the case when F is not necessarily convex valued.

Let A be a subset of [0,1] x R. A is ¥ ® Br measurable if A belongs to the o -algebra
generated by all sets of the form J x D, where J is Lebesgue measurable in [0,1] and D
is a Borel set of R. A subset A of L!([0,1],R) is decomposable if for all #,v € A and ]
[0,1] Lebesgue measurable, then ux; + vx[o,1]-; € A, where x stands for the characteristic
function.

Theorem 3.2 Let (H2) and (H3) hold and assume:
(H4) F:[0,1] x R x R — P, (R) is such that: (1) (¢t,%,y) = F(t,%,y) is £ ® Br @ Br
measurable; (2) the map (x,y) — F(t,x,y) is lower semicontinuous for a.e. t € [0,1].
Then problem (1) has at least one solution on [0,1].

Proof From (H2), (H4) and Lemma 4.4 of [27], the map
F:X—P(I'([0,1LR)),  x— F(x) =Sk, (©)

is lower semicontinuous and has nonempty closed and decomposable values. Then, from
a selection theorem due to Bressan and Colombo [33], there exists a continuous function
f: X — LY([0,1],R) such that for all x € X, f(x)(¢) € F(t,x(t),°DPx(t)) a.e. t € [0,1]. Now
consider the problem

‘Dx(t) =f(x)(t), te[0,1] (7)

with the boundary conditions in (2). Note that if x € X is a solution of problem (7), then
x is a solution to problem (1).

Problem (7) is then reformulated as a fixed point problem for the operator N : X — X
defined by

N@)() = (5f())®).
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It can easily be shown that N is continuous and completely continuous and satisfies all
conditions of the Leray-Schauder nonlinear alternative for single-valued maps [34]. By a

discussion similar to the one in Theorem 3.1, Theorem 3.2 follows. O

Theorem 3.3 We assume that:
(H5) F:[0,1] x R x R — P,(R) is such that: (1) the map t — F(t,x,y) is measurable for
all x,y € R; (2) there exists m € L*°([0,1], R") such that for a.e. t € [0,1] and all
x1,%2,91,92 € R,

h(E(t,%1,01), F(8,%2,52)) < m(t)(Jx1 — %2| + [y1 = 321),

and

|l |5} [[m]l|al
[l [l (FasD) * Tary )1+ T 2= 8) )

. +
M+l T(@-p+1) F(Z—ﬂ)hf(n;;) +b]

L (8)

then problem (1) has at least one solution on [0,1].

Proof From (H5), for eachx € X, the multivalued map t — F(¢, x(t), “DPx(t)) is measurable
and closed valued. Hence it has measurable selection (Theorem 2.2.1 [30]) and the set Sg
is nonempty. Let N be defined in (5). We will show that N satisfies the requirements of
Theorem 2.2.

Step 1: For each x € X', N(x) € Py(X). Let h, € N(x) be such that 1, — /& in X'. Then
h € X and there exists v, € Sg,, such that

h,(t) = (Sv,)(), tel0,1].

By (H5), the sequence v, is integrable bounded. Since F has compact values, we may pass
to a subsequence if necessary to get that v, converges to v in L!([0,1],R). Thus v € Sg,, and
for each t € [0,1],

hy,(t) — h(t) = (Sv)(2).

This implies that # € N(x) and N(x) is closed.
Step 2: There exists 0 < A <1 such that

h(N(x),N(»)) <Allx—yl| forallx,ye X.
Letx,y € X and h; € N(y), then there exists v; € Sr,, such that
() = (Sv)), telo,1].
From (H5), we know that

h(F(t,x(t),“DP x(t)), F (£, y(£), “DP y(£))) < m(t)(|x(¢) — y(®)| + |“DPx(t) - “DP y(2)]).
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Hence, for a.e. £ € [0,1], there exists u € F(¢,x(¢),°DPx(t)) such that

[n(®) - u| < m@)(|x(t) - y(®)| + |*DPx(2) - “DPy(2))). ©)
Consider the multivalued map V : [0,1] — P(R) given by

V(t) ={ueR: |vi(t) — u| <m(t)(Ja(t) - y(8)| + |*DPx(t) - “DPy(1)]) }.

Since vi(¢), a(t) = m(E)(|x() — y(£)| + |°DPx(t) — “DPy(t)|) are measurable, Theorem I11.41
in [35] implies that V is measurable. It follows from (H5) that the map ¢ — F(¢, x(t))
is measurable. Hence, by (9) and Proposition 2.1.43 in [30], the multivalued map ¢ —
V(t) N F(t,x(t),°DPx(t)) with nonempty closed values is measurable. Therefore, we can
find v, (¢) € F(t,%(t),°DPx(t)) and

|V1(t) - vz(t)| < m(t)(|x(t) —y(t)| + |”D’3x(t) - CD’Sy(t)|) fora.e. t €[0,1].
Let h15(£) = (Sv2)(¢t), i.e., hy € N(x). Since
|1 (£) = ha ()|

| |f0 F(a |V1 S) _VZ( )|dS)

t a-1
5[0 (=) |vi(s) = va(s)| ds +

,1+y

F((X) F“l(;/+2) b|

Gl fg O i (s) = va(s)] ds)
1+y
I?(ny 2) bl
[|m]] i [l
“\tesn " aw + e llx =l

(o +1) F(a+1)| +b| F(a+y+1)|ry+2) +b|

and

*DP iy (t) - *DP s (0)|

o= b - d.
/ (-5 FL s) '“ h(5) = )| ds + (b1 f; & =L v (s) — v (s)| ds)

ar]1+}/

P + bl

(|a|f” WS (5) — vy (s)]| ds)

T(a+y)

L2~ B2 + b

(|| IIV(nHIb; \(\mlllal)

Mo+l Ia+y+1
= + + ||x - ”!
(F(a—ﬂ+1) re- ﬁ)|ﬂn1V b|> Y

we obtain that

@) - ha(0) |

( [l [l Ba+T@2-p)
=< +
[ +1) F(a—ﬂ+1) 1-*(2 B an *V b|

llmlllal 1+T(2 -
+ I‘oz+y+1( . ( 13)))”x_y||

an]+y
L2~ B)l &g + bl
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Define

Cmlml (an * reen) A+ TR =)
MNa+1l) T(e-B+1) r@- ’3)| a,,w bl

By using an analogous relation obtained by interchanging the roles of x and y, we get

h(N@),N(») < Mlx=yl.

Therefore from condition (8), Theorem 2.2 implies that N has a fixed point which is a
solution of problem (1). This completes the proof. O

4 Examples
In this section, we give two examples to illustrate the results.

Example 1 Consider the following three-point fractional integral boundary value prob-

lem:
Dix(t) € F(t,x(t),°Dix(t)), te[0,1], 10)
x(0)=0,  I3x(d)+ lx(1)=-
wherea:%,ﬁ:%,y: 3,77-% =1, b—% c=-land F:[0,1] x Rx R — P(R) is a
multivalued map given by
F(t,x,y) = veR:e“x‘—l+Sint+t2<v<4+ x +siny+6t3 .
1+y? - - 1+ x2

In the context of this problem, we have
”F(t,x,y) || = sup{|v| S F(t,x,y)} <6+6t> <12 forte[0,1],x,y€R.

It is clear that F is convex compact valued and is of Carathéodory type. Let m(t) =1 and
o(|x]) =4, ¥(ly|) =8, we get that for £ € [0,1], x,y € R,

|E(t,%,9)| = sup{|v]:v € F(t,x,9)} < m@)(o(lx]) + ¢(171))-

As for condition (4), since O + ||m|/(¢(|%]) + ¥ (]¥]))Q = O + 12Q (see O, Q in (H3)) is a
constant, we can choose M large enough so that

M >1
O + [Im|(p(IM]) + Y (IM])Q

Thus, by the conclusion of Theorem 3.1, boundary value problem (10) has at least one
solution on [0,1].

Example 2 Consider the following three-point fractional integral boundary value prob-
lem:

Dix(t) € Ft,x(t),*D3x(t), te[0,1],

x0)=0,  I3a(3)+3a(1) = -3 (1)
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whereot:%,ﬁ:%,y:

4 2 1
3 ,azl,bzg,c=——

[SSI

N =

Ft,%,y) = [—ll(t) _ (:%’“)2 _ 3,—%] U [ _ b lz(t)],

and iy, € L'([0,1], R").

From the data given above, we have

1
sup{|v|:ve F(t,x,y)} <4+ @ +h(t)+ L), te[0,1],xy€eR,

1
h(F(t;xlryl)}F(t)x27y2)) =< E('xl _x2| + |)’1 _y2|)'

Let m = 5, we can get
2
1/ 1 1 —rf‘%)(lﬂ“(%)) F(Ef_g)(ur(g))
E(F(%ﬁr(%ﬁ 15 + N )%0.2841<1,

Hence it follows from Theorem 3.3 that problem (11) has at least one solution on [0,1].
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