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Abstract
In this paper we generalize the fractional q-Leibniz formula introduced by Agarwal in
(Ganita 27(1-2):25-32, 1976) for the Riemann-Liouville fractional q-derivative. This
extension is a q-version of a fractional Leibniz formula introduced by Osler in (SIAM J.
Appl. Math. 18(3):658-674, 1970). We also introduce a generalization of the fractional
q-Leibniz formula introduced by Purohit for the Weyl fractional q-difference operator
in (Kyungpook Math. J. 50(4):473-482, 2010). Applications are included.

1 q-notions and notations
Let q be a positive number,  < q < . In the following, we follow the notations and notions
of q-hypergeometric functions, the q-gamma function �q(x), Jackson q-exponential func-
tions Eq(x), and the q-shifted factorial as in [, ]. By a q-geometric set A, we mean a set
that satisfies if x ∈ A, then qx ∈ A. Let f be a function defined on a q-geometric set A. The
q-difference operator is defined by

Dqf (x) :=
f (x) – f (qx)

x – qx
, x �= . ()

The nth q-derivative,Dn
qf , can be represented by its values at the points {qjx, j = , , . . . ,n}

through the identity

Dn
qf (x) = (–)n( – q)–nx–nq–n(n–)/

n∑
r=

(–)r
[
n
r

]
q

qr(r–)/f
(
xqn–r

)
()

for every x inA\{}. After some straightforwardmanipulations, formula () can bewritten
as

Dn
qf (x) = ( – q)–nx–n

n∑
r=

qr
(q–n;q)r
(q;q)r

f
(
xqr

)
for x ∈ A \ {}. ()

Moreover, formula () can be inverted through the relation

f
(
xqn

)
=

n∑
k=

(–)k
[
n
k

]
q

( – q)kxkq(
k
)Dk

qf (x). ()
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Formulas () and () are well known and follow easily by induction. Jackson [] introduced
an integral denoted by

∫ b

a
f (x)dqx

as a right inverse of the q-derivative. It is defined by

∫ b

a
f (t)dqt :=

∫ b


f (t)dqt –

∫ a


f (t)dqt, a,b ∈C, ()

where

∫ x


f (t)dqt := ( – q)

∞∑
n=

xqnf
(
xqn

)
, x ∈C, ()

provided that the series at the right-hand side of () converges at x = a and b. In [], Hahn
defined the q-integration for a function f over [,∞) and [x,∞), x > , by

∫ ∞


f (t)dqt = ( – q)

∞∑
n=–∞

qnf
(
qn

)
,

∫ ∞

x
f (t)dqt = ( – q)

∞∑
n=

xq–n( – q)f
(
xq–n

)
,

()

respectively, provided that the series converges absolutely. Al-Salam [] defined a frac-
tional q-integral operator K–α

q by

K–α
q φ(x) :=

q– 
 α(α–)

�q(α)

∫ ∞

x
tα–(x/t;q)α–φ

(
tq–α

)
dqt,

K
q φ(x) := φ(x),

()

where α �= –,–, . . . , as a generalization of the q-Cauchy formula

K–n
q φ(x) =

∫ ∞

x

∫ ∞

xn–
· · ·

∫ ∞

x
φ(t)dqt dqx · · · dqxn–

=
q– 

 n(n–)

�q(n)

∫ ∞

x
tn–(x/t;q)n–φ

(
tq–n

)
dqt,

which he introduced in [] for a positive integer n. Using (), we can write () explicitly as

K–α
q φ(x) = q–

α(α+)
 xα( – q)α

∞∑
k=

(–)kq(
k
)

[
–α

k

]
q

φ
(
xq–α–k), ()

or in a more simple form

K–α
q φ(x) = q–

α(α+)
 xα( – q)α

∞∑
k=

q–kα
(qα ;q)k
(q;q)k

φ
(
xq–α–k). ()
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Using (), we can prove

Kn
q φ(x) = (–)nDn

qφ(x) (n ∈ N). ()

This paper is organized as follows. In Section , wemention in brief some known fractional
and q-fractional Leibniz formulae. In Section , we generalize the fractional q-Leibniz
formula of the Riemann-Liouville fractional q-derivative introduced by Agarwal in [].
Finally, in Section , we extend the fractional q-Leibniz formula introduced by Purohit []
for the q-Weyl derivatives of nonnegative integral orders to any real order.

2 Fractional and q-fractional Leibniz formulas
The Riemann-Liouville fractional q-integral operator is introduced by Al-Salam in [] and
later by Agarwal in [] and defined by

Iαq f (x) :=
xα–

�q(α)

∫ x


(qt/x;q)α–f (t)dqt, α /∈ {–,–, . . .}. ()

Using (), () reduces to

Iαq f (x) = xα( – q)α
∞∑
n=

qn
(qα ;q)n
(q;q)n

f
(
xqn

)
, ()

which is valid for all α. The Riemann-Liouville fractional q-derivative of order α, α > , is
defined by

Dα
q =Dk

qI
k–α
q , k = �α�.

For the definition of Caputo fractional q-derivatives, see []. See also [] for more appli-
cations. Liouville [] introduced the fractional Leibniz rule

Iα
{
f (x)g(x)

}
=

∞∑
k=

(
–α

k

)
f (k)(x)Iα+kg(x), ()

where

Iα
{
f (x)

}
=


�(α)

∫ x


(x – t)α–f (t)dt

is the familiar Riemann-Liouville integral operator. While Liouville used Fourier expan-
sions in obtaining (), Grünwald [] and Letnikov [] obtained () by a different tech-
nique. Other extensions and proofs are in the work of Watanabe [], Post [], Bassam
[], and Gaer-Rubel []. In a series of papers [–], Osler introduced several general-
izations of (). For example, in [] Osler introduced the fractional Leibniz formula

Dα
g(z)

{
u(z)v(z)

}
=

∞∑
–∞

(
α

γ + k

)
Dα–γ–k

g(z) u(z)Dγ+k
g(z) v(z), ()

which coincides with () when we set g(z) = z, γ =  and replace α with –α in (). For an
extensive study of the fractional calculus and its applications in physics and control theory,
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see [–]. There are two q-analogues of the fractional Leibniz rule (). Al-Salam and
Verma [] introduced the fractional Leibniz formula

Iαq (UV )(z) =
∞∑
m=

[
–α

m

]
q

Dm
q U

(
zq–α–m)

Iα+mq V (z), ()

formally. An analytic proof of () is introduced in [] where the following theorem is
introduced.

Theorem . Let U(z) be an entire function with q-exponential growth of order k, k <
lnq–, and a finite type δ, δ ∈R. Let V be a function that satisfies

∞∑
j=

qj
∣∣V (

zqj
)∣∣ < ∞ (z ∈C).

Then () holds for z ∈C \ {} and α ∈R.

For the definition of the q-exponential growth, see []. In [], Agarwal introduced the
following fractional q-Leibniz formula.

Theorem . Let U and V be two analytic functions which have power series representa-
tions at z =  with radii of convergence R and R, respectively, and R =min{R,R}. Then

Iαq (UV )(z) =
∞∑
n=

[
–α

n

]
q

Dn
qU(z)Iα+nq V

(
zqn

) (|z| < R
)
, ()

Proof See []. �

Recently, Purohit [] used () to derive a number of summation formulae for the gen-
eralized basic hypergeometric functions. In the following section, we introduce a gener-
alization of Agarwal’s fractional q-Leibniz formula (). Let  < R < ∞ and DR := {z ∈ C :
|z| < R}. In the following, we say that a function f ∈ Lq(DR) if

∞∑
j=

qj
∣∣f (zqj)∣∣ < ∞ for all z ∈DR \ {}.

In [], Purohit derived a q-extension of the Leibniz rule for q-derivative via the Weyl
q-derivative operator defined in (). He proved that for a nonnegative integer α,

Kα
q (UV )(z) =

α∑
r=

(–)rqr(r+)/(q–α ;q)r
(q;q)r

Kα–r
q U(z)Kr

q,zV
(
zqr–α

)
, ()

whereU(z) = z–pu(z), V (z) = z–pv(z), u and v are analytic functions having a power series
expansion at z =  with radii of convergence ρ , ρ > , and p,p ≥ . Purohit established
some summation formulae as an application of the fractional Leibniz formula () which
can be represented as

Kα
q (UV )(z) =

α∑
r=

(q–α ;q)r
(q;q)r

Kα–r
q U(z)Dr

q–,z
{
V

(
zqα

)}
, ()
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where we used

Dr
q–,zV

(
zqα

)
= (–)rqr(r+)/Kr

q,zV
(
zqr–α

)
.

3 A generalization for Agarwal’s fractional q-Leibniz formula
In this section we introduce a q-analogue of the fractional Leibniz formula () when
g(z) = z. The case γ =  of the derived fractional q-Leibniz formula is the fractional
q-Leibniz formula () introduced by Agarwal [].

Theorem . Let G be a branch domain of the logarithmic function. Let a, b be complex
numbers and R be a positive number. Let u and v be analytic functions in the disk DR. Let
U and V be defined in G∩DR through the relations

U(z) = zau(z), V (z) = zbv(z). ()

If V (·) and UV (·) are in Lq(DR), then

Iαq UV (z)

= zγ �q(α)
�q(α – γ )

∞∑
m=

[
–α + γ

m

]
q

Dm
q
((
qα–γ ξ /z;q

)
γ
U(ξ )

)∣∣
ξ=z

(
Iα–γ+m
q

)
V

(
zqm

)
, ()

where z ∈ G∩DR, and α,γ ∈R.

Remark . It is worthwhile to notice that if we set γ =  in (), we obtain Agarwal’s frac-
tional Leibniz rule () with less restrictive conditions on the functionsU(z) and V (z). Ac-
tually, the special case γ =  of Theorem . is an extension of the result given byManocha
and Sharma in [].

Proof Since V , UV are in Lq(DR), then

zaV ∈ Lq(DR), Re(b) > – and Re(a + b) > –.

From () we obtain

Iαq (UV )(z) = zα( – q)α
∞∑
n=

qn
(qα ;q)n
(q;q)n

U
(
zqn

)
V

(
zqn

)
. ()

Substituting with

(qα ;q)n
(q;q)n

=
(qα–γ ;q)n
(q;q)n

(
qα ;q

)
–γ

(
qα–γ+n;q

)
γ

into (), we obtain

Iαq (UV )(z) = zα( – q)α
(
qα ;q

)
–γ

∞∑
n=

qn
(qα–γ ;q)n
(q;q)n

(
qα–γ+n;q

)
γ
U

(
zqn

)
V

(
zqn

)
. ()
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The existence of UV in the space Lq(DR) guarantees that the series in () or in () con-
verges absolutely for all z ∈ DR \ {}. Replace x in () with ξ and then let

f (ξ ) =
(
qα–γ ξ /z;q

)
γ
U(ξ ).

Consequently,

(
qα–γ+n;q

)
γ
U

(
zqn

)

=
n∑

k=

(–)k( – q)k
[
n
k

]
q

qk(k–)/zkDk
q
((
qα–γ ξ /z;q

)
γ
U(ξ )

)∣∣
ξ=z. ()

Then substituting () into (), we get

Iαq (UV )(z) = zα( – q)α
(
qα ;q

)
–γ

∞∑
n=

qn
(qα–γ ;q)n
(q;q)n

V
(
zqn

)

×
n∑

k=

(–)k( – q)k
[
n
k

]
q

qk(k–)/zkDk
q
((
qα–γ ξ /z;q

)
γ
U(ξ )

)∣∣
ξ=z. ()

Using (), we obtain

Dk
q

((
qα–γ ξ

z
;q

)
γ

U(ξ )
)∣∣∣∣

ξ=k
= (–)k( – q)–kza–kq–

k(k–)


(
qα–γ ;q

)
γ

×
k∑

r=

q
r(r–)


[
k
r

]
q

(qα ;q)k–r
(qα–γ ;q)k–r

q(k–r)au
(
zqk–r

)
.

Therefore, since u(z) is analytic in DR, there existsM >  such that

∣∣∣∣Dk
q

((
qα–γ ξ

z
;q

)
γ

U(ξ )
)∣∣∣∣

ξ=k

∣∣∣∣
≤ ( – q)–k|z|Re(a)–kqkRea– k(k–)

 M
k∑

r=

q
r(r–)


[
k
r

]
q

q–rRea

=M( – q)–k|z|Re(a)–kqkRea– k(k–)


(
–q–Re(a);q

)
k

≤ M( – q)–k|z|Re(a)–kqkRea– k(k–)


(
–q–Re(a);q

)
∞. ()

Consequently,

n∑
k=

( – q)k
[
n
k

]
q

qk(k–)/
∣∣∣∣zkDk

q

((
qα–γ ξ

z
;q

)
γ

U(ξ )
)∣∣∣∣

ξ=z

∣∣∣∣
≤ M|z|Re(a) (–q

Re(a);q)∞
(q;q)∞

 – q(n+)Re(a)

 – qRe(a)
. ()
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Set F(ξ ) := (qα–γ ξ

z ;q)γU(ξ ). Then substituting () into (), we obtain

∞∑
n=

qn|(qα–γ ;q)n|
(q;q)n

∣∣V (
zqn

)∣∣ n∑
k=

( – q)k
[
n
k

]
q

qk(k–)/
∣∣zkDk

qF(z)
∣∣

≤ M|z|Re(a) (–q
α–γ ;q)∞(–q–Re(a);q)∞

(q;q)∞

∞∑
n=

 – q(n+)Re(a)

 – qRe(a)
qn

∣∣V (
zqn

)∣∣. ()

The last series converges for all z ∈ DR \ {} since V , zaV ∈ Lq(DR). Consequently, the
series in () is absolutely convergent, and we can interchange the order of summations
in (). This leads to

Iαq (UV )(z)

= zα( – q)α
(
qα ;q

)
–γ

∞∑
k=

(–)kqk(k–)/zk
( – q)k

(q;q)k
Dk

qF(z)
∞∑
n=k

qn
(qα–γ ;q)n
(q;q)n–k

V
(
zqn

)

= zα( – q)α
(
qα ;q

)
–γ

∞∑
k=

(–)kqk(k+)/zk
( – q)k

(q;q)k

×Dk
qF(z)

∞∑
j=

qj
(qα–γ ;q)j+k

(q;q)j
V

(
zqj+k

)
. ()

Since

(
Iα–γ+k
q V

)(
zqk

)
=

(
zqk

)α–γ+k( – q)α–γ+k
∞∑
j=

qj
(qα–γ+k ;q)j

(q;q)j
V

(
zqj+k

)

and

(
qα–γ ;q

)
j+k =

(
qα–γ ;q

)
k

(
qα–γ+k ;q

)
j,

the substitution with the last two identities in () gives

Iαq (UV )(z)

= zγ ( – q)γ
(
qα ;q

)
–γ

∞∑
k=

(–)kq–k(k–)/+k(–α+γ ) (qα–γ ;q)k
(q;q)k

× (
Iα–γ+k
q V

)(
zqk

)
Dk

q

((
qα–γ ξ

z
;q

)
γ

U(ξ )
)∣∣∣∣

ξ=z

= zγ ( – q)γ
(
qα ;q

)
–γ

∞∑
k=

[
–α + γ

k

]
q

(
Iα–γ+k
q V

)(
zqk

)
Dk

q

((
qα–γ ξ

z
;q

)
γ

U(ξ )
)∣∣∣∣

ξ=z
,

and the theorem follows. �

Example . Let γ , λ, μ, and α be complex numbers satisfying

Re(λ) > , Re(λ +μ) > , μ /∈ N and Re(α) > .
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Then

�q(λ +μ)�q(α)�q(λ + α – γ )
�q(α – γ )�q(λ)�q(λ +μ + α)

=
∞∑
m=

qm(λ+μ) (qα–γ ,q–μ;q)m
(q,qλ+α–γ ;q)m

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)
. ()

Proof We prove the identity by using Theorem .. Take U(z) = zμ and v(z) = zλ–. Then

Dm
q

{(
qα–γ ξ

z
;q

)
γ

ξμ

}

=Dm
q

∞∑
k=

(q–γ ;q)k
(q;q)k

(
qα

z

)k

ξμ+k

=
∞∑
k=

(q–γ ;q)k
(q;q)k

(
qα

z

)k
�q(μ + k + )

�q(μ + k –m + )
ξμ+k–m.

Hence,

Dm
q

{(
qα–γ ξ

z
;q

)
γ

ξμ

}∣∣∣∣
ξ=z

= zμ–m �q(μ + )
�q(μ –m + ) 

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)

= (–)m
(q–μ;q)m
( – q)m

qmμ–(m)zμ–m
φ

(
q–γ ,qμ+;qμ–m+;q,qα

)
()

and

(
Iα–γ+m
q V

)(
zqm

)
=

�q(λ)
�q(λ + α – γ +m)

(
zqm

)λ+α–γ+m–

=
�q(λ)

�q(λ + α – γ )
( – q)m

(qλ+α–γ ;q)m
(
zqm

)λ+α–γ+m–. ()

Then applying Theorem . gives

Iαq (UV )(z) = zμ+λ+α– �q(α)�q(λ)
�q(α – γ )�q(λ + α – γ )

×
∞∑
m=

qm(λ+μ) (qα–γ ,q–μ;q)m
(q,qλ+α–γ ;q)m

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)
. ()

On the other hand,

Iαq z
λ+μ– =

�q(λ +μ)
�q(λ +μ + α)

zλ+μ+α–. ()

Equating () and () gives (). �
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Example . For complex numbers a, b, A, B, d, and D such that Re(b) > –, Re(B) > ,
and Re(b + B) > ,

φ
(
qa+A,qb+B;qd+D;q,q–(a+A)z

)
= (z;q)–a

�q(d +D)�q(B)
�q(b + B)�q(d + B – b)

( – q)B–D

×
∞∑
m=

(–)mq(
m
)qmB (qb–d;q)m

(q;q)m(qd+D–b;q)m

× φ
(
q–m,qd+D–b–B, zq–a;qd–b, z;q,qb+

)
φ

(
qA,qB;qd+B–b+m;q,q–a–A+m

)
, ()

for |zq–a–A| < .

Proof The previous identity follows by taking

U(z) = zb(z;q)–a, V (z) = zB–
(
zq–a;q

)
–A,

and applying Theorem . with

α = d +D – b – B, γ =D – B.

Then using (), we obtain

Dm
q

((
qd–b

ξ

z
;q

)
D–B

ξ b(ξ ;q)–a
)∣∣∣∣

ξ=z
= ( – q)–mz–m+b(z;q)–a

(qd–b;q)∞
(qd–b+D–B;q)∞

× φ
(
q–m,qd–b+D–B, zq–a;qd–b, z;q,qb+

)
. ()

In addition,

(
Iα–γ+m
q V

)(
zqm

)
= zd–b+β–+mqm

+(d–b+β–)m �q(β)
�q(B +m + d – b)

× φ
(
qA,qβ ;qm–b;q,qm–a–A)

()

and [
γ – α

m

]
q

= (–)mq(γ–α)mq(
–m
 ) (q

α–γ ;q)m
(q;q)m

. ()

Substituting with ()-() into (), we obtain

Iαq UV (z) = zd+D–( – q)D–B(z;q)–a
�q(β)

�q(B + d – b)

×
∞∑
m=

(–)mq(
m
)qmB (qb–d;q)m

(q;q)m(qd+D–b;q)m

× φ
(
q–m,qd+D–b–B, zq–a;qd–b, z;q,qb+

)
× φ

(
qA,qB;qd+B–b+m;q,q–a–A+m

)
. ()
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On the other hand,

Iαq UV (z) =
�q(b + B)
�q(d +D)

zd+D–φ
(
qa+A,qb+B;qd+D;q,q–(a+A)

)
. ()

Combining () and (), we obtain (). �

4 A q-extension of the Leibniz rule via Weyl-type of a q-derivative operator
In this section, we prove that the q-expansion in () can be derived for any α ∈ R. The
proof we introduce is completely different from the one introduced by Purohit for non-
negative integer values of α. We start with characterizing a sufficient class of functions for
which K–α

q exists for some α.

Definition . Let α ∈C and let f be a function defined on a q–-geometric set A. We say
that f is of class Sq,α if there exists μ ∈C, Reμ > Reα such that

f
(
xq–n

)
=O

(
qnμ

)
as n→ ∞,x ∈ A.

Proposition . If α ∈ Z, then K–α
q f exists for any function f defined on (,∞). If α /∈ Z

and f ∈ Sq,α , then K–α
q f exists.

Proof If α ∈ Z, then by (), K–α
q f exists for any functions f defined on a (,∞). If α /∈ Z

and f ∈ Sq,α , then for each x > , there exists a constant C > , C depends on x and α, such
that

∣∣f (xq–n–α
)∣∣ ≤ Cqnμ.

Applying the previous inequality in () gives

∣∣K–α
q f (x)

∣∣ ≤ Cq–α(α+)/|x|α( – q)α
(–qReα ;q)∞
(q;q)∞

∞∑
k=

qk(Reμ–Reα)

≤ Cq–α(α+)/|x|α( – q)α
(–qReα ;q)∞

( – q(Reμ–Reα))(q;q)∞
. �

In the following, we define a sufficient class of functions Sq,μ for which K–α
q f exists for

all α.

Definition . Let f be a function defined on a q–-geometric set A. We say that f is in
the classSq,μ if there exist μ >  and ν ∈R such that for each x ∈ A,

∣∣f (xq–n)∣∣ =O
(
qμn(n+ν)) as n → ∞.

It is clear that if f ∈Sq,μ, then f ∈ Sq,α for all α. The spaces Sq,α andSq,μ are q-analogues
of the spaces of fairly good functions and good functions, respectively, introduced by
Lighthill [, p.], see also [, Chapter VII].
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Example . An example of a function in a class Sq,/ is any function of the form

Pn(x)
(ax;q)∞

for all n ∈N,

where Pn(x) is a polynomial of degree n and a is a constant such that axqk �=  for all k ∈N.

The keynotes in proving the generalization of Purohit q-fractional Leibniz formula are
two identities. The first one is

Kα
q z

–p = qα(–α)/q–αpz–α–p �q(α + p)
�q(p)

, ()

which holds for any p ∈ R when α ∈ N or holds when α + p > . The proof of () follows
from () by replacing α with –α, x with z, and setting φ(z) = z–p. The second identity
follows from the formula () with q replaced with q– and x with z. That is,

f
(
zq–n

)
=

n∑
k=

(
q– – 

)kq–(k)
[
n
k

]
q–

zkDk
q– f (z)

=
n∑

k=

qk(k–)/( – q)kq–nk
[
n
k

]
q

zkDk
q– f (z), ()

where we use [, Eq. (I.)]

[
n
k

]
q–

=

[
n
k

]
q

qk
–nk .

The identity in () leads to the following result.

Lemma . Let p and α be such that  < Rep <  and α > Rep. Let G be the principal
branch of the logarithmic function and let DR := {z ∈C : |z| > R} ∩G. Assume that

U(z) = zp
∞∑
j=

ajz–j

is analytic on DR. Let

�α =
{
z ∈DR : qαz ∈DR

}
.

Then Kα
q U(z) exists for all z ∈ �α and is equal to

Kα
q U(z) = qαp �q(α – p)

�q(–p)
zp–α

∞∑
j=

aj
(q–p;q)j
(qα–p;q)j

q–αjz–j. ()

Proof From () we find that

Kα
q U(z) = qα(–α)/qαpzp–α( – q)–α

∞∑
k=

qk(α–p)
(q–α ;q)k
(q;q)k

∞∑
j=

ajq(–α+k)j. ()

http://www.advancesindifferenceequations.com/content/2013/1/29


Mansour Advances in Difference Equations 2013, 2013:29 Page 12 of 16
http://www.advancesindifferenceequations.com/content/2013/1/29

From the assumptions of the present lemma, we can easily deduce that the double series
in () is absolutely convergent for all z ∈ �α . Hence, we can interchange the order of
summations in (). This and the q-binomials theorem [, Eq. (..)] give

Kα
q U(z) = qα(–α)/qαpzp–α( – q)–α

∞∑
j=

ajq–αjz–j
∞∑
k=

qkα–kp+kj
(q–α ;q)j
(q;q)j

= qα(–α)/qαpzp–α( – q)–α

∞∑
j=

ajq–αjz–j
(q–p+j;q)∞
(qα–p+j;q)∞

.

Simple manipulations give (). �

Lemma . Let p, α, G, U , DR, and �α be as in Lemma .. Then

∞∑
j=

qαj∣∣U(
zqα–j)∣∣ < ∞ ∀z ∈ �α .

Proof The proof is easy and is omitted. �

Theorem . Let U and V be functions defined on a q–-geometric set A and let α ∈ R.
Assume that UV ∈ Sq,α and U ∈ Sq,μ, μ > 

 . Then

Kα
q UV (z) =

∞∑
m=

(q–α ;q)m
(q;q)m

Kα–m
q U(z)Dm

q–,z

{
V

(
zqα

)}
()

for all z ∈ A and for all α ∈R. If μ = /, then ()may not hold for all α on R but only for
α in a subdomain of R.

Proof Let z ∈ q–αA be arbitrary but fixed. Since UV ∈ Sq,α , then

∞∑
k=

qkα
∣∣U(

zqα–k)V (
zqα–k)∣∣ < ∞. ()

From (),

(
Kα
q UV

)
(z)

= qα(–α)/( – q)–αz–α

∞∑
m=

qαm (q–α ;q)m
(q;q)m

U
(
zqα–m)

V
(
zqα–m)

.

Applying () with f (z) = V (zqα) yields

(
Kα
q UV

)
(z) = qα(–α)/( – q)–αz–α

∞∑
m=

qαm (q–α ;q)m
(q;q)m

U
(
zqα–m)

×
m∑
j=

qj(–j)/( – q)jq–mj

[
m
j

]
q

zjDj
q–,z

{
V

(
zqα

)}
. ()
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From the assumptions on the function U , there exists a constant C >  and ν ∈ R such
that

∣∣U(
zqα–m)∣∣ ≤ Cqμm(m+ν).

Using () with (q– instead of q), we obtain

zjDj
q–,z

{
V

(
zqα

)} ≤ C.

Consequently, the double series on () is bounded from above by

CC
(–q–Reα ;q)∞

(q;q)∞

∞∑
m=

qReαmqμm(m+ν)
m∑
j=

qj(–j)/
[
m
j

]
q

q–mj

≤ CC
(–q–Reα ;q)∞

(q;q)∞

∞∑
m=

qReαmqμm(m+ν)(–q–m;q)m
= CC

(–q–Reα ;q)∞(–q;q)∞
(q;q)∞

∞∑
m=

qReαmqμm(m+ν)q–m(m+)/, ()

where we applied the identity cf., e.g., [, p.],

(a;q)n :=
n∑

k=

(–)k
[
n
k

]
q

q
k(k–)

 ak . ()

Now, it is clear that ifμ > /, then the series on themost right-hand side of () is conver-
gent for all α ∈ C. On the other hand, it is convergent only for Reα > –ν + 

 when μ = 
 .

Therefore, we can interchange the order of summation in the series on the right-hand side
of (). This gives

(
Kα
q UV

)
(z) = qα(–α)/( – q)–αz–α

×
∞∑
j=

(q–α ;q)j
(q;q)j

zj( – q)jDj
q–,zV

(
zqα

)

×
∞∑
r=

q(α–j)r
(q–α+j;q)r
(q;q)r

U
(
zqα–j–r). ()

But

∞∑
r=

q(α–j)r
(q–α+j;q)r
(q;q)r

U
(
zqα–j–r) = zα–j( – q)α–jq(α–j)(α–j–)/Kα–j

q V (z).

Combining this latter identity with () yields the theorem. �

Example . Let γ , λ, μ, and α be complex numbers satisfying

Re(λ) > , Re(λ +μ) > , μ /∈ N and Re(α) > .
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Then

�q(λ +μ)�q(α)�q(λ + α – γ )
�q(α – γ )�q(λ)�q(λ +μ + α)

=
∞∑
m=

qm(λ+μ) (qα–γ ,q–μ;q)m
(q,qλ+α–γ ;q)m

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)
. ()

Proof We prove the identity by using Theorem .. Take U(z) = zμ and v(z) = zλ–. Then

Dm
q

(
qα–γ ξ

z
;q

)
γ

ξμ

=Dm
q

∞∑
k=

(q–γ ;q)k
(q;q)k

(
qα

z

)k

ξμ+k

=
∞∑
k=

(q–γ ;q)k
(q;q)k

(
qα

z

)k
�q(μ + k + )

�q(μ + k –m + )
ξμ+k–m.

Hence,

Dm
q

(
qα–γ ξ

z
;q

)
γ

ξμ

∣∣∣∣
ξ=z

= zμ–m �q(μ + )
�q(μ –m + ) 

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)

= (–)m
(q–μ;q)m
( – q)m

qmμ–(m)zμ–m
φ

(
q–γ ,qμ+;qμ–m+;q,qα

)
()

and

(
Iα–γ+m
q V

)(
zqm

)
=

�q(λ)
�q(λ + α – γ +m)

(
zqm

)λ+α–γ+m–

=
�q(λ)

�q(λ + α – γ )
( – q)m

(qλ+α–γ ;q)m
(
zqm

)λ+α–γ+m–. ()

Then applying Theorem . gives

Iαq (UV )(z) = zμ+λ+α– �q(α)�q(λ)
�q(α – γ )�q(λ + α – γ )

×
∞∑
m=

qm(λ+μ) (qα–γ ,q–μ;q)m
(q,qλ+α–γ ;q)m

φ
(
q–γ ,qμ+;qμ–m+;q,qα

)
. ()

On the other hand,

Iαq z
λ+μ– =

�q(λ +μ)
�q(λ +μ + α)

zλ+μ+α–. ()

Equating () and () gives (). �
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Example . For complex numbers a, b, A, B, d, and D such that Re(b) > –, Re(B) > ,
and Re(b + B) > ,

φ
(
qa+A,qb+B;qd+D;q,q–(a+A)z

)
= (z;q)–a

�q(d +D)�q(B)
�q(b + B)�q(d + B – b)

( – q)B–D

×
∞∑
m=

(–)mq(
m
)qmB (qb–d;q)m

(q;q)m(qd+D–b;q)m

× φ
(
q–m,qd+D–b–B, zq–a;qd–b, z;q,qb+

)
φ

(
qA,qB;qd+B–b+m;q,q–a–A+m

)
()

for |zq–a–A| < .

Proof The previous identity follows by taking

U(z) = zb(z;q)–a, V (z) = zB–
(
zq–a;q

)
–A

and applying Theorem . with

α = d +D – b – B, γ =D – B.

Then using (), we obtain

Dm
q

((
qd–b

ξ

z
;q

)
D–B

ξ b(ξ ;q)–a
)∣∣∣∣

ξ=z
= ( – q)–mz–m+b(z;q)–a

(qd–b;q)∞
(qd–b+D–B;q)∞

× φ
(
q–m,qd–b+D–B, zq–a;qd–b, z;q,qb+

)
. ()

In addition,

(
Iα–γ+m
q V

)(
zqm

)
= zd–b+β–+mqm

+(d–b+β–)m �q(β)
�q(B +m + d – b)

× φ
(
qA,qβ ;qm–b;q,qm–a–A)

()

and [
γ – α

m

]
q

= (–)mq(γ–α)mq(
–m
 ) (q

α–γ ;q)m
(q;q)m

. ()

Substituting with ()-() into (), we obtain

Iαq UV (z) = zd+D–( – q)D–B(z;q)–a
�q(β)

�q(B + d – b)

×
∞∑
m=

(–)mq(
m
)qmB (qb–d;q)m

(q;q)m(qd+D–b;q)m

× φ
(
q–m,qd+D–b–B, zq–a;qd–b, z;q,qb+

)
× φ

(
qA,qB;qd+B–b+m;q,q–a–A+m

)
. ()
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On the other hand,

Iαq UV (z) =
�q(b + B)
�q(d +D)

zd+D–φ
(
qa+A,qb+B;qd+D;q,q–(a+A)

)
. ()

Combining () and (), we obtain (). �
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