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1 Introduction
For any positive integer x, we define the generalized Lucas polynomial L,(x) as follows:
Lo(x) =2, L1(x) =x, and L,,,1(x) = xL,(x) + L,,_1(x) for all n > 1.

It is clear that this polynomial is a second-order linear recurrence polynomial, it is sat-
isfying the computational formula:

x+/x2+4\"  (x—vVx2+4\"
Ln(x)=(7> +(7)

2 2

L,(1) = L, is the well-known Lucas sequence; L,(2) = Q, is the Lucas-Pell sequence.
About the properties of this sequence and related contents, some authors had studied
them, and obtained many interesting results, see [1-3]. In this paper, we use the elemen-
tary method and the reciprocity theorem of Dedekind sums to study the computational
problem of one kind Dedekind sums, and obtain some interesting identities related to
Dedekind sums and the second-order linear recurrence polynomials. For convenience,
we first give the definition of the Dedekind sums S(%, q) as follows:

For a positive integer g and integer / with (g, /1) = 1, the classical Dedekind sum S(%, )

is defined by
1 a ah
S l’l, = - - )
wa=2((5)((F))
where

x—[x] - %, ifxisnotan integer;
((x)) - i 2 g

0, if x is an integer.
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This sum describes the behaviour of the logarithm of eta-function (see [4]) under modu-

lar transformations. About its other properties and applications, see [5-8]. For example,
Carlitz [5] proved the reciprocity theorem

Ryg?+1 1
S(h, S(gh)=————, 1
(h.q) +Sla, h) = — g 2 @)
where 1> 0,4 >0 and (4,9) =1.

In this paper, we shall give an exact computational formula for S(L,(x), L,;1(x)). That is,

we shall prove the following two theorems.

Theorem 1 For any integers n > 0 and odd number x > 1, we have the computational
formula

1 x2+5 Ly(x) «%-6x2+5x—24
S(Lon(x), L L . .
(Ln(), Lana () 12 22+4 Ly 24(x2 + 4)

Theorem 2 For any integers n > 0 and odd number x > 1, we have the computational
formula

1 x*+3 Lyi(x) x x*+3
S(Lan1 () L) = 12 x2+4 Ly T4 w4

From the theorems, we may immediately deduce the following two corollaries.

Corollary 1 For any positive integer n, we have the identities

1 Loy, 1 .
ik -z Yn=2m+1
S(Ln—lyLn) = { 10 Lama > f

1 L1, 1 e
5 el + 55 ifn=2m.

Corollary 2 For any odd number x > 1, we have the limits

. 1 #%+3
Tim S(Ly1(x), Lon()) = n o

and

22 +5-6-Vx2+4

x2 +4

SN

nll)Iglo S(LG (x), L2n+1 (?C)) = 2_ ’

In our theorems, x must be a positive odd number. If x is an even number, then
(Ly(x),Ly1(x)) = -+ = (2,%) = 2. This time, the situation is more complex, it is very dif-
ficult for us to give an exact computational formula for S(L,(x), Ly41(x)).

2 Proof of the theorems

In this section, we shall prove our theorems directly. First, we prove Theorem 1. It
is clear that for any positive integer #n and odd number x, we have (L,(x),L,1(x)) =
(Ly-1(x), Lyy(x)) = - - - = (Lo(x), L1(x)) = (2,%) = 1. So, by reciprocity theorem (1), we have

S(Lon(®), Lani1 (%)) + S(Lans1 (%), Lon(x))

_ 1 L2n+1 (x) LZn (x) 1 1
[ -3

=— + +
12| Loy(x) Lopia(%)  Lopi1(%)Loy(x)
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_ l|:xL2n(x) + Lyy-1(%) . Lou(x) N 1 ] 1

- 12 L2n(x) L2n+1(x) L2n+1(x)L2n(x) 4

_ i|: Lou(x) . Ly,-1(x) . 1 i| X 1 @)

C12[ Loy (®) Lo Lopn(®)Loa(®) | 12 47

Similarly, we also have the identity
S(Lon-1(x), Lan(%)) + S(Lau(%), Lon-1(x))

_ 1 |:L2n1(x) N Ly »(x) . 1 ] R 1 3)

12 Loy(x)  Loya(®)  Low@)Loya(x) | 12 4

Note that S(Ly,(x),Lan-1(%)) = S(Lau—2(x), L2s-1(x)) and S(Ly,1(x), Lyn(x)) = S(Lap-1(x),
L,,(x)), from identities (2) and (3), we have

S(Lon(®), Lo (%)) = S(Lan-2(x), Lyu-1(x))

1 [ Lon(x)  Lona(x) . 1 B 1 :|
12 Lyna(®)  Lopa(®)  Lonsi(0)Lon(x)  Lon(x)Loyn-1(x)

L[ Lonx)  Lapal) x

T12| Loy (@) Lowa(x) L2n+1(x)L2n—l(x)i|

1 [ Lan(x)  Lon2(%) L < Lon(x) LG-z(x))]
12 Lopa(®)  Lopa(x) &3 +4x\ Loy (%) Loy (%)

1 245 [ L) Lyua()
T12 %244 | Lya(® Ly ]

From (4), we may immediately deduce the recurrence formula

1 x2+5 Ly,(x)

S(LZn(x)¢L2n+1(x)) - E ' m . L2n+l(x)

1 xz +5 L2n_2 (x)
= S(Lon-2 (%), Lyu-1 (%)) - 2 2id Lyaw

Using (5), repeatedly, and note that formula (1) and S(x,2) = 0, we have

1 22+5 Ly,(x)

S(LZM(x)’L2”+1(x)) - E ’ m . L2n+1(x)

or

1 #?+5 Lpu(x) &’ —6x”+5x-24
S L x ,L x)) = — - . +
(Fan@hLonnt)) = 55 303 1) 24(x% +4)

This proves Theorem 1.
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Now, we prove Theorem 2. From the method of proving (2), we have

S(Lon-1(x), Lan(%)) + S(Lau(%), Lop-1(x))

1 [ Lon(x) N Lopa(x) N 1 :| 1
12 Lypa(x)  Loan(x)  Lon(X)Lopa(x)] 4

_1 [ ®L2-1(%) + Lop—2(x)  Lou-1(x) . 1 i| 1
12] Loya1(x) Lon(x)  Lon(®)Lopa(x) | 4

_ 1 [ Loy-1(x) N Ly,2(x) . 1 ] L X 1 ©)
12| Lys(x)  Lowa(x)  Low(®)Llopa(x)| 12 4

and
S(LG—2 (x);LZn—l(x)) + S(LG—l(x),LG—z(x))

_ 1 [ Lon-1(x) . Lyy—a(x) . 1 :| 1
12| Lypa(®)  Lopa(®)  Lopa(®)lopa(x) ] 4

_ 1 [ *Lop_2(%) + Loy-3(x) . Lyy_o(x) . 1 ] 1
121 Lyy2(x) Lop1(®)  Lop1(x)Lopa(x) | 4

1 [ Lop—2(x) N Ly,-3(x) N 1 ] L E l )
12 Lopa(x)  Lapa(®)  Lop1(®)Lopa(x)] 12 4

Note that S(Lyu (%), Lon-1(%)) = SLon-2(x), Lan-1(x)), S(&* + 2,x) = S(2,%), S(x,2) = 0, from
(1), (6) and (7), we have

S(Lon-1(%), Lon(%)) = S(Lan-1(x), Lon-2 (%))

_ 1 [ Loy1(x) ~ Lyus) N 1 B 1 :|
12| Ly,(x)  Lou—a(®) Lon(®)Lopr(®)  Lou-1(X)Lop-a(x)
_ 1 [ Loy1(x) B Ly,—3(x%) B x i|
12| Loy(x)  Lopa(x)  Lou(x)Loy—a(x)
_ 1 [ Lopa®)  Loppsl®) 1 (L2n—1(x) B LG-s(x))i|
C12[ Lop(®)  Lowa(®) &2 +4\ Lo(®)  Louo(x)
1 #*+3 (LG—l(x) L2n—3(x))
12 2+4 \ L) Lo

or

1 %*+3 Ly i(x)

S(LGfl(x)’LZV’(x)) - E ’ x2 + 4 ’ L2n(x)

1 x*+3 Ly3(x)

= S(Lans (), L2 (%) = 12 22 +4 Ly ()

1 x#*2+3 «x
=S(x,x*+2)- — . — .
( ) 12 x2+4 x2+2

1 x%+3 x
=S(xa® +2) + S(x* +2,x) = S(2,%) - S(%,2) - —  — - ———
(02" +2) + S(a %) = 52,2) - S(x2) 12 x2+4 x2+2
2+ ?+22+1 #*+5 1 ¥*+3  x  x x*+3
T 12x(x2 +2) 2Ux 12 x2+4 x2+2 24 x2+4
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or

1 x*+3 Lyi(x) x x*+3

S(LZn—l(x)yLZn(x)) = E . 214 : Lon(@) + ﬂ . 214

This completes the proof of Theorem 2.
Note that the definition of L,(x), x > 1, and the limit

li Lou(x) i Lop-1(x) 2 —x+/x2+4
m ——— = lm - — ,
n—+00 L2n+1(x) n—+00 LG(x) X+ /xg ) 2

from our theorems, we may immediately deduce Corollary 2.
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