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1 Introduction
Let £+, ¢ and ¢y be the Banach space of bounded, convergent and null sequences x = (x),
respectively, with the usual norm ||x|| = sup,, |x,].
A sequence x € £ is said to be almost convergent if all of its Banach limits coincide.
Let ¢ denote the space of all almost convergent sequences.
Lorentz [1] proved that,

c= {x € Lo : limt,, ,(x) exists uniformly in n},
m

where

KXn t X1+ + Xppen

tm,n(x) = il

The following space of strongly almost convergent sequence was introduced by Mad-
dox [2]:

[c] = [x € loo : lim¢t,, ,(|x — Lel) exists uniformly in # for some L],
m

where, e=(1,1,...).

Let o be a one-to-one mapping from the set of positive integers into itself such that
o™(n) = o™ o (n)), m=1,2,3,..., where 6" (n) denotes the mth iterative of the mapping
o in n, see [3].
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Schaefer [3] proved that
Vy = [x Ely: 1i11<n tkm(x) = L uniformly in m for some L = o — limx],

where,

X+ Xo(m) + - +xok(m)
k+1

Liom(%) = , tom=0.

Thus, we say that a bounded sequence x = (xy) is o -convergent if and only if x € V;, such
that o%(n) #n foralln >0, k > 1.

A sequence x = (xy) is said to be strongly o -convergent (Mursaleen [4]) if there exists a

number £ such that
1k
X Z [%5igm — €] — 0, as k — oo uniformly in . @)
i=1

We write [V, ] to denote the set of all strong o -convergent sequences, and when (1)
holds, we write [V, ] —limx = £.

Taking o (m) = m + 1, we obtain [V, ] = [¢]. Then the strong o -convergence generalizes
the concept of strong almost convergence.

We also note that

[Vo1C Vy Cloo.

The notion of ideal convergence was first introduced by Kostyrko et al. [5] as a general-
ization of statistical convergence, which was later studied by many other authors.

An Oirlicz function is a function M : [0,00) — [0,00), which is continuous, non-
decreasing and convex with M(0) = 0, M(x) > 0, for x > 0 and M(x) — o0, as x — 00.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct the sequence

space,
Ly = :(xk) ew:ZM(m) < 00, forsome,o>0}.
p
k=1
The space £,; with the norm
S
]l = inf{,o >0: ZM(—k) < 1,
k=1 P

becomes a Banach space, which is called an Orlicz sequence space.
Kizmaz [7] studied the difference sequence spaces £,,(A), c(A) and ¢o(A) of crisp sets.
The notion is defined as follows:

Z(A) = {x = (w) : (Axp) € Z},

for Z = £, c and ¢y, where Ax = (Axy) = (xx — xx.1), forall k € N.
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The spaces above are Banach spaces, normed by

[*lla = lo1] + sup [ Axy].
k

The generalized difference is defined as follows:
Form>1landn>1,

AUNAE {x = () (Af’nxk) € Z}

for Z = £, c and ¢g.
This generalized difference has the following binomial representation:

n
n
A:’nxk = Z(_l)r <r>xk+rm~
r=0

The concept of fuzzy set theory was introduced by Zadeh in the year 1965. It has been
applied for the studies in almost all the branches of science, where mathematics is used.
Workers on sequence spaces have also applied the notion and introduced sequences of

fuzzy real numbers and studied their different properties.

2 Definitions and preliminaries
A fuzzy real number X is a fuzzy set on R, i.e., a mapping X : R — I (= [0,1]) associating
each real number ¢ with its grade of membership X(t).

A fuzzy real number X is called convex if X(t) > X(s) A X(r) = min(X(s), X(r)), where
s<t<r.

If there exists £y € R such that X(¢y) = 1, then the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper semicontinuous if for each & > 0, X1([0,a + ¢)),
for all a € I, it is open in the usual topology of R.

The class of all upper semicontinuous, normal, convex fuzzy real numbers is denoted
by R(I).

Define d : R(I) x R(I) > Rby d(X,Y) = supy_, -, d(X*, Y*),for X, Y € R(I). Then it is well
known that (R(I),d) is a complete metric space.

A sequence X = (X,,) of fuzzy real numbers is said to converge to the fuzzy number X,
if for every € > 0, there exists ny € N such that A(X,, Xo) < & for all n > ny.

Let X be a nonempty set. Then a family of sets I C 2X (power sets of X) is said to be an
ideal if I is additive, i.e., A,B €= AUB €I and hereditary, i.e., Ac,BCA=Bel.

A sequence (Xj) of fuzzy real numbers is said to be /-convergent to a fuzzy real number
Xo € X if for each ¢ > 0, the set

E(e) = {k eN :d(Xy, Xo) > 8} belongs to I.
The fuzzy number Xj is called the /-limit of the sequence (X;) of fuzzy numbers, and

we write I — lim Xy = Xj.
The generalized de la Vallé-Poussin mean is defined by

where I, = [n—- A, +1,nlforn=1,2,....
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Then a sequence x = (x) is said to be (V, A)-summable to a number L [8] if £,(x) — L as

n — 00, and we write

1
[V,Alo = {x:h}gnk—Zkal = 0},

" kel,

[V,A] = {x:x—ﬁee [V,A]o for some £ € C},

[V, Al = {x:sup% Z x| < oo}

" n kel

for the sets of sequences that are, respectively, strongly summable to zero, strongly
summable, and strongly bounded by de la Vallé-Poussin method.

We also note that Nuray and Savas [9] defined the sets of sequence spaces such as
strongly o -summable to zero, strongly o -summable and strongly o -bounded with respect
to the modulus function, see [10].

In this article, we define some new sequence spaces of fuzzy real numbers by using Orlicz
function with the notion of generalized de la Vallee Poussin mean, generalized difference
sequences and ideals. We will also introduce and examine certain new sequence spaces

using the tools above.

3 Main results

Let I be an admissible ideal of N, let M be an Orlicz function. Let r = (r¢) be a sequence of
real numbers such that r¢ > 0 for all k, and sup,, rx < oo. This assumption is made through-
out the paper.

In this article, we have introduced the following sequence spaces,

(Vo h A8, M, 7]y

TAD o %
= {(Xk)EWF:V8>0{neN:li;n%Z{M<M)} > ¢,

" kel p
uniformly in m} € I} for some p >0,

[Vo,h, A8, M, 7]

1 A(ASX ks Xo)\ |7
={(Xk)ewF:V8>0{neN:limk—Z{M<M)} ZE}E[}
" ”ke[,,, p
for some p > 0,X, € R(I),

(Vo h A8, M, 720

1 A(ALX k), 0\ |7
= {(Xk) ewf: 3K >0, st. {sup— Z{M(Mﬂ zK} el}
kel

nmm MNp 14

for some p > 0.
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In particular, if we take ry =1 for all k, we have

I(F)
0

— 4 _
:{(Xk)ewF:Vs>0{neN:Ii£n%Z{M<M)} > &,

n kel p

[Vo, 2, AL, M]

uniformly in m} € I} for some p >0,

[Vo,n, A8, M)

> q
= {(XK)euf:v8>0{neN:1i;n%Z{M<w)} Zs} el}
"ke]n

for some p > 0,X, € R(I),
[Vo,h, A8, M]

A(AX ki, 0
= {(Xk) ewF:EIK>0{sup%Z{M(M>} zK} el}.

mm kely P
Similarly, when o (m) = m + 1, then [V, A, A}, M, r]f)(F), [V, &, AL, M, 1" and [V, A, AL,
1(F)
M, 1]’ are reduced to

I(F)
0

. .,
={(Xk)GWF:V8>0{n€N:li£n%Z{M<M>}kzs} eI}

" kel p

[V,h, A% M,r]

uniformly in m for some p > 0.

[V, %M,

1 A(AI X s> X Tk
:{(Xk)ewF:Vs>0{neN:1im—Z{M<M>} ze}el}
" )L”kel,, p
for some p > 0,X, € R(I).

. 1 AN Xm0\ |
(V.2 a8, M, 7] = {x:E!K> 0, s.t. {sup— Z{M(Uihﬂ > k} e[}

o
wm N ke, P

for some p > 0.

In particular, if we put r¢ = r, for all k, then we have the spaces

IF _

[V,0, 88,0, 7] = [V, 1, 89, M]",

[V,A, AZ’M, r]I(F) _ [‘A/, A, AZ’M]I(F)’
[V, A, 2,0 = [V, M]L.

Further, when A, = n, for n =1,2,..., the sets [V, A, AZ,M]S(F) and [V, %, AS, M]'® are
reduced to [¢o(M, ADI'E) and [&(M, AL, respectively.
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Now, if we consider M(x) = x, then we can easily obtain

[VU,A, Az,r]f)m

o1 — —\r
= {(Xk) ewF:VS>0{neN:hyrln)L—Z(d(AZXak(m)’o)) k>

" kel
uniformly in m} € I},

[Vo, i 88, 7]

= {(Xk) ewf :Ve> O{n eN:liVIIn%Z(ﬁ(AZXGk(m),Xo))rk > 8} el}

" kel

for Xo € R(I).

[Voh A8, 7] = {(Xk) ew 13K >0s.t. {sup 1 Y (d(ALX ), 0))* = 1<} € 1}.

I e,
n

ADEX k (X0)

If X € [V,, A, AL, M, r]"® with {5 Zkgﬂ{M(%)}’k > ¢} el as n— 0o uni-

formly in m, then we write Xy — X, € [V, A, Af, M, r]!®).
The following well-known inequality will be used later.
If 0 < rp <supry = H and C = max(1,2771), then

|ay + bie|™* < C{lax|™ + |bi|'*} ()
for all k and ay, by € C.

Lemma 3.1 (See [9]) Let ry >0, sk > 0. Then co(s) C ¢o(r) if and only if limy_, infg_l,i >0,
where co(r) = {x: |xx|™* — 0 as k — oo}.

Note that no other relation between (r;) and (si) is needed in Lemma 3.1.

Theorem 3.2 Let limy_, o infry > 0. Then Xy — X, implies that Xy — Xo € [V5, A, AZ,
M, r)'®). Let limy_, oo 1 = 7> 0. If Xk —> Xo € [Vs, A, AZ,M, 'O then X, is unique.

Proof Let X — Xo.
By the definition of Orlicz function, we have for all ¢ > 0,

1 A(AEX ks X
{neN:lim—ZM(M> Zs} el.
noA

n kel p

Since limy_, o, infrg > 0, it follows that

1 A(ALTX k(s X0) \ | *
{neN:lim—Z{M(M>} ZE}EI,
noA P

n kel

and, consequently, Xy — Xo € [V5, A, Af, M, r]1E).
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Let limy_. rx = 7 > 0. Suppose that Xx — Y; € [V, A, AL M, )", X — Ys € [V, A, AL
M, r)'® and (d(Y1,Ys))* =a > 0.

Now, from (2) and the definition of Orlicz function, we have

_Z (d(Yl,Yz)) _;ZM(E(AZXUk(m),Yl))Vk

nke] nkeln p
L C (Mo
An kel p
Since
1 A(ATX ki, Y1)\
{neN:lim—ZM(M) zs}el,
" )\" kel p
A(ALX ko0, Ya) \*
e I
”ke] p
Hence,
dYy, Yo)\'*
{neN l1m—ZM<M) za}e]. (3)
"ke] p

Further, M(@)’k — M(%)’ as k — o0, and therefore,

a1, Ys) a\’
() ()

kely p p
From (3) and (4), it follows that M (%) =0, and by the definition of an Orlicz function,
we have a = 0.
Hence, Y7 = Y», and this completes the proof. O
Theorem 3.3 (i) Let O < infy ry <ry <1. Then
I(F) I(F)
(Vo o ALM, 7] C [Vo, 4, AL, M]
(ii) Let O < i < supy rx < 00. Then

(Voo ko 8, M) € [Vi 0, A8, M, 7]

Proof (i) Let X € [V,, A, AL, M, r]'®. Since 0 < infy ry <1, we get

A(AJX ko Xo)\ 1 A(AFX iy Xo) \
EEN() <) p ()

n kel n kely, P
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So,

1 A(AEX ks X
{n eN: hm A_ Z{M(M)} > ¢, uniformly in m}

kel p

1 A(AIX ro X, "k
C {n EN: llm—Z{M(M)} > ¢, uniformly in m} el,
)L" kel p

and hence, X € [V,, A, A}, M]'E)
(ii) Let » > 1 and sup, rx < 0o. Let X € [V,, A, A}, M]*E). Then for each k, 0 < ¢ < 1, there
exists a positive integer N such that

(d(Aqu X0)>
—Z ———— | <ex«l
nkel
for all m > N. This implies that
A(AFX k(s X0) \* AALX ko0 X
_Z ( ( km o)) SLZM< (ApX ok (m) 0)).
An P
" kel, kel
So,

1 A(ATX k(s X0)\ |7
{neN:A—Z{M(M>} >eg, uniformlyinm}

" kel, p

1 A(AEX ks X
- {n eN: o Z{M(M)} > ¢, uniformly in m} el

n kely, P

Therefore, X € [V;, A, Af, M, r]'®)
This completes the proof. O

Theorem 3.4 Let X (V,, 4, AL™) stand for [Vy, 1, AL, M, 1N, [Vy, 2, AL, M, ') or
[Vs, A, AZ 'M, r]I(F and m > 1. Then the inclusion XF(V,, A, AZ 1) c XE(V,, A, AZ) is
strict. In general, Xt (V,, X, A;;) C X(Vo, M, Al forall i =1,2,3,...,p — 1 and the inclusion
is strict.

Proof Let us take [V, A, AZ_I,M r]{)(F)
Let X = (Xx) € [V5, A, AZ ' M, r]I(F Then for given ¢ > 0, we have

1 AATX k0, 00 )¢
neN:—ZM M >et el forsomep>0.
)\"keln p

Since M is non-decreasing and convex, it follows that

1 {M <Z1(AZX,,k(m),6)> }’k
)Ln kel p

1 { <d(A X kL A X K(m ))}”‘
=—Slum
)Ln kel p
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3/ Aq-1 = r 3/ Aq-1 r
M(d(A,Z Xam(m),o))}kJr[lM(d(AZ ng(m),0)>]k>
Iy 2 I

3 -1 n 7 3 -1 n 7]
SDLZQM(d(AZ Xak+1(m),0)>:| k N [M(d(AZ Xak(m),O))] k>.
P kely p p

Hence, we have

(A1 n 7,
o (=)

IA

>

=
ol
dyg
N
TN
i
N =

"ke]n
A(AT'X kg, 00\ |7
E{neN:DiZ{M(—( p Collim ))} ZE}
A e 2
kel
1 A(ATX k0,00 |6
UneN:D—ZMM Zi.
A"keln p 2

Since the set on the right-hand side belongs to /, so does the left-hand side. The inclusion
is strict as the sequence X = (k"), for example, belongs to [V, A, AZ,M]f)(F) but does not
belong to [V, A, Azfl,M]f)(F) for M(x) = x and r; = 1 for all k. O

Theorem 3.5 [V, A, AZ,M, r]{)(F) and [Vy, A, AZ,M, r'E) are complete metric spaces, with

the metric defined by
da (X, Y) = Zd(ng(m), Yak(m))
m=1
, " 1 AAFX ks AZYak(m))>)H)
+inf{ pH :sup| — M <1
(o san(5, D5 s

" kel,

for some p > 0},

where H = max(1, (supy r¢)).
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