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Abstract

In this paper, we introduce some Cesaro-type difference sequences spaces defined
over a real linear n-normed space and investigate the spaces for completeness under
suitable n-norm in each case. Relevant relations among the classes of sequences are
examined. We also introduce the notion of n-BK-spaces and show that the spaces can
be made an n-BK-space under certain condition. Further, we compute the
Kothe-Toeplitz duals of the spaces, wherever possible within the scope of the
research of this article.
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1 Introduction

The studies of linear transformation on sequence spaces are called summability. The ear-
liest idea of summability theory was perhaps contained in a letter written by Leibnitz to
Wolf (1713), in which the sum of the oscillatory series 1-1+1-1+1- - - - as given by Leib-
nitz was % Studies on sequence space were further extended through summability the-
ory. Summability theory, or in short summability, is the theory of the assignment of limits,
which is fundamental in analysis, function theory, topology and functional analysis.

Throughout w, £, £, &, ¢ and ¢y denote the spaces of all, bounded, p-absolutely
summable, absolutely summable, convergent and null sequences x = (x;) with complex
terms, respectively.

The zero element of a normed linear space (n.Ls.) is denoted by 6. A complete n.Ls. is
called a Banach space.

£, (0 < p < 00) denotes the space of all complex sequences such that ), |xx|? < 00, called
as the space of p-absolutely summable sequences. The space £, for p > 1is complete under
the norm defined by [lx|| = (3", |xx[?)V7.

For 0 < p <1, ¢, is a complete p-normed space, p-normed by |lx|| = Y22, |xl?.

A BK-space (introduced by Zeller [1]) (X, || - ||) is a Banach space of complex sequences
x = (xx), in which the co-ordinate maps are continuous, that is, |x} — x| — 0, whenever
lx" —x|| = 0 as n — oo, where x” = (x}) for all » € N and & = (x).

Let (X, || - ||) be a normed linear space, and A is a scalar-valued sequence space, then the
vector-valued sequence space or X-valued sequence space A(X) is defined as A(X) = {(xx) :
xr € X forall k € N and ||| € A).
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Clearly, A(X) is a linear space under coordinate wise addition and scalar multiplication
over the field of scalars of X.

Similarly, if X is a Banach space, then £,(X) (1 = p < 00) is a Banach space with the norm
given by [lx]l = (X5, llal1?)7 .

The Cesaro means (also called Cesaro averages) of sequence {a,} are the terms of se-
quence {c,}, where ¢, = Y | a, is the arithmetic mean of the first  elements of {a,,}. This
concept is named after Ernesto Cesaro. It is known that if {a,,} converges to /, then {4, } also
converges to the same limit. This means that the operation of taking Cesaro means pre-
serves convergent sequences and their limits. This is the basis of taking Cesaro means as
a summability method in the theory of divergent sequences. If the sequence of the Cesaro
means is convergent, the series is said to be Cesaro summable. There are certainly many
examples, for which the sequence of Cesaro means converges, but the original sequence
does not. For example, sequence {a,} = {(-1)"} which is Cesaro summable to 0.

The Cesaro sequence spaces

X |-

1
00 n V2
Ces, = {x= () < Nl = (Z ka|p> < 00,1 §p<00}
1

n=1 k=

and

1 n
Cesg = 1x = : 00 = SUp — 00
esg ix (60) Il = sup — 3 7 | < }

" k=1

have been introduced and studied by Shiue [2], and it was observed that £, C Ces,
(1 < p < 8) is strict, although it does not hold for p = 1.
Nag and Lee [3] defined and studied the Cesaro sequence space X, of non-absolute-type

as follows:

N
) <oo,1§p<oo]

X - [x:m):nxnf (Z

1 n
2
n k=1

and

1 n
n 2

k=1

. oo}.
The inclusion Ces, C X,,, 1 < p < 00 is strict.

Orhan [4] defined and studied the Cesaro difference sequence spaces X,,(A) and X, (A)
by replacing x = (xx) with Ax = (Axg) = (xx — %¢41), kK = 1,2,... and showed that for 1 <
p < 00, the inclusions X, C X,(A) and X, C Xo(A) are strict. In fact, Orhan [4] used C,

instead of X,,(A) and C,, instead of X(A).
Further, Orhan [4] defined and studied the following sequence spaces:

X = {x = (%) : [%]loc = sup

n

00 n p
OP(A):{x:(xk):Z(%mek') <oo,1§p<oo}
k=1

n=1
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and

nzl

Oux(A) = {x: (xk):supéz | Axy| < oo}.

He showed that for 1 < p < 0o, the inclusions O,(A) C X,,(A) and Ces, C O,(A) are strict.

Mursaleen et al. [5] defined and studied the Cesaro difference sequence space X,(A?),

p
1
- Azxk
n

<oo,1§p<oo},

and

where A2x; = Ay — Axp,1.

For uniformity of the literature, henceforth, we shall write C, instead of X,, and Cy
instead of X.

For some useful works on Cesaro-type summable spaces, we refer to [6—8].

Let E and F be two sequence spaces. Then the F dual of E is defined as EF = {(x;) e w:
(xxyx) € F for all (yx) € E}.

For F = [;, the dual is termed as «-dual (K6the-Toeplitz dual) of E and denoted by E¥. If
X CY,then Y* C X“.

For initial and useful works on the notion of Kothe-Toeplitz duals, we refer to [9-12].

Let n € N and X be a real vector space of dimension d, where n < d. A real-valued
function ||-,...,-|| on X” satisfying the following four conditions:

(N1) ||#1,%2,...,%,] = 0 if and only if %1, %5, ..., x, are linearly dependent,

(N2) |lx1,%2,...,%,|| is invariant under permutation,

(N3) llax1,%9,...,%4] = |e|ll%1, %2, . ..,%,||, for any & € R,

(N4) |l +a, 20, ..o X0l < 1196202, 05Xl + (16, %2, ..., X4l
is called an #-norm on X, and the pair (X, ||-,...,||) is called an n-normed space.

A trivial example of an n-normed space is X = R” equipped with the following Euclidean

n-norm:

X ot Xin
”xl’x%---’xn”E = abs . KR ‘ )

Xnl T Knn

where x; = (x;1,...,%;,) € R" foreachi=1,2,...,n.
Gunawan [13] showed how we can actually define an #-inner product and, accordingly,
an n-norm on any inner product space provided the dimension is sufficiently large as fol-

lows:
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Let n € N and (X, (-,-)) be a real inner product space of dimension d = n. Define the
following function (-,...,|-,-) on X x --- x X (n + 1 factors) by

(e, %1) -0 (%1, %-1) (x1,2)

<x1r ceerXp_1 |y: Z) =
(Hn-1,%1) - X1 Xu1) (Xnm1,2)

()’»x1> <y’xn—1> (y,Z)

Then one may check that this function satisfies the following five properties:

(1) (1, %p1l%m 240) = 05 (x1,..., %4-1|%4,%,) = 0 if and only if x, ..., %, are linearly

dependent;
(I12) (1. e X1 % ) = (K. %i, |%i,, %5, ) for every permutation (iy, ..., i,) of
a,...,n);
(I3) (%151l 2) = (X1, %0112, 9);
(I4) (x1,..., %01y, 02) = a{x, ..., %119, 2);
(I5) (%1, s xp 1y z2+2) = (X1, .o s %0119, 2) + (X150 %019, 2)).
Accordingly, we can define ||-,..., ]| on X x --- x X (u factors) by
lloct, .o 2l = (1, ’xn—1|xmxn>l/2’

that is,
%
(xp,x1) oo (o, x)
[l%1, ..., %, =
(s x1) oo (X Xn)
For n = 1, we know that || - || is a norm, while for n = 2, |-,-|| defines a 2-norm. Note

further that for n = 1, ||x;|| gives the length of x;, while for n = 2, ||x1,x;|| represents the
area of the parallelogram spanned by x; and x,. For # = 3 and X = R?, one may observe
that ||x1, %9, x3|| is nothing but the volume of the parallelepiped spanned by x;, x; and x3,
that is, ||y, %2, 03] = |x1.(x2 X x3)].

Sequence (xx) in an n-normed space (X, [|,...,-||) is said to converge to some L € X in
the n-norm if

lim ||xx — L,u,...,u,|| =0 foreveryus,...,u, € X.
k—o0

Sequence (x) in an n-normed space (X, ||-,...,||) is said to be Cauchy with respect to the
n-norm if

lim |lxg — %, t2,...,u,|| =0 foreveryus,...,u, € X.
k,l— o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the #-norm. Any complete n-normed space is said to be n-Banach space.

For some relevant works on 2-normed structure and its extension to # (> 2)-normed
structure and subsequent applications, one may refer to [14—30].
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The notion of difference sequence space was introduced by Kizmaz [31], who studied

the difference sequence spaces £, (A), c(A) and ¢y (A). The notion was further generalized
by Et and Colak [32] by introducing the spaces £o(A™), c(A™) and co(A™), where n is a

non-negative integer. In general, we have the following definition of difference sequence

spaces.

Let m be non-negative integers, then for Z, a given sequence space, we have

Z(A"’) = {x =(xx) EW: (A"’xk) c Z},

where A”x

= (A"x) = (A" Yop — A" Ly,1) and A%xy = & for all k € N, which is equiva-

lent to the following binomial representation:

2 Definitions and preliminaries

Let (X’ “; .

..,+]) be an n-normed real linear space, and w(n — X) denotes X-valued se-

quence space. Let m be a non-negative integer and 1 < p < 0o, then we introduce the fol-

lowing sequence spaces for every non zero zi,...,z,-1 € X:

Cp(A 1y 1))

|

) <=}

@QEWW—X%E:(

i=1

1 i
; Z Amxk,zl, R 47 |
k=1

(xx) e wn —X) : sup(

)<}

oo
(we) ewlm=X): Z(”Amxk,zl,...,zn,l”)p < oo},
k=1

1 i
E Z Amxk)zh« ce3Zp-1
k=1

m) ”‘wu:'”)

Op(Amt ”7:”)

00 i p
(xx) e wln-X) - Z(% Z(” A%, 21y Zpet ||)) < oo],

i=1 k=1

O (A", Iy .11

(xx) ewln-X): sup(% Z”A’”xk,zl,...,zy,_l H) < oo}.

k=1

We procure the following result, which will help us in establishing the results of this article.

Lemma 2.1 (Tripathy, Esi and Tripathy [33])
(a) Let1<p<oo. Then

Page 5of 13
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(i) The space C, is a Banach space, normed by

p),%

(ii) The space O, is a Banach space, normed by

el = (i

i=1

1
G
Lo

[ee) 1 i }7
||x||=(2;2|xk|1’> :
k=1

=1 k=
(iii) The space £, is a Banach space, normed by
1
o0 p
Il = (Z |xk|1’> :
k=1

(b) (i) The space Cx is a Banach space, normed by

1
72
gy

ll[l = sup
L

(i) The space O is a Banach space, normed by

1 i
Il =sup - > el
t k=1

Definition 2.1 An n-BK-space (X, |-,...,||) is an n-Banach space of real sequences x =

(xx) in which the co-ordinate maps are continuous.

3 Construction of n-norms and relevant properties

In this section, we construct #-norms on the introduced spaces of previous section and
investigate the spaces for completeness and some relations among them. The proof of the
following result is a routine verification.

Proposition 3.1 The classes of sequences Cy(A™,|...,-[1), Op(A™,|l...,-I1), €,(A™,
s D) Cool A )55 0]1) and Oo(A™, |-, -|l) for 1 < p < 0o are linear spaces over
the field of reals.

Theorem 3.2

(a) Let1 < p <00, and the base space X is an n-Banach space. Then
(i) The space Co(A™,||-,...,-|) is an n-Banach space, n-normed by
%, %2, . ..,x”||é: =0 ifxt,x%,...,x" are linearly dependent and
. 1
1 1
= Z;(nzl ”xk) Z1yeeerZn-1 ” + (Z[O:ol ” i 22:1 Amxkyzlr ceerZp-1 ||P)p fO}" every
21,21 € X ifxb,42,...,x" are linearly independent.
(i) The space Op(A™,||-,...,||) is an n-Banach space, n-normed by
llx, %2, . ..,x”||é;" =0 ifxt,x%,...,x" are linearly dependent and

Page 6 of 13
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= 3 %zt zac 4 (00 S 1A 8 21, 20 )7 Sfor every
Z1y. 201 € X ifxl,x2,...,x" are linearly independent.

(iii) The space £,(A™, ||-,...,-|l) is an n-Banach space, n-normed by
%, %2, . ..,x”ll@m =0, ifx',%%,...,x" are linearly dependent and

1
=Y i %6zt zuaa ll + oy IA" %, 21, .. 20 1) for every zi, ..., 241 € X
ifxl,x2,...,x" are linearly independent.
(b) (i) Thespace Coo(A™, ||->...,-||) is an n-Banach space, n-normed by
%, %2, . ..,x”||é:: =0 ifxt,x%,...,x" are linearly dependent and
-
=> e %621, . Zuea || + sup; 5 Y ket A"xi, 215, 201 || for every
21,y 21 € X if &b, 42,...,x" are linearly independent.
ii e space Oq s eees-ll) is an n-Banach space, n-norme
(i) The space O (A™ ) B h sp d by
L a2, a2 =0 if xt, a2, ..., " are linearly dependent and
[t 22 4 ly dep
.
= ZT:l ”xk’zlr ceerZp1 ” + Supi 7 ZZ:l ” Aka,Zl, Ry | ||f0}" every
Z1,.. 21 € X ifxb,&2,...,x" are linearly independent.

Proof It is a routine verification that the spaces C,(A™,[-,...,-|), Op(A™,]l-5...,-]]),
(A s 1) Coo(A™ 1.5+ 1) and O (A™, ||-,....., -||) are n-normed spaces under the

n-norm, defined as above.
Here, we prove the completeness for the space C,o(A™, ||-,...,]|), and for the other

spaces, it will follow on applying similar arguments.

Let (x°)°, be a Cauchy sequence in Coo(A™, ||,...,-|), where &° = (x]) = (x],%5,...) €
Coo(A™,]|55...,-]|) for each s € N. Let ¢ > 0 be given. Then there exists a positive in-
teger ny such that ||x° — xt,uz,...,u”llé: < ¢ for all 5,£ > ny and for every u?,...,u" in
Coo (A" |4y ).

m 1 i
= Z”xf{—xi,zb...,zn_l”+sup 72Am(x§(—xi),z1,...,z,,_1 <e
k=1 N Ky

for all s,t > ny and for every z3,...,z,1 € X.

i

m
1
= Z||x§(—x,’i,zl,...,zn_1||<£ and  sup ;ZAm(xi—x;i),le-,Zn—l <e

k=1 g k=1

for all s,t > ny and for every z3,...,z,1 € X.
Hence ||x;, —xf(,zl,...,z,,_1|| <gforallk=1,2,...,m and for every z;,...,2,1 € X.
= («}) is a Cauchy sequence for all k =1,2,...,m in X, an n-Banach space.
Hence, (x}) converges in X forall k =1,2,...,m. Let lim,_, .o x} =y forallk =1,2,...,m.

Next, we have

1

sup ;E A" (x5, = %1)s 215 s Zn1 | < €

i
k=1

for all s, £ > ny and for every zi,..., 2,1 € X.

This implies that for every zi,...,z,.1 € X

1
;ZA’”(xsk—x,i),zl,...,zn_l <g foralls,t>mngandieN.
k=1
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= (A"xy) is a Cauchy sequence in Coo(]|,...,-||), which is complete (it is easy to check
that Coo (]|, ..., ||) is complete).

Hence, (A"x}) converges for each k € N. Let limy_, o A}, x; = yx for each k € N.

Let k = 1, we have

m
lim A" = lim Y (<1)" (m) Xl = Y1 (3.2.1)
§—00 s—00 = v
We have
lim x} =x;, fork=1+v, forv=12,...,m-1 (3.2.2)
§—> 00

Thus, from (3.2.1) and (3.2.2), we have that lim,_, %}, ,, exists. Let lim,_, oo %}, ,, = X14/m-
Proceeding in this way inductively, we have that lim,_, o x} = xx exists for each k € N.
Now, for every zi,...,z,.1 € X

m m
11{1122”96?< —x,i,zl,...,zy,_l || = ZHxi — Xky Z1s e es Zpl || <¢ forall s> nyg.
k=1 k=1

Again, using the continuity of #-norm, we find that for every z;,...,z,.1 € X

1< ,
” - E A"x; — lim A”‘xi,zl,.,.,zn,l <g foralls>ngandieN.
1 t—00
k=1

Hence, for every zj,...,z,.1 € X

1
; Z A%y — A%, 215000520
k=1

sup <g¢ forall s> ng.

1

Thus, for every u2,...,u" in Coo(A™, ||-...,-|)
S 2 n|| A

||x — XU U ||C <2¢ foralls> ng.
{o¢]

Hence, (x* — x) € Coo(A™,||,...,-]]). Since Coo(A™, ||,...,-||) is a linear space, so we have
for all s > ng,

x=ux - (xs—x) € COO(A’”, ||-,...,-||).
Hence, Coo(A™, ]|+ ..,-]|) is complete and as such is an #-Banach space. O
Corollary 3.3 The spaces Cy(A™,[|,...,-11); Op(A™, 55515 £p(A™ [l .5 1)y Coc(A™,
Is..r-ll) and Oso(A™, |- ...,-|1) for 1 < p < 0o are n-BK-spaces if the base space X is an

n-Banach space.
Proof The proof is obvious in view of the previous theorem. O

Theorem 3.4 Z(A™ L, ||-,...,-|l) C Z(A™, ||-,...,-|l) (in general Z(AL ||-,...,-|l) C Z(A™,
Is..os-)sfori=1,2,...,m—1) for Z = Cp, Op, £y, Coo and Ou.
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Proof Here, we prove the result for Z = C, and for the other results, it will follow on ap-
plying similar arguments.
Let x = (x¢) € C,(A™ L, ||,...,-]1), 1 < p < 00. Then for every non zero zy, ..., 2,1 € X,

p
xk,Zl, 3 Zp-1 ) < Q. (3.4.1)

3

i=1

Now, we have for every non zero zj,...,z,1 € X,

(e

- E A"X1, 21, 5 Znt

1
< _

i i
-1 -1
- E A" X 21 Znt ; E A" X1, 205 2t

k=1

Xt

It is known that for 1 < p < o0,

la +blP < 2"(|a|” + |b|1’).
Hence, for 1 < p < o0,
)p
ZAm lxkley 1 Zn-1
k=1

(” ZAmxkrzl; ©3Zp-1

()

Then for each positive integer r, we get
p
(H ZA Xk>Z1s+++rZp-1 )
i

1
-1
i E A" Kk»Z15+++5Zn-1

Now, as r — 0o and using (3.4.1), we have

p
) oo

Thus, C,(A™, ||,..., 1) C Co(A™, ||-...,|l) for 1 < p < oc. The inclusion is strict, and it
follows from the following example. O

)-(

l
-1
- E A" X1, 2y e 9 Znl
k=1

)l

i=1

1 i
§ -1

; A" Kk+15 215+ ++>Zn-1
k=1

)2

)l

Z( ZA KksZ1r+++5Zn-1

i=1

Example 3.1 Let X = R? be a real linear space. Define |-,-|| : X x X — R by |lx,y|| =
max{|x1ya — xay1], [%2y3 — x3y2l, [x3y1 — x1y3]}, where x = (x1,%2,%3), ¥ = (y1,¥2,¥3) are in
R3. Then (X, ||-,-]) is a 2-normed linear space. Consider sequence x = {x;} = {(k, k,k)}
for all k € N. Then A%x; = (0,0,0) for all k € N. Hence, (xx) € C,(A% ||,-[1). We have
Axy = (-1,-1,-1) for all k € N. Hence, (xx) ¢ C,(A, ||-,-]1). Thus, the inclusion is strict.
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Theorem 3.5
@) Op(A™,|Is..os-ll) T Co(A™ 555+ 1l) T CooA™ NI, 5 -|I), and the inclusions are
strict.
(b) Op(A™, s+ .os-11) T O (A", ||-5...5-|I) C Cool A, -5 ..., -|I), and the inclusions are
strict.
Proof The proof is easy, so it is omitted. O

Remark 3.1 £,(A™, ||-,...,-|I) & O,(A™,]|-,...,-||). For this, consider the following exam-
ple.

Example 3.2 Let p =1 and a 2-norm |-, || on X = R® as in Example 3.1. Let m = 2 and
consider sequence {x;} = {(1,1,1),(0,0,0),(0,0,0),(0,0,0),...). Then A2x; = (1,1,1) for k =
1 and A2%x; = (0,0,0) for all k > 1. Then (x;) € £(AZ, ||-,-|]) but (x¢) &€ O(AZ, ||, -]).

Theorem 3.6 If1 <p <gq, then
(i) Co(A, [l 1) C Cy A I )
(i) (A", [rever ) C LA™ [y
(i) Op(A™, [I...s-l) T Og(A™, |1+, -1D).

Proof The proofis easy, so it is omitted. O

4 Computation of the Kothe-Toeplitz duals

In order to compute Kothe-Toeplitz dual, we first define the following. An n-functional is
a real-valued mapping with domain A; x --- x A,, where A;, ..., A, are linear manifolds
of a linear n-normed space.

Let F be an n-functional with domain A; x --- x A,,. F is called a linear n-functional
whenever for all 'ay,ta,,..., \a, € Ay, %a1,%as,...,%a, € Ay, ..., "a1,"as, ..., a, € A, and
all ay,...,0, € R, we have

Q) Flay+tay+---+1la,%a; +2ar+ - +%a,,....," a1+ "as + - +"a,) =
Yoi<ivigin<n F( i, aiy, ..., a;,) and

(ii) Flonai,...,ana,) =oq---a,Flai,...,a,).

Let F be an n-functional with domain D(F). F is called bounded if there is a real constant
K > 0 such that |F(ay,...,a,)| < K||a,...,a,]| for all (ay,...,a,) € D(F). If F is bounded,
we define the norm of F, ||F|| by

IF|l = glb{K : |F(ay,...,an)| <Klay,...,an| forall (a,...,a,) € D(F)}.

If F is not bounded, we define||F|| = +o0.
It is easy to check the following two results. In this context, one may refer to George
[34].

Proposition 4.1 A linear n-functional F is continuous if and only if it is bounded.

Proposition 4.2 Let B* be the set of bounded linear n-functionals with domain By x - -+ x

B,.. Then B* is an n-Banach space up to linear dependence.
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For any # (> 1)-normed space E, we denote by E* the continuous dual of E. There is a
need to explore in detail on this notion of continuous duality for #-normed spaces.

We have the definition of Kothe-Toeplitz dual of sequence spaces with base space an
n-normed space as follows.

Let E be an n-normed linear space, normed by ||,...,-||z. Then we define the Kothe-
Toeplitz dual of the sequence space Z(E) whose base space is E as

[ZE)]" = {Ow) :yx € E*,k € N and (llox, iz, ..., tin |l ElYis Vs s Vull ) € 1

for every vy,...,v, € E, uy,...,u, € E,(x;) € Z(E)}.

It is easy to check that ¢ C X*. If X C Y, then Y* C X*.
Let us consider

SCp(A’”, ||~,...,-||) = {x: () :x € Cp(Am, ||~,...,«||),x1 :~~~:xm:0}.

Then SC,(A™, ||-,...,-|l) is a subspace of C,(A™, ||-,...,-||) for 1 < p < co. We can have
similar subspaces for other spaces as well.
Now, we procure the following results which will be helpful in establishing our result.

Lemma 4.1 (M. Et [35]) x € SCoo(A™) implies that sup; k™ |xx| < co.

Lemma 4.2 x € SCoo(A™, ||-,...,-||) implies that sup; k™™ ||xk, uz,...,us| < 00 for every
Usy..., Uy €X.

Proof The proof follows using similar techniques as applied in the proof of Lemma 4.1.
Let us set

o0
U=1a=(ax): Zk’””ak,zz,...,znnx* < oo for every zy,..., 2, eX*}.

O
k=1
Theorem 4.3 The Kéthe-Toeplitz dual of the space SC,(A™,||-,...,-||) is U, i.e., [SCoo(A™,
”'»""’”)]a =U.
Proof If a € U, then
o0
D Naxza o zalle sz, o anllx
k=1
[o¢]
= Z km ||ﬂk, 22540492y “X* (k_m ||.9C/<, Uy by ”X)
k=1
< 00,
for each x € SCoo (A™, ||-,...,||) (by Lemma 4.2). Hence, x € [SCoo(A™, ||-,...,-]1)]%.
Next,leta € [SCOO(Am7 “ EEEEEN ”)]a Then ZZZI ||6lk, 225042 %p ”X* ”xkr Uyeens un”X < oo for
each x € SCoo(A™, ||-,...,-||). We define sequence x = (x;) by
0, k<m,
Xk

- k™, k>m,
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and choose u,, ..., u, € X such that

0 k<m
”km'”2""’”"||x = K" 1L v, .. thnllx = k:ﬂ, k> m.’
We may write for every z,...,z, € X*,
o0
ka”ak’ZZr'H,Zn”X*

k=1

o0
= Z”k”’,uz,...,u,,||X||ak,z2,...,zn||x*

k=1
m o0

= Z”km,MZV'-;un”X”ak!ZZMH;Zn”X* + Z”km,uz,...,Mn”X”ak,ZZ,
k=1 k=1

< OQ.

This implies that a € U.
Theorem 4"4 [SCOO(Am) ” Treeer” ”)]a = [COO(Amr ” yeeer” ")]a

Proof Since SCoo(A™, ||-y...,-|l) C Coo(A™,]+,...,-]|), we have

[Coo (A", 1)]" € [SCoo (A", 1155 1)]"

Let a € [SCoo(A™,||,...,+I)]* and x € Coo (A, ||+,...,]1). If we take sequence x = (xx) as

follows

X k<m,

Xk =
X, k>m,

where x' = (x}) € SCoo(A™, ||,...,|). Then we may write

00
Z ”aerZ’ ceesZn ”X* ”xk: Uzs...,Un ”X
k=1
m 00
= Z lax z2, - Zullxex ks v, - - o U |l x + Z llar 22, - - - zullx= x;« Us,.
k=1 k=1
< 0oQ.

This implies that a € [Coo (A™, ||, ..., - [)]*.
Theorem 4.5 [Ooo(Am’ ” e’ ”)]a = [Coo(Amr || BEEESE ”)]a

Proof The proof is trivial.

e Znllx

e Uy

I

Page 12 0f 13


http://www.advancesindifferenceequations.com/content/2013/1/286

Dutta Advances in Difference Equations 2013, 2013:286
http://www.advancesindifferenceequations.com/content/2013/1/286

Competing interests
The author declares that they have no competing interests.

Acknowledgements
The research work of this article is supported by the University Grant Commission, New Delhi-110002, India as a minor
research project under F. No. 39-935/2010 (SR).

Received: 1 August 2013 Accepted: 12 September 2013 Published: 07 Nov 2013

References

1.
2. Shiue, JS: On the Cesaro sequence spaces. Tamkang J. Math. 1, 19-25 (1970)

3.

4. Orhan, C: Cesaro difference sequence spaces and related matrix transformations. Commun. Fac. Sci. Univ. Ankara, Sér.

19.
20.
21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31
32.
33

34
35.

Zeller, K: Theorie der Limitierungsverfahren. Springer, Berlin (1958)
Siddiqi, AH: 2-normed spaces. Aligarh Bull. Math. 7, 53-70 (1980)

A 32,55-63 (1983)

. Mursaleen, M, Khatib, MA, Qamaruddin: On difference Cesaro sequence spaces of non-absolute type. Bull. Calcutta

Math. Soc. 89, 337-342 (1997)

. Ng, PN: Matrix transformations on Cesaro sequence spaces of nonabsolute type. Tamkang J. Math. 10,215-221 (1979)
. Ng, PN, Lee, PY: Cesaro sequence spaces of nonabsolute type. Comment. Math. 20, 429-433 (1978)
. Freedman, AR, Sember, JJ, Raphael, M: Some Cesaro-type summability spaces. Proc. Lond. Math. Soc. 37, 508-520

(1978)

. Kothe, G, Toeplitz, O: Lineare Rdume mit unendlich vielen koordinaten und Ringe unenlicher Matrizen. J. Reine

Angew. Math. 171, 193-226 (1934)

. Lascarides, CG: A study of certain sequence spaces of Maddox and a generalization of a theorem of Iyer. Pac. J. Math,,

38(2),487-500 (1971)

. Maddox, lJ: Continuous and Kothe-Toeplitz duals of certain sequence spaces. Proc. Camb. Philol. Soc. 65, 431-435

(1969)

. Mursaleen, M, Gaur, AK, Saifi, AH: Some new sequence spaces their duals and matrix transformations. Bull. Calcutta

Math. Soc. 88, 207-212 (1996)

. Gunawan, H: On n-inner product, n-norms, and the Cauchy-Schwarz inequality. Sci. Math. Jpn. (Online) 5, 47-54

(2001)

. Dutta, H: An application of lacunary summability method to n-norm. Int. J. Appl. Math. Stat., 15(D09), 89-97 (2009)
. Gahler, S: Uber die Uniformisierbarkeit 2-metrischer Raume. Math. Nachr. 28, 235-244 (1964)

. Gahler, S: Uber 2-Banach Rdume. Math. Nachr. 42, 335-347 (1969)

. Gahler, S: Untersuchungen Uber verallgemeinerte m-metrische Rdume, Il. Math. Nachr. 40, 229-264 (1969)

. Gahler, S, Siddigi, AH, Gupta, SC: Contributions to non-Archimedean functional analysis. Math. Nachr. 69, 162-171

(1975)

Gunawan, H: The space of p-summable sequences and its natural n-norm. Bull. Aust. Math. Soc., 64(1), 137-147 (2001)
Gunawan, H, Mashadi, M: On finite dimensional 2-normed spaces. Soochow J. Math,, 27(3), 631-639 (2001)
Gunawan, H, Mashadi, M: On n-normed spaces. Int. J. Math. Math. Sci 27(10), 631-639 (2001)

Dutta, H: On n-normed linear space-valued null, convergent and bounded sequences. Bull. Pure Appl. Math. 4(1),
103-109 (2010)

Kim, SS, Cho, YJ: Strict convexity in linear n-normed spaces. Demonstratio Math 29, 739-744 (1996)

Misiak, A: n-inner product spaces. Math. Nachr. 140, 299-319 (1989)

Misiak, A: Orthogonality and orthonormality in n-inner product spaces. Math. Nachr. 143, 249-261 (1989)
Maléeski, A: Strong n-convex n-normed spaces. Mat. Bilt. 21, 81-102 (1997)

Diminnie, C, Gahler, S, White, A: 2-inner product spaces. Demonstrario Math. 6, 525-536 (1973)

Gahler, S: 2-metrische Rdume und ihre topologische Struktur. Math. Nachr. 26, 115-148 (1963)

Gahler, S: 2-normed spaces. Math. Nachr. 28, 1-43 (1964)

Gabhler, S: Lineare 2-normierte Rdume. Math. Nachr. 28, 1-43 (1964)

Kizmaz, H: On certain sequence spaces. Can. Math. Bull. 24(2), 169-176 (1981)

Et, M, Colak, R: On generalized difference sequence spaces. Soochow J. Math., 21(4), 377-386 (1995)

Tripathy, BC, Esi, A, Tripathy, BK: On a new type of generalized difference Cesaro Sequence spaces. Soochow J. Math.,,
31(3), 333-340 (2005)

George, WA Jr.: 2-Banach spaces. Math. Nachr. 42, 43-60 (1969)

Et, M: On some generalized Cesaro difference sequence spaces. Istanbul Univ. fen fak. Mat. Dergisi, 55-56, 221-229
(1996-1997)

10.1186/1687-1847-2013-286
Cite this article as: Dutta: Some classes of Cesaro-type difference sequences over n-normed spaces. Advances in
Difference Equations 2013, 2013:286

Page 13 0of 13


http://www.advancesindifferenceequations.com/content/2013/1/286

	Some classes of Cesàro-type difference sequences over n-normed spaces
	Abstract
	MSC
	Keywords

	Introduction
	Deﬁnitions and preliminaries
	Construction of n-norms and relevant properties
	Computation of the Köthe-Toeplitz duals
	Competing interests
	Acknowledgements
	References


