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Abstract

For any sequence recurrence formula, the Smarandache-Pascal derived sequence {T7,}
of {bp} is defined by To1 =Y (7) - brsr forall n > 2, where (7) = ﬁlw denotes the
combination number. The recurrence formula of {7} is obtained by the properties of

the third-order linear recurrence sequence.
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1 Introduction

For any sequence {b,}, a new sequence {T,} is defined by the following method: T = by,
Ty = by + by, T3 = by + 2by + b3, generally, T, = ZZ:O (Z) - by for all m > 2, where
(Z) = #ik), is the combination number. This sequence is called the Smarandache-Pascal
derived sequence of {b,}. It was introduced by professor Smarandache in [1] and studied
by some authors. For example, Murthy and Ashbacher [2] proposed a series of conjectures
related to Fibonacci numbers and the Smarandache-Pascal derived sequence, one of them
is as follows.

Conjecture Let {b,} = {Fg,.1} = {F1, F9, F17,Fs,...}, {T,} be the Smarandache-Pascal de-
rived sequence of {b,}, then we have the recurrence formula

Tn+1 =49. (Tn - Tn—l): n>2.
Li and Han [3] studied these problems and proved a generalized conclusion as follows.

Proposition Let {X,} be a second-order linear recurrence sequence with Xo = u, X = v,
X,41 = aX,, + bX,_1 for all n > 1, where a* + 4b > 0. For any positive integer d > 2, we define
the Smarandache-Pascal derived sequence of {X 4,1} as

n
n
Tn+1 = Z (k) . Xdk+1-
k=0

Then we have the recurrence formula
Tpn=Q+Ag+b-Ags) Ty~ (L+Aa+b-Ags + (=b)?) - Ty,

where the sequence {A,} is defined as Ay =1, A1 =a, Ay =a-A,+b-A, 4 foralln > 1.
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It is clear that if we take b = 1, then X, is the Fibonacci polynomials, see [4-7].

The main purpose of this paper is, using the elementary method and the properties
of the third-order linear recurrence sequence, to unify the above results by proving the
following theorem.

Theorem Let {X,} be a third-order linear recurrence sequence X3 =a - X2 + b - X1 +
¢ - X, with the initial values Xy = u, X1 = v and X, = w for all n > 1, where a, b and c are
positive integers. For any positive integer d > 2, we define the Smarandache-Pascal derived
sequence of {X .1} as

n
n
Tn+1 = Z (k) - Xdke1-
k=0
Then we have the recurrence formula

8183~ 8186 +87 T, + 8384 — 8286 — 8187 T+ 8385 — 247

33— g6 23— 86 25—

Tn+1 =

: TVI—Z,
where

gl:ﬁ"'fZ"'C'Ade’ gZZﬁAd+1_foi+C~Adfé,
B=c-A: —c- Ay +c-Aufa, =g —fifs ¢ Aalfs +f5),

g =c-Aafs, go=c-(Agn —Agfr + Agfs — As), g =c-Asfa
and

fi=b-Ag+c-Agq+1, fo=1+Au0,

c-A?
fa=b-Aga+c-Ay fa=1l+c-Agq - ,
Agn
Ay b’Az +C‘Ad_1Ad +Ad
Jfs= » Je=b-Aga+c-Ago— 4 ,
Agn Ay

the sequence {A,} is defined by A3 =a-Apo+b- Ay +c- A, with the initial values A; = 0,
Ay =land As =aforalln>1.

From our theorem we know that if {b,} is a third-order linear recurrence sequence,
then its Smarandache-Pascal derived sequence {T,} is also a third-order linear recurrence
sequence.

2 Proof of the theorem

To complete the proof of our theorem, we need the following lemma.

Lemma Letintegers m > 0 and n > 3. If the sequence {X,,} satisfies the recurrence relations
Xz =a-Xywa +b- Xy + ¢ Xy, n> 0, then we have the identity

KXinen = An «Xoms2 + (b 'An—l +C 'An—2) “Xms1tcC 'An—l - X
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where A, is defined by A3 =a-Apsn +b- Ay +c- A, with the initial values Ay =0, Ay =1
and Az =a foralln>1.

Proof Now we prove this lemma by mathematical induction. Note that the recurrence
formulaXm+3 =a 'Xm+2 +b 'Xerl +C'Xm :A3 'Xm+2 + (b 'A2 +C'A1) 'Xm+1 +C~A2 'Xm
for all # > 1. That is, the lemma holds for # = 3 since
Xma=a- (“'Xm+2 +b'Xm+1 +C'Xm)+b'Xm+2 +¢ Xmn
= (a® +b) - Xz + (ab + €) - Xy + ac - Xop
=A4 ~Xm+2 + (]9 'Ag +C~A2) ~Xm+1 +C'A3 Xm
That is, the lemma holds for # = 4. Suppose that for all integers 2 < n < k, we have X,,,,, =

Ay Xy +(b-Ay1+c-Ayn) Xy +¢- Ay - X, Then, for n = k + 1, from the recurrence

relations for X, and the inductive hypothesis, we have

Xnske1 = @ Xonik + b - Xk + ¢ - Xpr—a
=a-(Ak - Xper + (b Ay + ¢+ Arsa) - X + € Arcr - Xon)
+b (Ao Xz + (b Aga + ¢ Ar3) - Xopaa + ¢ Akca - Xo)
+c (Arca - Xomso + (b Az + ¢+ Aga) - X1 + ¢ Arz - Xon)
=(@-Ar+b-Ar1+c-Ars) Xy + (ab-Ak_1 + (ac + bz) Al
+2bc-Ap_z + ¢ -Ak_4) Xy +tcla-Axa+b-Ax o +c-Ar3) X,
=Ari1 - Xopso + (ab CApg +b*Apg + b Aps + c-Ak_l) Xy +tc-Ar- X,
=Ai1 Xpo+ (b -Ax +c- A1) - Xy + ¢ - Ag - Xy

That is, the lemma also holds for # = k + 1. This completes the proof of our lemma by

mathematical induction. O

Now we use this lemma to complete the proof of our theorem. From the properties of

the binomial coefficient (Z), we have
n-1 n-1 (n-1)! (n—1)
+ = +
k k-1 K(n-1-k)! (k-1)!n-k)!

B (n-1)! 1 1 _(n M
- (k—l)!(n—k—l)!(% ¥ n—k) - <k>

For any positive integer d, from the lemma we have Xk 441 = Ag1 - Xags2 + (b - Ag + c -

Ag-1) - Xggs1 + ¢ - Ag - Xgk. By the definition of T),, we may deduce that

Tn+1 = Z (Z) - Xars1

k=0

n-1
n-1 n-1
:X1+an+1+z<( X >+(k_1)>'Xdk+1

k=1
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—

n—

=~

n-2
n-1 n-1
<Xk + X * Xakrdn + Xana

k=0

>
i

0

n-1
n-1
=T, + ( ) - Xakds
k
k=0

o

3

n-1

n-1

=T, + ( X ) (Ags1 - Xagro + (b Ag + ¢+ Agr) - Xag + ¢ Ay - Xax)
k=0

n-1
n-1
=b-Ag+c-Ag1+1)- Tn+Ad+IZ( X ) - Xaks2
k=0

n-1
-1
+C'Ad2<nk )'Xdk«

k=0

For convenience, we let fi(Ax) =b - Ay + c- Ayq + 1 (briefly f1), then the above identity
implies that

n-1 n-1
n-1 n-1
Tn+1=f1'Tn+Ad+IZ< X )'Xdk+2+C~AdZ< X )'Xdk. ()
k=0 k=0

From this identity, we can also deduce

< (n-2 2 -2
Tnzﬁ'Tn—l+Ad+IZ( k )'Xdk+2+C'AdZ< X )'Xdk
k=0 k=0
and
n-3 n—3 n-3 3
Tw1=h - Tuo +Ad+1z< X ) ’Xdk+2+C'AdZ( X ) - Xk
k=0 k=0

They are equivalent to

29 1 o n-2
Xpg = ——Ty=fi-Tyy—c-A X, 3
k=0< X ) dk+2 Ad+1< w=hTpa—c dZ( X ) dk) 3)

k=0
and

n-3

2 (n-3 1 n-3
Xakso=—| Ty -fi-Tya—c-A - Xak | 4
k=0< P ) dk+2 Ad+1< 1=fi-Tua—c dZ( X ) dk) (4)

k=0

On the other hand, from the lemma we also deduce Xy g2 = Agio - Xagso + (b - Agiq +
c-Ay) X + ¢ Az - Xgr. Then we have

n-1
(n—l) X
* Adk+2
k=0 k
n-2

n-1
=Xo + Xan-as2 + Z( X ) - X2

k=1
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n-2

n-2 n-2
=X2+an_d+2+z<< >+( >)~Xdk+z
py k k-1
n-2 n=2
n-2 n-2
=Z< s )'Xdk+d+2+Z( k )‘Xdk+2

k=0 k=0
n-2 n—2
= < X ) (A2 - Xaxso + (b Agir + ¢ Ag) - Xager1 + ¢ - Agir - Xax)
k=0
n-2 n_2
+ . « Xak2
o K
n-2 n-2
n—2 n-—2
=(1+Az2)- Z( X ) Xk +C'Ad+12< X ) - Xak
k=0 k=0
+(b-Agn+c-Ag) - Ty (5)

Similarly, applying formula (1) and identity (3), we have

n-1 <l’l _ 1) ¥
* Adk
k=0 k

n—

o

= X() + an—d +

ol\g

n-1 %

K dk
=Xp + X, +”* ( n—2)+ n=2 X,
=AXo dn—d 1 k k-1 dk

n-2
n-—2
= Z ( ) (Ad - Xaksa + (b Agr+ ¢ Aga) - Xa + ¢ - Aga - Xar))

[\~

>
Il

Pl
= (n - 2) X
+ “ Xak
Pl
n—=2 n-2
n—-2 n-2
=Ag- Z( X ) “ X + (1+C‘Ad1)2( X ) - Xak
k=0 k=0

+(b-Agi+c-Aga) Ty

Aq o n-2
:Ad+1(T,,—(b-Ad+c-Ad_1+1)-T,,_l—c-AdZ< . )-Xdk)

k=0
n-2 n—2
+(1+C'Ad_1)Z( k )'Xdk
k=0

+(b-Agi+c-Ags) Ty

b-A +c-Ayj1A,+A
=—-T,,+<b~Ad_1+c-Ad_2— a ¢ fAafd d)-T,,_l

Ad+1

¢ A2\ 22 (n-2
l+c-Ag,-—4 Xk 6
+(+C d-1 Ad+1)z<k) dk (6)
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For convenience, we let

_f2 =1 +Ad+2)
Ag

fim 25,
d+1

fi’):b'AdJrl'{'C'Ad’

f6=l’)'Ad_1+C~Ad_2—

then identities (5) and (6) imply that

k=0
n-2

:ﬁZ(

k=0

n-1

2 (1) s

-1
Z p - Xaks2
K

k

k=0

_ﬁL:1+C'Ad_1—

c- A2
)
A

b-A%+c-AyaAa+ Ay

n-2

k=0 k

Combining (2), (3), (7) and (8), we deduce

Tn+1:(fl+f2+C'Adf5)
+(c-AfM—c-Adf2+c~AdﬁL)-Z(n;2>

Applying formula (1), we deduce

(0)-("x

D) -(0) (D) (0

From this and identities (3) and (4), note that X .g = Ag - Xgkso + (b - Ay + ¢ -

Xaks1 + ¢+ Ag_1 - Xgr, we have

i(n—l) X
- Xk
k=0 k

n-1 n-1
=Xo+ Xaw-at | o) Kan- 2d+Z © ) K

=Xo+Xap-a+(n-1) - Xgy_0a +

=Xo+Xgp-a+(n-1) - Xgy_00 +

()

_3>.Xdk+”i(

k=0
3

n—

%

k

k=0

n-3
k

n-2

k=0

n-3

k=1

E
QJ

>~

=1

n-3 <Vl _3
k=0 k
n-2

k
k=0

>'Xdk+d+n22:(

k=0

Ad+1

n-2 n_2
Z( k )'Xdk+_f‘5Tn+f'6Tn—l~

- Xx.

n-2
k

)

n-2 n—-2
)'Xdk+2+C'Ad+IZ< ) “Xak +f3+ Turs

Ty + (3Agn —fifa + ¢ Agfs) - Ty

)

(
() 65)- G

)  Xak — Xo

) “ Xdkvd

)) Xk

7)

)

(10)

Ayo) -

n—2
* Xakvd — Xdn-24 + Z ( ) “Xakva — (1 —2) - Xan-2a — Xan-a
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n-2 n—2 n-3 n—3 n-2 n—2
=Aq Z i ) K2t Aa Z i ) K2t Aaa Z i ) K
k=0 k=0 k=0

n-3
n-3
+(c~Ad1+1>Z( f )-Xdk+(b-Ad1+c~Adz)~(Tn1+Tn2)
k=0

A
:Ad Tn+<b~Ad1+c~Ad2—

Ad+1

b A?i +C 'Ad—lAd
R N
d+1

b-A%+c-Agj1A,+A
+<b'Ad—1+C'Ad—2— a7 Sd1d d)'Tn-z

Ad+1

t\C - Ag1— * Adk
! Ad+1 k=0 k

c A2\ < (n-3
+<C-Ad1+1—A )Z( k )'Xdk

d+1 =0

=f5 T+ (fs +fo6) Tuor + fo T2

n-3

n-2
+(ﬁ—1)2<n;2).Xdk+f42(n;3).Xdk. (1)
k=0 k=0

Combining (2), (3), (7) and (11), we deduce
Tpi=i+fot+tc-Ayfs) Ty+ (}%Ad+1 —fifa +c-Aulfs +f6)) “Tya+c-Aufs- Ty

n-2
n-2
+c(Agn —Aafh +Agfa —Ag) - E ( X ) - Xak
k=0

n-3

n-3
+C~Adf4-2< X )'Xdk' 12)
k=0
From identity (9) we can also deduce
T,=(fi+tfo+tc-Agfs) Ty + (Ag —fifa + - Agfs)  Tua
n-3 n—3
+(c-A§+1—c~Adf2+c~Adﬁ;)~Z< >~Xdk. (13)

k=0 k
For convenience, we let
gai=fith+cAyfs, @ =fsAan—fifa+c Adfs,

GB=c AL —c-Agfs + - Agfa, &= —fifs ¢ Aalfs +f5),
g5 =c-Aufs, g6 = (Ag1 —Aufo + Agfa — A), g =c-Aifa

Inserting (9) and (13) into (12), we deduce

T = 8185 ~ 8186 87 . 8384 ~ 8286 ~ 8187

+1 —

T+ 4345 — 8287

n : Tn—2- (14)
&3~ &6 &3 — &6 g — g6

This completes the proof of our theorem.
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Remark In fact, using the above formulas, we can also obtain the recurrence formula of
the Smarandache-Pascal derived sequence {T},} of {u,}, where {u,} denotes the mth-order

linear recursive sequences as follows:
Up =dUp1 + Aoy + -+ A 1Un-m+1 t AmlUn-—m,

with initial values u#; e N for n>m and 0 < i < m.
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