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1 Introduction
In this paper, we investigate the existence of homoclinic solutions for a class of prescribed

mean curvature Duffing-type equations

where f € CH(R,R), p € C(R,R), ¢ > 0 is a given constant.

As is well known, a solution u(£) of Eq. (1.1) is named homoclinic (to 0) if u(f) — 0
and #/(t) — 0 as |t| — +00. In addition, if # # 0, then u is called a nontrivial homoclinic
solution.

A prescribed mean curvature equation and its modified forms derived from differential
geometry and physics have been widely researched in many papers. For example, com-
bustible gas dynamics [1-3]. In recent years, many papers about periodic solutions for
the prescribed mean curvature equation and its modified forms have appeared. For ex-
ample, by using an approach based on the Leray-Schauder degree, Benevieri et al. in [4]
studied the periodic solutions for nonlinear equations with mean curvature-like opera-
tors. And in [5] Benevieri et al. extended the results obtained in [4] to the N-dimensional
case.

Recently, Feng in [6] studied the periodic solutions for a prescribed mean curvature

Liénard equation with deviating argument as follows:

(%) +f (%(0)x'(¢) + g(6:x(t — T(2))) = e(®), 1.2)
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where 7,e € C(R,R) are T-periodic, and g € C(R x R,R) are T-periodic in the first argu-

ment, T > 0 is a constant. Through the transformation, (1.2) is equivalent to the system

xi(t) = xZ(t; ’
1= (1.3)
% () = ~f (1 (8) 2= — g(t, 21 (£ - T(2))) + e(2).

143 (8)

By using Mawhin’s continuation theorem in the coincidence degree theory, and given
some sufficient conditions, the authors obtained that Eq. (1.2) has at least one periodic
solution. From the first equation of (1.3), we can see that a T-periodic function x;(f) must
satisfy max;c[o, 1] |#2(£)| < 1, hence the open and bounded set Q of Mawhin’s continuation
theorem must satisfy Q C {(x1,%2)7 € X : |%1]co < d, |¥2]00 < 0 < 1}. But in [6], the authors
obtained € = {(x1,%2)7 € X : |#1]00 < N1, [%2]00 < Na}, there is no proof about N, < 1. A sim-
ilar problem also occurred in [7] and [8].

In order to solve this problem, we study the existence of homoclinic solutions for pre-
scribed mean curvature Duffing-type equation corresponding theory, which has not been
investigated till now to the best of our knowledge. In this paper, like in the work of
Rabinowitz in [9], Lzydorek and Janczewska in [10], Tang and Xiao in [11] and Lu in [12],
the existence of a homoclinic solution for Eq. (1.1) is obtained as a limit of a certain se-

quence of 2kT-periodic solutions for the following equation:

(“7“)(“) el () + £ (u(t) = pa(e), (1.4)

1+ (u/'(2))

where k € N, px : R — R is a 2kT-periodic function such that

el p(t), t € [-kT, kT - &), w5
k = .
pKT — gq) + EEKD=PRT=0) (¢ _ T 4 ¢, t € [kT — £0,kT],

€0

€0 € (0, T) is a constant independent of k. The existence of 2kT'-periodic solutions to Eq.

(1.4) is obtained by using Mawhin’s continuation theorem [13]. We obtain Q = {v = (x, )7

Xio [%lo < oo + B, 1¥lo < ”12”}, where p; < 1, by which we overcome the problem in [6-8].

S

The rest of this paper organized as follows. In Section 2, we provide some necessary back-

ground definitions and lemmas. In Section 3, we give the results that we have obtained.

2 Preliminary
In order to use Mawhin’s continuation theorem [13], we first recall it.

Let X and Y be two Banach spaces with norms || - ||, || - || v, respectively. A linear operator
L:D(L) C X — Y is said to be a Fredholm operator of index zero provided that

(a) ImL is a closed subset of Y,

(b) dimKerL = codimImL < oo.

Let N: Q C X — Y be a continuous operator, N is said to be L-compact and continuous
in Q provided that

() Kp(I - Q)N(S) is a relative compact set of X,

(d) QN() is a bounded set of Y,
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where we define X; = KerL, Y, = ImL. Then we have the decompositions X = X; & X,,
Y=Y1®Y,.Let P: X — Xj, Q: Y — Y; be continuous linear projectors (meaning P? = P
and Q* = Q), and K}, = LIl prp)-

Lemma 2.1 [13] Let X and Y be two Banach spaces with norms | - || x, || - ||y, respectively,
and let Q be an open and bounded set of X. Let L : D(L) C X — Y be a Fredholm operator
of index zero, and let N : Q C X — Y be L-compact on Q. In addition, if the following
conditions hold:

(H1) Lv#ANv,¥Y(v,1) € 32 x (0,1);

(H2) QNv#0,VveKerLNoQ;

(H3) deg{JON,2NKerL,0} #0, where ] : Im Q — Ker L is just any homeomorphism,

then Lv=Nv has at least one solution in D(L) N .

Lemma 2.2 If u: R — R is continuously differentiable on R, a >0, u >1 and p > 1 are
constants, then for every t € R, the following inequality holds:

|u(®)] < (2“)_% (ft+a|u(s)|“ds> " + a(Za)_Il’ (/t+ﬂ|u/(s)|p ds)p.

This lemma is Corollary 2.1 in [11].

Lemma 2.3 [11] Let uy € C3,; be a 2kT-periodic function for each k € N with
|lurlo < Ao, ‘UHOSAI; ’MZ‘OSAZ,

where Ay, A1 and A, are constants independent of k € N. Then there exists a function u, €
CY(R, R) such that for each interval [c,d] C R, there is a subsequence {ui;} of {uictken with
u}v(t) — uy(t) uniformly on [c,d].

Let u(t) = x(t), then system (1.4) is equivalent to the system

fe ()
x(t) =) = Wk (2.1)

¥ (t) = —co(y(2) - f (x(2)) + pi(2).

Let X; = {v = (x(£),y(£))T € C(R,R*),v(t) = v(t + 2kT)} and Y = {v = (x(2),y(t))T € C(R,
R*),v(t) = v(t + 2kT)}, where the norm ||v|| = max{|x|o, [y]o} with |x[o = maxc(o k7] [#(£)|
and |y|o = maxe[okr) [¥(£)]. It is obvious that X and Y are Banach spaces.

Now we define the operator

L:DIL)CXi— Yy,  Lv=v=(x@,y0)",
where D(L) = {v|v = (x(t),y(¢))T € CX(R,R?),v(¢t) = v(t + 2kT)}.

Let Z; = {v|v = (x(2), y(£))T € C{(R, R x (~1,1)), ¥(t) = v(t + 2kT)}, define a nonlinear op-
erator N : Q — Y} as follows:

»0) !
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where Q@ C Z; C X; and Q is an open and bounded set. Then problem (2.1) can be written
as Lv = Nv in . We know

KerL = {vlve X;,v = (x(0),7(8))" = (0,07},

then «'(¢) = 0, /(¢) = 0, obviously x € R, y € R, thus Ker L = R?, and it is also easy to prove
thatImL = {z € Yy, fosz z(s)ds = 0}. So, L is a Fredholm operator of index zero.
Let

1 2kT
P: X — Kerl, Py=—— / v(s) ds,
2kT J,

1 2kT

. Y] I A = —
QiYe—ImQ  Qz=27 |

z(s) ds.

Let K, = Ll pnp(» then it is easy to see that

2kT
Kp2)(t) = /0 Gi(t,$)z(s) ds,

where
s—2kT
, 0=<t=<s,
G(t, S) — 2kT
wrr S <t=<2kT.

For all  such that Q C (Xz N Zx) C Xi, we have K, - Q)N(R) is a relative compact set
of X, QN (L) is a bounded set of Y}, so the operator N is L-compact in Q.

3 Mainresults

For the sake of convenience, we list the following conditions.

(A7) There exist constants n1g > 0, p > 1 such that xf(x) < —mx? and f'(x) < 0, Vx € R.
(Ag) p € C(R,R) is a bounded function with p(¢f) # 0 and B := max{(fR lp(®))? dt)%,

1
(Je P(®17dD) 7} + sup,cp [p(®)] < +00, where J + 2 = 1.

Remark 3.1 From (1.5) we see that |pi(£)| < sup,z |p(?)|. So, if assumption (A;) holds, for
1
each k e N, (/. Ipx(®)2dt)? < Band (/"5 |p(0)|7dt)7 < B.

In order to study the existence of 2kT-periodic solutions to system (2.1), we firstly study

some properties of all possible 2kT-periodic solutions to the following system:

/ _ _ (2)
X (8) = 2p(y(2)) = A—m,

V(@) = —hep(y(1)) - Af (x(2) + Api(8), A €(0,1],

where (xx,yx)T € Zx C Xi. For each k € N and all A € (0,1], let ¥ represent the set of all
the 2kT-periodic solutions to the above system.
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1
Theorem 3.1 Assume that conditions (A1)-(Ay) hold, ¢ > 0 and BZ;%Z + TBmgp = <

1
v/ 2ng” >, then foreach k € N, if (x,9)T € I, there are positive constants po, pi1, p2 and ps
which are independent of k and A such that

lxlo < po, ylo=pm <1, %], < P2 |, < os.

Proof For each k € N, if (x,7) € ¥, it must satisfy

/ _ _ (2)
#(0) = 2plo(e) =220

Y (t) = —hep(y(0)) — Af (x(2) + Api(2), 2 € (0,1].

The first equation of the above system is equivalent to the equation

'p) — — X9
X (t) = K‘P(ﬁ’“» =2 l—yz(t)’ (31)

Y (t) = —cx'(t) = Af (x(2)) + Api(8), A € (0,1].

Multiplying the first equation of (3.1) by y'(¢) and integrating from —kT to kT, we have

kT kT kT
/ YO (0 dt - / Y (Ohp((0)) de = / xo((0) dy(t) = 0,

kT -kT —kT

it follows from the second equation of (3.1) that

kT kT kT
c / (1)) dt = - / f(x(0)x' () dt + 1 / RGO

kT kT -k

kT kT
=1 / pr(t)x () dt < / (@) ||+ (2)| dt. (3.2)
—kT —kT

By using Holder’s inequality to (3.2), we obtain

/112 kT 2 % kT ’ 2 % ,
cfx H25< f 1Pl dt) ( / Ll dt) = |« [, Il

which implies that
B
|1, = < = do. (3.3)

Multiplying the second equation of (3.1) by x(¢) and integrating from —kT to kT, we have

kT2 kT
- YO 4o / *(e)f (x(0)) + x(O)pi(t) dt,
—kT

k1 /1= y2(t)

kT

kT 2 kT
AL *(O)pi(t)dt < / k)| |pe®)|de.  (3.4)
T —kT

kT /1= 92(¢) + A0 (0) de = - ./—k

Page 5 of 12
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J0)
1-y2(t

Since > y%(¢), and combining (3.4) with (A;), we get

7113 + mollx[l2 < / le(t)l |pi(8)| dt,
by using Holder’s inequality to the above inequality, we obtain

17115 + mollxll? < llpellgllxll,,
which implies that

mo x5 < lpcllgl*ll (3.5)
and

Iy15 < Ipellqlixlp- (3.6)

So, from Remark 3.1 and (3.5), we can conclude that

1

B\ 7T
”x”p5<m—)p i=d. (3.7)
0

Thus, by using Lemma 2.2 for all ¢ € [-kT, kT, we get

1 t+T }7 1 t+T 117
|x(t)| <Q2T)? </ . |x(s)|p ds) +T(2T) 2 (/ . \x’(s)|2ds)
1 t+kT }7 L t+kT %
<QT)? <f . |x(s) |p ds) +TQ2T)2 </ . |x/(s)|2ds>

) kT 5 . kT 3
=27)r (/ |x(s) |p ds) +T(2T) 2 (/ |x/(s)|2 ds) . (3.8)
-kT -kT

From (3.3), (3.7) and (3.8), we obtain

1 T
|xlo = max |x(t)| <Q2T) Pdy+/ —do := po. (3.9)
te[-kT kT) 2

Obviously, py is a constant which is independent of k and A. From Remark 3.1, (3.6) and
(3.7), we obtain

1
B \ 22
Iyl sBi(m—) =dy. (3.10)
0

Multiplying the second equation of (3.1) by y'(¢) and integrating from —kT to kT, we have

kT 9 kT kT kT
/ (Y () dt =—c f X @)y ) dt - / Ay ()f (x(2)) dt + / Ay (8)pi(t) dt
_ T -kT

KT —kT —k
kT

kT 2
_ 201 J (t) /
_ / )t /_ IO
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From (A;), we know that

kT kT
/()2 d
./_kT (y (t)) ‘= /—kT

by using Holder’s inequality to the above inequality, we obtain

Y (@)||pi(®)| dt,

15715 < lxllz ]y ],

from Remark 3.1, we can conclude that

|y, < B:=ds. (3.11)

In a similar way to (3.9), we get

2 =
T B%=2 + TBm,"
lylo = max |y(t)| < (2T)’%d2 +./—d3 = —Y?O.
te[-kT,kT) 2 \/ﬁmgp__z

L S )
Since B#-2 + TBm,"™ < /2Tm,’™, we have
0 0

1
p
2p-2
B2 + TBm,’

: :=p1 <L (3.12)
-2
V2Tmy

lylo <

Obviously, p; is a constant which is independent of k and A. Let f, = maxy <, |f(x)|. From
(3.1) we have

/ |J’(t)| P1
), < < = Py 3.13
@), < max w12 (313)

Obviously, p; is a constant which is independent of k and 1, and
’y/(t)|0 < c‘x’(t)| + [f(x(t))’ + ’pk(t)‘ <cpy+f, +Bi=ps. (3.14)

Obviously, ps is a constant which is independent of k and A. From (3.9), (3.12), (3.13) and
(3.14), we know py, p1, p2 and p3 are constants independent of k and A. Hence the conclu-
sion of Theorem 3.1 holds. O

Theorem 3.2 Assume that the conditions of Theorem 3.1 are satisfied. Then, for each k €
N, system (2.1) has at least one 2kT -periodic solution (xi(t), yi(t))T in = C Xy such that

lxklo < 0o, lyklo < o1 <1, %]y < P25 ko < P,
where po, p1, P2, p3 are constants defined by Theorem 3.1.
Proof In order to use Lemma 2.1, for each k € N, we consider the following system:

(4 — _ y(8)
x(t) = rp(y(2)) = A—m,
¥'(t) = —Acp(y(t)) — Af (x(8)) + Apr(£), 1 €(0,1),

(3.15)
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where y(t) = \/ﬁ Let ©; C X represent the set of all the 2kT-periodic solutions

of system (3.15). Since (0,1) C (0,1], then ©; C X, where X is defined by Theorem 3.1. If
(x,9)T € Q1, by using Theorem 3.1, we get

lxlo < po, Yo < o1 <1

Let Q5 = {v=(x,9)7 € KerL,QNv = 0}. If (x,7)7 € Q,, then (x,7)” = (a1,42)" € R? (con-
stant vector), we see that

0,

—f (@1) + pi(e) dt =

fkTth
fkT -

ﬂZZO;

(3.16)
f_kkTT —f(a1) + pi(t)dt =0

Multiplying the second equation of (3.16) by a;, we have

kT
K Tmolarl? < / \al|pe(®)| d < VIR B,
kT

thus

o= (o) < ()8
a =p.
"=\VakTm, )  ~ \V2Tm,

Now, if we set Q = {v = (x,9)7 € X, |xlo < po + B, |ylo < 257}, it is easy to see that 27 <1,
then Q D ©; U Q5. So, condition (H1) and condition (H2) of Lemma 2.1 are satlsﬁed. It
remains to verify condition (H3) of Lemma 2.1. In order to do this, let

H(v, ) : (2N KerL) x [0,1] = R: H(v, jt) = pu(x,9)" + (1 - w)JQN(v),

where J : Im Q — KerL is a linear isomorphism, J(x, y) = (y,x)7. From assumption (A;), we
have vIH(v, 1) #0, V(v, ) € 3Q NKer L x [0,1]. Hence

deg{/QN, 2 NKerL,0} = deg{H(v,0), 2 NKerL,0}

= deg{H(v, 1),QNKerl, 0} #0.

So, condition (H3) of Lemma 2.1 is satisfied. Therefore, by using Lemma 2.1, we see that
Eq. (2.1) has a 2kT-periodic solution (xz,yx)” € Q. Obviously, (x, yx)7 is a 2kT-periodic
solution to Eq. (3.1) for the case of A =1, so (xt,yx)” € X. Thus, by using Theorem 3.1, we
get

lxklo < po, yklo < o1 <1, |x}(|0 =< P2, |J/;(|0 = p3.

Hence the conclusion of Theorem 3.2 holds. O
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Theorem 3.3 Suppose that the conditions in Theorem 3.1 hold, then Eq. (1.1) has a non-
trivial homoclinic solution.

Proof From Theorem 3.2, we see that for each k € N, there exists a 2kT'-periodic solution
(6, y%)T to Eq. (2.1) with

[xklo < po, yklo < o1 <1, EANY S |y < 03, (3.17)

where pg, p1, P2, p3 are constants independent of k € N. And x(¢) is a solution of (1.4), so

(%) + Cx;(t) +f(xk(t)) = pr(2), (3.18)
k

which together with y(¢) = % implies that yx(¢) is continuously differentiable for
+ ?Ck
t € R. Also, from (3.17), we have |y|o < p1 < 1. It follows that x (t) = ¢(y(t)) = TL;)() is
-yt
continuously differentiable for t € R, i.e.,
, Vi (£)
X () = ——5———.
-5
By using (3.17) again, we have
%]y < 2= = pa. (3.19)
1-pf

Clearly, p4 is a constant independent of k € N. By using Lemma 2.3, we see that there
is a function xy € C}(R,R) such that for each interval [a,b] C R, there is a subsequence
{xi;} of {xr}ren with x}v(t) — x4 (t) uniformly on [a, b]. Below we show that x,(t) is just a
homoclinic solution to Eq. (1.1).

For all a,b € R with a < b, there must be a positive integer j, such that for j > jo,
[-kT,kT — 0] O [a—a,b+al. So, for j > jo, from (1.5) and (3.18) we see that

% (2) ’
(’—) + cx;(j(t) +f(xkj(t)) =p(t), tela,b], (3.20)

1+ (0))

which results in

(72;03 >/ —cxy. (£) —f( (t)) (t)
= —CXp. Xik: +
(1)) kj K p

1+ (x}q
— —cxo(t) = f (%0(£)) + p(¢)  uniformly on [a, b].

) x, ()

x;((t / ) e ) . )
- il (,t \__ unifor mly for ¢ € [a,b] and —.— is continuous differen-
S 027 /1 Gg0) L+ (g (0)*

tiable for t € (a, b), we have

Since

(%) = —cxg(t) —f (%0(8) + p(), t€(ab).
0
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Considering that a, b are two arbitrary constants with a < b, it is easy to see that x(¢),
¢ € R is a solution to system (1.1).
Now, we will prove xo(£) — 0 and x;(¢£) — 0 as |£| — oo. Since

+00 i
[l o) ae= tim [ (ol + o) a
oo 1—=>+00 J_iT
iT 2
= lim lim (’xk,(t)|p+ |x}(j(t)‘ ) dt.
T

i—>+00j—>+00 J_;
Clearly, for every i € N if k; > i, then by (3.3) and (3.7),
i r ’ 2 T 12 ’ 2 2 b
[ @ s s @P)de< [ (@ + s ) de < + .
- )

Let i — +00 and j — +00; we have

/ m(|xo(t)|" + |y @)|*) dt < d2 + &, (3.21)
and then
/| (lxo @ + [x,(8)|*) dt — 0 (3.22)

as r — +00. So, by using Lemma 2.2 as |t| — +00, we obtain

1 t+T 11; 1 t+T ) %
|x0(t)|§(2T)‘p< / |x(s)|”ds) +T(2T)7( f |%'(s)| ds)
t-T =T

min{ 3,4}

1 1 t+T t+T 2
< [(ZT)_E + T(2T)7](/ |x(s)|p ds +f |x’(s)| ds) — 0.
=T T
Finally, we will show that
xo(t) = 0. (3.23)
From (3.17), we know
@] <po,  |x@®)|<p2 forteRr

From (1.1), (A1) and (A,), we have

()
1+ (x5(2))?

= @] + |f (o (1)) | + [P (@)

<cpy+ sup f(x)+B:=M, forteR.

x€[~p0,p0]

If (3.23) does not hold, then there exist ; € (0, i) and a sequence {#} such that

il <2l <lts| <--- <ltel + 1< |tgal, k=12,...
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and

X ()| = L, k=1,2,....
0 1

From this we have, for ¢ € [, tx + &1/(1 + M>)],

) N0 | | x%®) ( x(s) > p
|x°(t)|z‘¢1+<xz,(t»2 B ¢1+<x’o(tk>)2+/tk T w0)2)
| )
N EICAT) N A ANV CAB)E
> £1.
It follows that

+00 ) 00 tk+1f—1\1/[2 )
/ o) de=" / oy (6) | dt = o0,
o k=1 v

which contradicts (3.21), thus (3.23) holds. Clearly, x((¢) # 0, otherwise p(t) = 0, which

contradicts assumption (A,). Hence the conclusion of Theorem 3.3 holds. O
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