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Abstract
In this paper, we investigate the convolution sums

Z a, Z ab, Z abc, Z abcd,

(a+b+0)x=n ax+by=n ax+by+cz=n ax+by+cz+du=n

where a,b,¢,d,x,y,z,u,n € N. Many new equalities and inequalities involving
convolution sums, Bernoulli numbers and divisor functions have also been given.
MSC: 11A05;33E99
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1 Introduction
Throughout this paper, N, Z, and C will denote the sets of positive integers, rational in-
tegers, and complex numbers, respectively. The Bernoulli polynomials Bi(x), which are

usually defined by the exponential generating function

P ad— £k
=N " Bi(x)—,
e —1 kXO: K5

play an important role in different areas of mathematics, including number theory and the

theory of finite differences. The Bernoulli polynomials satisfy the following well-known

identity:
N BN +1) — B (0)
ij _ k+1 I k+1 ok >1. (1)
P k+1

It is well known that By = B(0) are rational numbers. It can be shown that By, = 0 for
k > 1, and is alternatively positive and negative for even k. The By are called Bernoulli
numbers.

For n,k € N with s € NU {0}, we define

1, ifkin,
oim) =Y &,  Fn)=
dn 0, ifk{n.
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The exact evaluation of the basic convolution sum

n-1
> o1(m)oy(n - m)

m=1

first appeared in a letter from Besge to Liouville in 1862. Ramanujan’s work has been ex-
tended by many authors, e.g., see [1]. For example, the following identity

n-1

; 1m0 =) = - (505(0) + (1~ 6m)on () @)

is due to the works of Huard et al. [2]. In [1], Ramanujan also found nine identities, includ-
ing (2), of the form

Z o, (m)os(n — m) = Ac,.s.1(n) + Bno,,s1(n),

m=0

where A and B are certain rational numbers. We refer to [3] for a similar work. Lahiri [4]

obtained the most general result by evaluating the sum

Yoo om oy, m) - 0p,(my)  (r>3),

my+--+mp=n

where the sum is over all positive integers m,...,m, satisfying my; + --- + m, = n, a; €
NU {0}, and b; € N.

The convolution identities have many beautiful applications in modern number theory,
in particular in modular forms, since they appear in the coefficients of the Fourier expan-
sions of classical Eisenstein series. For example, a very well-known work of Serre on p-adic
modular forms (see [5]). For some of the history of the subject, and for a selection of these
articles, we mention [4, 6] and [3], and especially [2] and [7]. We also refer to [8] and [9].

In this paper, we shall investigate the convolution sums

Z a, Z ab, Z abc, Z abcd.

(a+b+c)x=n ax+by=n ax+by+cz=n ax+by+cz+du=n

In fact, we will prove the following results.

Theorem 1.1 Let n be a positive integer. Then we have

1 1 1 1
Y a=—os(n)- o) + —o1(n) > —Bs(n - 1) (3)
6 2 3 6
(a+b+c)x=n
with n > 3.

Remark 1.2 Let « be a fixed integer with « > 3, and let

Pyr, (x) = %{(x)(x+ 1)((a —2)x+5 —a)}
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be the ath order pyramid number. In fact, in (3), if # = p is a prime number, then we obtain

Z a=Pyr;(p-2). (4)

(a+b+c)x=p
This result is similar to [10, (13)].

Theorem 1.3 Let M be an odd positive integer. Let R,r € NU {0} with R > r. Then we have

R-r-1
AR =Y ab=8F1 (2 —1) 05 (M) > (21 =1)*Bs(g +1) (5)
ax+by=2RM
ax=2"m
m odd
with M =2q + 1.

Theorem 1.4 Let m; be an odd positive integer. Let 11,1y € N and r3 € NU {0} with r, >
ry > r3. Then we have

AZ(VI; o, 7’3) = Z abc = 25r1—2r2—3r3—8 (2r2+1 — 1) (2r3+1 - 1)20'5 (ml) (6)
ax+by+cz=2"1m;
ax+by=2"2my
ax=2"3ms3
my odd
m3 odd

Theorem 1.5 Let my be an odd positive integer. Let 11,1y, 13 € N and ry € NU {0} with
11> 1y > 13 > 1y. Then we have

Z abed = i . 9~2r2-2r3-3r4-10 (2r2+1 _ 1) (2r3+1 _ 1) (2r4+1 _ 1)2
ax+by+cz+du=2"1m 17
ax+by+cz=2"2my
ax+by=2"3m3
ax=2"4my
my odd
m3 odd
my odd

X {27’107(;741) + 15(—1)’1_’224’2+3’1_1b(m1)}

when 337 b(n)q" = q 1,51 - q")° (A - g*)°.

Theorem 1.6 Let M be an odd positive integer. Let r,R € NU {0}. Then we have

Z Zab

R<r<logy( anM) ax+by=2RM
ax=2"m
m odd

1

— ﬁ{(3 . 22R+2 _2R+3 + 1)0’3(M) _ (3 . 2R+1M_1)(2R+1 —l)Ul(M)}

Corollary 1.7 For R > r, we have the following lower bound of A1(R, r) and the upper bound
OfAZ(rh 2, 13),

AR, 1) > gag (ZR_’_IM)
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and

1
As(ri, o, 13) < EO’:; (2’1_1m1).

2 Bernoulli number derived from Diophantine equations ) .., ,-,a

Lemma 2.1 Letn e N. Let f : Z — C be an odd function. Then

e-2
Z (f(a+b) +f(b—c)) = ZZ(e—k—l)f(e—k).

(a,b,c,x)eN* eln k=1
(a+b+c)x=n

Proof We can write the equality as

Z {f(a+b) +f(b—c)}

(a+b+c)x=n
Yl Yo Y- ¥
k>1 (a+b+c)x=n (a+b+c)x=n (a+b+c)x=n
a+b=k b-c=k b—c=-k
SV
k>1 (a+b+c)x=n
a+b=k

:Z{(e—Z)f(e—l)+(e—3)f(e—2)+~- + (e—(e—l))f(Z)}

eln

e-2
=YY (e-k-1)f(e-k).

eln k=1
This completes the proof of the lemma.

Proof of Theorem 1.1 Let f(x) = x. Then Lemma 2.1 becomes

Z {a+2b-c}= %03(1/1) —o09(n) + %crl(n)

(a+b+c)x=n

and

1 1 1
Z a=—0o3(n) — —oy(n) + —o1(n).

6 2 3

(a+b+c)x=n

Using (1), we note that
p-2
. 1 Bs;(p-1)

lez —{Bg(p—l)—Bs} - L

- 3 3

j=0

since Bs = 0. It is easily checked that

Po-Dp-2) _ (p-Dp-202p-3)
3 6 )

7)

(8)
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We can write that

Z a> %Bg(l’l—l)

(a+b+c)x=n

with n > 3. This completes the proof of the theorem.

We list the first ten values of ., ., @ in Table 1.

Remark 2.2 Let

f@= > a

(a+b+c)t=x

and
g(x) = %x(x -1)(x - 2) =Pyry(x - 2).

If x is a prime integer, by (4) and (8), then f(x) = g(x).

The first nine values of f(x) and g(x) are given in Figure 1. In Figure 1, we plot the graphs
for the values of the sums f(x) and g(x) in Remark 2.2 when x = 3,4,5,6,7,8,9,10,11.

Table 1 The first ten valuesof ) ;. p)x=n @

10

35

85

130

180

160
140
120

100

80
60
40

20

0
(3] (4 | [8] (6] (7]

——f) 1 4 10 21 35
—m—g(x) 1 4 | 10 | 20 35

(8]
60
56

o1 | (10]

85
84

130
120

[11] |

165 \
165

Figure1 x=3,4,5,6,7,8,9,10,11.

Page 5 of 20


http://www.advancesindifferenceequations.com/content/2013/1/277

Kim et al. Advances in Difference Equations 2013, 2013:277 Page 6 of 20
http://www.advancesindifferenceequations.com/content/2013/1/277

3 Two lemmas
Lemma 3.1 Letn e Nandr,m e NU{0} withr > m. Let f : Z — C be a function. Then

25y 1 (272" n+j-1

Yo flarb)= Y Y Y [
= :

(a,b,x,y)eN4 1=2m k|2mj
ax+by=2"n
y=x+2M

where the Kronecker delta symbol is defined by

0, i#j,

5, =
"l =g

Proof We note that

Yo flasb)=) f0 Y 1

(a,b,x,y)eN* k>1 ax+by=2"n
ax+by=2"n y=x+2M
y=x+2M a+b=k
=D fk DY 1= fk > 1 9)
k>1 ax+b(x+2M)=2"n k>1 (a+b)x+2"b=2"n
a+b=k a+b=k

and

Yoo

(a+b)x+2"b=2"n

a+b=k
DI TD DR C D M
(a+1)x=2"n-2m (a+2)x=2"n-2".2 (a+2""Mp—1)x=2"n-2M2"r"Mp—-1)
a+l=k a+2=k a+(2""Mp-1)=k
S VRTED MR TRRED FRT O
kKl@rn-2m)  k|(2"n-2.2) kj2m.2 k|2m
k>2 k>3 k>2r-mp—1 k>2r-mp

= Fk(Z’n - 2’”)(81(,2 +8k3 + -+ S orp_om)
+ Fi(2'n = 2" 2)(8k3 + Ska + -+ + Starnoma)
e
+ F (27 - 2) (Sar-mnt + Sar-mu + -+ + Sgma)
2

+ Fi(2™) (S 2r-mn + Sicor-mpa1 + -+ + + S m)

2rMy-1

= F/<(2mj) (Sk2rn—am + Ok 2rn-(2ms1) + + + * + Sk 2 n((27 2 -M)nsj-1))

2"y 1 2" -2""Mn+j-1

- E@Q2") Y. Sk

j=1 [=2m
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Therefore, (9) becomes

25 My_1 (2"-2""")n+j-1
Yo flavb)=Y fR) Y EEY) Y Sk
(a,b,x,y)eN4 k>1 j=1 1=2m
ax+by=2"n
y=x+2M
2 My 1 (272" p+j-1
Tl 2 LW
I=2m  k[2mj
This completes the proof of the lemma. O
Example 3.2

(a) Lettingm =r=0in Lemma 3.1,

n-1 j-1
Y flawb)=30 33 Wb
(a,b,x,y)eN4 j=1 I=1 k|j
ax+by=n
y=x+1

(b) If m=r=1in Lemma 3.1, then

n-1 n+j-1
D, flasb)=3 3 ) kot
(a,b,x,y)eN* j=1 1=2 k|2j
ax+by=2n
y=x+2

Corollary 3.3 Letn € Nandr,m e NU{0} withr > m. Letf : Z — C be a complex-valued
function. Then

o 27 My (272" -1

Y. ) fla+b)= S S RSt

m=0 (q,b,x,y) N4 m=0 j=1 [=2m k[2mj
ax+by=2"n
y=x+2"
Proof It is obvious by Lemma 3.1. O

Example 3.4 Let f(x) = x>. Then we have

n-1 j-1
Y @b =Y 3" K.
ax+by=n j=2 I=1 k|j

y=x+1

Lemma 3.5 Let n be an odd positive integer, and let f : ZZ — C be a complex-valued func-

tion. Then
12 et
> fla+b)= > f®st
(a,b,x,y)eN4 j=1 I=1 k|(2j+1)
ax+by=n

y=x+2
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Proof 1t is similar to Lemma 3.1. O

4 Astudyof) . ., _,ab
Proof of Theorem 1.3 We observe that

Y ab- Y (Z)( 3 b). (10)

ax+by=2RM m<2R-TM “al2"m b|2" (2R~ M—m)
ax=2"m 24m
m odd

Thus, for odd m, we have

Y a=01(2)oi(m) = (2" ~1) o1 (m). 11)

al2"m

Similarly, since 28"M — m is odd, we have

Yo b= 1) (25 M - m). (12)

b|2" (2R~ M—m)

From (11) and (12), we can write (10) as

Yooab=(2"1-1)" Y oi(m)or (28 M - m)

ax+by=2RM m<2R-r M
ax=2"m 2tm
m odd

= (2”1 - 1)2{ Z o1(m)oy (2R_’M — m)

m<2R-r M

- Z o1(m)oy (ZR_'M - m)}

m<2R=r M
2|lm
= (2r+1 - 1)2{ Z 0'1(}’}’1)0'1 (ZR”M - Wl)
m<2R=r M
— Z 0'1(21’}’1)(71 (2R7VM - 21’}’!) } (13)
m<2R-r-1p1

Let us consider the second term of (13). Since 01(2m) = 301(m) — 201(% ), so we obtain

Z 01(2m)oq (2R_rM - 2m)

m<2R-r-1p1

- Z {301(71'1) - 201(%) }01(2R_rM ~2m)

m<2R-r-1p1

=3 Z o1(m)oy (2R"rM - 2m)

m<2R-Tr=1p1

—2 Y om)oy (25 M - 4m). (14)

m<2R=T=2 )1
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Therefore, (13) becomes

Yooab=(2"-1)" Y oi(m)or (25 M - m)

ax+by=2RM m<2R-rM
ax=2"m 2tm
m odd

= (2”1 - 1)2{ Z o1(m)oy (2R_’M - m)

m<2R-r M

-3 Z o1(m)oy (ZR_’M - 2m)

m<2R-r-1p1

+2 Z o1(m)oy (2R"’M - 4m)}

m<2R-=2 M1

= (271 = 1) 87 loy(M), (15)

where we refer to (2),

! —{203(n) + (1 - 3n)o1(n) + 803(n/2)

Z o1(m)or(n—2m) = 4

m<n/2

+(1-6n)oy(n/2)}

n [2, (4.4)] and

Z o1(m)oy(n — 4m) = 41_8 {0'3(1’1) + (2 = 3n)o1(n) + 303(n/2)

m<n/4

+1603(1/4) + (2 - 12n)01(n/4) }
n [2, Theorem 4]. Thus, we obtain

Ay(R,r) = 8R7 (2741 — 1) o5 (M)
8R r— 1(2r+1 )2 Ug(M) O'l(M))

8R r—1 2r+1 (q(q + 1)(261 + 1))

B 1)-B
> gR-r-1 2r+1 ( 3(q+ ) - 3) 16)

with M = 24 + 1. This completes the proof of this theorem. 0

Theorem 4.1 Let M be an odd positive integer. Let R € N and r e NU{0} with R > r. Then

we have
(a)
> ab=88"(2 - 1) (27 -~ 1)os(M),
ax+by=2RM
ax=2"m

m odd
X even

Page 9 of 20
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(b)

3 ab =8t (2 - 1) 0s(M),

ax+by=2RM
ax=2"m
m odd
x even
y even

Z ab =

ax+by=2RM
ax=2"m
m odd
x even
y odd

ax+by=2RM
ax=2"m
m odd
x odd
y even

Z ab = 228 354(M).

ax+by=2RM
ax=2"m
m odd
x odd
y odd

Proof

(a) First, we note that

> oum)or (287 M - m) = 8% a3 (M),

m<2R=r M
2tm

by (15). Therefore,

Z ab = Z ab

ax+by=2RM 2ax+by=2RM
ax=2"m 2ax=2"m
m odd m odd

X even
= E ab

2ax+by=2RM
ax=2""1m
m odd

Sz

m<2R-TM a2 1m
24m

b|27 (2R~ M—m)

Y ab=2F (2~ 1)os(M),

17)

!

_ (2r _ 1) (2r+1 _ 1) Z o1(m)oq (2R’VM - Wl)

m<2R=T M
2fm

— 8R—r—1 (2r _ 1) (2r+1 _ 1)0_3 (M),

where we use (17) for the last line.

Page 10 of 20


http://www.advancesindifferenceequations.com/content/2013/1/277

Kim et al. Advances in Difference Equations 2013, 2013:277
http://www.advancesindifferenceequations.com/content/2013/1/277

(b) We observe that

Z ab = Z ab = Z ab

ax+by=2RM 2ax+2by=2RM ax+by=2R-1M
ax=2"m 2ax=2"m ax=2""1m
m odd m odd m odd
x even
y even

= 8812 — 1) 05 (M),

by replacing R with R —1 and r with r — 1 in Theorem 1.3.

(c) We can write

Z ab = Z ab - Z ab.

ax+by=2RM ax+by=2RM ax+by=2RM
ax=2"m ax=2"m ax=2"m
m odd m odd m odd
x even x even x even
y odd y even

So we use Theorem 4.1(a) and (b). We have that

Z ab = Z ab

ax+by=2RM ax+2by=2RM
ax=2"m ax=2"m
m odd m odd
x odd x odd
y even

Sz

m<2R-rpM ~ al2’m b|2r-1(2R=" M—m)
Am  2m oqq
Then, since
E a= E 2'a=2" E a=2"o1(m),
al2"m alm alm
erm odd

so (18) becomes

22 -1) Y omo (2 M-m).
m<2R=r M
2tm

Finally, we refer to (17).

(d) Since
E ab = E ab—{ E ab + E ab + E ab},
ax+by=2RM ax+by=2RM ax+by=2RM ax+by=2RM ax+by=2RM
ax=2"m ax=2"m ax=2"m ax=2"m ax=2"m
m odd m odd m odd m odd m odd
x odd x even x even x odd
y odd y even y odd y even

we use Theorem 1.3 and Theorem 4.1(b) and (c). O

Page 11 of 20
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Corollary 4.2 Let M be an odd positive integer. Let R € N and r e NU{0} with R > r. Then

we have
_i E R+1 3R-3r-1(~r+l 2
> ab=—|1=(81-1)-32 (21— 1) oz (M)
ax+by=2RM
ax#2"m
m odd

~ (28 -1)(3- 28 M ~1)0y (M)}.

Proof From (2), we deduce that

n-1
Zal(m)ol(n —m) = Z ab = (503(;1) +(1- 6n)01(n)) 19)
m=1 ax+by=n

So for n = 28 M with an odd M, we have

> ab= 12(503(2’%1\/1) +(1-6-28M)oy (2°M))

ax+by=2RM
1/5
-5 (5 (23D —1)o3(M) + (1 -3 - 2570 (25 - l)ol(M)>
= Z ab + Z ab.
ax+by=2RM ax+by=2RM
ax=2"m ax#2"'m
m odd m odd
Thus, we refer to Theorem 1.3. g

Corollary 4.3 Let M be an odd positive integer. Let R € N and r e NU{0} with R > r. Then

we have
Z Y a 5 23R 0102k 4 7. 2R _ 3} o3 (M).
r=0 gx+by=2RM
ax=2"m
m odd

Proof By Theorem 1.3, we have

Z Z ab = ZSR r-1 2r+1 ) (M)

=0 gx+by=2RM

ax=2"m
m odd
R-1
=8f03(M) Y (277 427 — 27, (20)
r=0

Then the first term of (20) is

R-1
Y o ta1-27k (21)
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Similarly, the other terms of (20) are

R-1 1
Y 2o —(1-87F) (22)
r=0 7
and
R-1 9
> 2= S (1-27F), (23)
r=0 3
From (21), (22) and (23), we get the result. O
Proof of Theorem 1.4 The proof starts as follows:
Z abc
ax+by+cz=2"1m
ax+by=2"2mj
ax=2"3mg
my odd
m3 odd
- Y (X e ¥ 5 ¥
mp<2"172my “m3<2"27"3my al2"3ms3 b|2"3 (22773 my—m3) 272 (2"17"2 my—my)
24my 2tm3
= Y {8 2 1) oy (m) (272 - 1) 0 (2 my — ) (24)
m <2172y
24my
by Theorem 1.3. So Eq. (24) is equal to
8r2—r3—1 (2r3+1 _ 1)2 (2r2 +1 _ 1) Z o3 (m2)01 (Zrl—rz my — le)
my <22 my
24my
— g3l (2r3+1 _ 1)2(2r2+1 _ 1){ Z o3 ()0 (2r1—r2m1 _ mz)
my <272 my
- Z o3(my)o1 (2" my —mz)}- (25)
my <22 my
2|my

Then the second term of (25) is

Z o3(my)o1 (27" my — my)
my <272 my
2|my

= Z 0'3(214’[2)0'1 (2“7'«2}’}’11 - 21’1’12)

my <2172y

= Z {90’3(1’}’12) —80’3(%) }01(2’1r2m1 —21’}’12)

my<21772" gy
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=9 Z 0'3(1/}’12)0'1 (2r1—r2 my — Zle)

-ro-1

mo <21 my
-8 Z o3(my)or (2'1_’2 my — 4m2).
<2122y
So we refer to
Zal(m)ag(n m) = [2105(;1) + (10 = 30n)o3(n) — al(n)]
m=1
n 2, (3.12)],

Z o3(m)oi(n —2m) = ﬁas(n) + 505(;1) + a _3n)o'3(ﬁ) _ Lol(n)

m<n/2

n [2, Theorem 6], and

» og<m)al(n—4m)—3814oas< )+ 52 5<g) = 5<Z)

m<n/4
(1-3n) n 1 1) + 1 )
+ o3l = ) - — +—a
24 2\ a) " 2207V T 256"

with Y22, a(n)g" = q[ 1,1 = ¢*")** in [6, Theorem 4.2]. Therefore, (24) becomes

" abe=272nm8 (224 1) (254 1) {3205 () + 322a(2 "2 my) )
ax+by+cz=2"1m;
ax+by=2"2my
ax=2"3ms
my odd
m3 odd

= 95120318 (9241 _ 1) (231 _ 1Y 055 (my),

where we use the fact that r; > r, and a(2n) = 0 for n € N. This completes the proof this

theorem. O

Proof of Theorem 1.5 From Theorem 1.4, we observe that

Z abcd = 25r2—2r3—3r4—8 (2r2+1 _ 1) (2r3+1 _ 1) (2r4+1 _ 1)2
ax+by+cz+du=2"1m
ax+by+cz=2"2my
ax+by=2"3ms3
ax=2"4my
my odd
m3 odd
my odd

X Z U5(H12)O’1 (2’1"’2;711 - }’}’Zz).
mo <2172 g
24my
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Thus, we refer to
1

) 2 n (1-2n) n
o7(n)+ —o7| = | + os| =
2,142 517\ 2 24 °\2

1 1
— o) = ——b
* 50271~ 205"

> astm)on(n - 2m) =

n
m<2

and

Z (m)o1(n — 4m) L o7(n) + 1 o " + 2 o " + (1 2n) "
O 0; - = — J— — o _
SV 137,088 ' 2176 '\2) " 51 '\ 4 24 °\a

1 13 19
+ —o1(n) — ——b(n) - —b(f
504 6,528 816

in [6, Theorem 5.2]. Also, to obtain the formula, we use the fact that b(n) = -8b(3) in [11,
Remark 4.3]. O

Proof of Theorem 1.6 1f 2"m < 28M, then r < logz(zRVM). We note that

Y oay X oar ¥ (X )

ax+by=2RM =0 gx+by=2RM

R<r<logy( 21371\/1) ax+by=2RM
ax=2'm ax=2"m
m odd ot odd
Thus, by (19) and Corollary 4.3, we get our result. .

Theorem 4.4 Let M be an odd positive integer. Let R € N and r € NU {0} with R > r. We

have
(@)
Z (~1)%ab = gR-r-1 (2r+1 _ 3) (2r+1 _ 1)0,3 (M),
ax+by=2RM
ax=2"m
m odd
(b)
Z (—1)a+btlb — gR-r-1 (2r+1 _ 3)203 (M)
ax+by=2RM
ax=2"m
m odd
Proof

(a) The proofis similar to Theorem 1.3. Let us consider that

> (Dab= ) <Z(—1)“a>( > b). (26)

ax+by=2RM m<2R=T M “al2"m b|2" 2R~ M—m)
ax=2"m 2tm
m odd
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Then
Z(—l)“a: —Za+22a+ Z2Qa+~~~+z2’a
a|l2’'m alm alm alm alm
= (—1+2+22+~~~+2’)Za
alm

= (2" = 3)oy(m).
Thus, (26) becomes

> (ab= Y (27 =3)oi(m) - (2 = 1)o1 (25 M — m)

ax+by=2RM m<2R=r M
ax=2"m 2fm
m odd

=@ =-3)2"-1) Y oimoy(28M - m).
m<2R=r M
2tm

Then by (17), we get our result.
(b) We sketch the proof as follows:

> ()*Pab= Y (-D'a-(-1)’b

ax+by=2RM ax+by=2RM
ax=2"m ax=2"m
m odd m odd
_ a b
- X (Zeve)( X )
m<2Rr M “al2"'m b|27 (2R M—m)
2tm

Proof of Corollary 1.7 Firstly, from (5), we note that
1 R-r r+1 2
A1(R,7) = g(8 )2 =1) o3(M).
If > 0, then
1 R-r
Ai(R,r) > g(g )os(M)
7 (8% -1 )
> — .
s\ s-1 )7

It is easily checked that o3(28"1) = %. So we obtain

AR, 1) > %03 (ZR_’_IM)

with (2, M) = 1. Secondly, by (6), we deduce that

or2+l _q 1 ors+l _q 2
Az("l,rzﬂ’s)=25rl_8<T><2_r3)< 973 )GS(ml)‘
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2t-t?=—(t-1)> +1and 0 <2t — > < 3 with 0 < < £. Put £ = ()" then

or2 +1 _ 1
4

3
0< < -—.
4

(27)

. . . . 16
Thirdly, we consider f() = £(2 — £)*> with 0 < £ < 1. Then, we easily check that 0 < f(¢) < H

SO

3t 1 16
<

0< < —.
873 27

Consider

25r1 25r1 -1 1-— (32)r1—1
— = 0
32 32-1 TR

with r1 > 1. From (29), we deduce that
25175 ¢ g (2’1"1)
and
9518 105 (2)"1—1)‘
8
From (27), (28) and (30), we compute that Ay(ry,73,73) < %05(2’1‘114’11).

5 Astudyof ) abcd

ax+by+cz+du=n

(28)

(29)

(30)

Corollary 5.1 Let m; be an odd positive integer. Let r1,ry,r3 € N and ry € N U {0} with

1 >ry > r3>r4.Ifry, 73,74 £ -1 (mod 8), then we have
27r1+107(m1) = 15(_1)r1—r2+1 . 24r2+3r1b(m1) (mod 17 - 22r2+2r3+3r4+11).

Proof From Theorem 1.5, we have

Z abcd = % . Q~2ra=2r3=3r4-10 (2V2+1 _ 1) (2r3+1 _ 1) (2r4+1 _ 1)2

ax+by+cz+du=2"1m;
ax+by+cz=2"2my
ax+by=2"3m3
ax=2"4my
my odd
m3 odd
my odd

x {2707 (my) + 15(=1)"1 224231 () |

(31)

Since ry, 73,74 % —1 (mod 8) by the assumption, therefore, 272! =10 (mod 17). So from

(31), we have
2722727309 o (my) + 15(=1) 2242 b(m)} =0 (mod 17).
By multiplying (32) by 2272+273+374+11 'y obtain the proof.

Remark 5.2 This is a similar result to that in [12, Theorem 5.3].

(32)

O
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6 Another convolution sums
Theorem 6.1 Let M € N with3{ M. Let R € N and r € NU {0} with R > r. Then we have

1
ANR,r) = Z ab = 5 . 33R-3r-2 (3r+1 _ 1)203(M) (33)
ax+by=3RM
ax=3"m
3tm

and if R > r, then
52
AX(Rr) > e (3% M).
Proof 1t is similar to Theorem 1.3. So we obtain that

Z ab = i(S”1 - 1)2 Z o1(m)or (3R"M - m)

ax+by=3RM m<3R—rM
ax=3"m 3tm
3tm

= %(3”1 - 1)2{ Z o1(m)oy (BR”M —m)

m<3R-r M
_ Z o1(m)or (BR_rM - m)}
m<3R-r M
3|lm
1., 2 _r
= 1(3 +1 —1) { Z al(m)ol(SR M—m)
m<3R=r M
- Z 01(3m)o; (BR_’M - 3m) }
m<3R-r-1p
Then we refer to
1 n
Z 01(3m)o1(n —3m) = 36 {703(11) + (3 —18n)o1(n) + 803 (§> },

m<y
ifn=0 (mod 3) in [2, Theorem 7]. Therefore, we get (33). By (33), we note that

1
AiK(R, r) — 533[%—3}"—2 (3r+1 _ 1)20'3(M)

11
=553 - 1)%05(M). (34)

It is well known that

(31-1)°>4 (35)
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Table 2 Valuesof b(n) (1 <n<12)

n bn) n b(n)
1 1 7 1,016
2 -8 8 =512
3 12 9 2043
4 64 10 1,680
5 -210 1 1,092
6 -96 12 768
with » > 0. Combine (34) and (35),
* 2 3(R-r)
AT(R,r) > 5 -3 o3(M)
2 33®-n _q
>Z2.26. gag(M)
9 27 -1
52
— ? .03 (SR_r_lM)
with (3, M) = 1. This completes the proof of this theorem. O
Appendix

The first twelve values of b(n) for n € N are given in Table 2.
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