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1 Introduction
In this paper, we discuss anti-periodic solutions for impulsive high-order Hopfield neural

networks (IHHNNSs) with time-varying delays in the leakage terms

x(8) = —ci(O)xi(t = ni(0) + 3L, ay(0)g(x;(t — T5(¢)))
+ 200 2 bin (gt — o (0))gi(xt — viu (1)) + 1i(2),
t>0,t %t 1.1)
Axi(tr) = dixxi(te),
x(t) =@it), tel-1,0], k=12,

where i € N := {1,2,...,n} and # is the number of units in a neural network, x;(¢) cor-
responds to the state vector of the ith unit at time ¢, ¢;(£) > O represents the rate at
which the ith unit will reset its potential to the resting state in isolation when discon-
nected from the network and external inputs, a;;(t) and by;(t) are the first- and second-
order connection weights of the neural network, ;(t) > 0 denotes the leakage delay and
t —n;(t) > 0 for all £ > 0. 7(¢) = 0, oy(t) = 0, v(¢) > 0 correspond to the transmis-
sion delays, [;(f) denotes the external inputs at time £, and g; is the activation function
of signal transmission. c;, 1, I, a;, by, gj» Tij» 041, vy are continuous functions on R. 7; =
max; e A MaXe[o,w] {1:(£), Ti(£), 03 (£), viiu(£)} is a positive constant. Awx;(tx) = x:(£) — xi(&),
xi(80) = limas—s 0+ %;(tx + AL), %;(t) = limago- %;(tx + AL), i € N, k=1,2,.... t; > 0 are im-

pulsive moments satisfying i < tx,; and limy_, o0 tx = +00. @(t) = (@1, @2,...,9,) " is the
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initial condition and ¢;(-) denotes real-valued continuous functions defined on [-t;, 0],
ieN.

The impulsive differential equations have been proposed in many fields such as con-
trol theory, physics, chemistry, population dynamics, biotechnologies, industrial robotics,
economics, efc. [1-3]. High-order neural networks have been the object of intensive anal-
ysis by numerous authors since high-order neural networks have stronger approximation
property, faster convergence rate, greater storage capacity, and higher fault tolerance than
lower-order neural networks [4—8]. Thus, many high-order Hopfield neural networks with
impulses have been studied extensively, and a great deal of literature focuses on the exis-
tence and stability of equilibrium points, periodic solutions, almost periodic solutions and
anti-periodic solutions [9-16]. However, to the best of our knowledge, few authors have
considered the existence and stability of an anti-periodic solution of system (1.1) with the
leakage delay 7;(¢) # constant. We mention that arguments in [9-16] are not applicable to
system (1.1).

The purpose of this paper is to discuss the existence and exponential stability of an anti-
periodic solution for IHHNNs with time-varying delays in the leakage terms of system
(1.1). The outline of the paper is as follows. In Section 2, some preliminaries and basic
results are established. In Section 3, we give sufficient conditions for the existence and
exponential stability of an anti-periodic solution for system (1.1). In Section 4, we give an

example and numerical simulation to illustrate our results.

2 Preliminaries and basic results

Throughout this paper, we assume that the following conditions hold.

(H;) Fori,j,l € N and k € Z*, where Z* denotes the set of all positive integers, there exists
a constant @ > 0 such that

ci(t + w) = ci(?), it + @) = ni(t),

ai(t + w)gi(u) = —a;(t)g(—u),

Ti(t + w) = 7(8), ot + w) = oy (2), vin(t + w) = vy (2), (2.1)
biji(t + w)gi(u)gi(u) = by (t)gi(~u)gi(~u),

L(t + w) = -L(t), t,ueR.

(Ha) Fori,j,l € N, there exist constants ¢/, n{, I, af,, T, b}y, 0, v§ such that

i “ij Vil Vi

¢l = maxeeqo,w) Ci(t), N7 = maxeejo,w) ML),

aj; = MaXeeo,] |a;(t)], T = MaXefo,0) Ty(t), 2.2)
by, = maxie(o,0] [bi(t)], 0y = MaX¢e[o,0) Oiji(£),

Vi = MaXee[o,o] Viji(£), I = maxse(o,0) [1i(2)].

(H3) 2<dyg<0forie N and k € Z*.
(H4) There exists g € Z* such that

dikrg) = Aiks bkig = btk + ©.
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(Hs) For each j € NV, the activation functions g : R — R are continuous and there exist
nonnegative constants L; and M such that, for all u,v € R,

g0 =0, |gw)-gW)|<Lilu-vl, |gw|=M.
(Hg) Forall >0 and i € NV, there exist positive constants & and 7 such that
-1 > —[ci(®) - ciOnit)c] |& + Z(|ﬂij(t)| +ci(Oni(t)aj) Lig;
j=1
Y (|Bi®)] + cieyni()by) (L& + LiENM. (2.3)
j=1 I=1

For convenience, let R” be the set of all real vectors. We use x = (x1,%2,...,%,). € R" to
denote a column vector, in which the symbol (T') denotes the transpose of a vector. As
usual in the theory of impulsive differential equations, at the points of discontinuity # of
the solution ¢ —> (x1(£), x2(2),...,%,(£))T, we assume that (x1(2),x2(2), ..., %,()T = (x1(¢ —
0),x2(¢ = 0),...,x,(t — 0))T. It is clear that, in general, the derivative x(tx) does not exist.
On the other hand, according to system (1.1), there exists the limit x}(t;x F 0). In view of
the above convention, we assume that x}(fx) = x}(¢, — 0).

Definition 2.1 A solution x(¢) of (1.1) is said to be w-anti-periodic if

x(t + w) = —x(t), t#t,
2((te + w)*) = —x(8), keZt,

where the smallest positive number w is called the anti-period of function x(z).

In what follows, we shall prove the lemmas which will be used to prove our main results
in Section 3.

Lemma 2.1 Let (H))-(Hs) hold. Suppose that x(t) = (x1(£),%2(8), ..., %,(t))T is a solution of
system (1.1) with initial conditions

(=) | <& . sel-n0) (2.4)
where y =1+ maxien{lc;nf +11I}}, i € N. Then

’xi(s)| < Si% forallt>0,ic N. (2.5)
Proof Assume that (2.5) does not hold. From (H3), we have

i (85)| = 11+ di |xi(80)| < |i(&)-

So, if |x;(£f)] > Si%, then |x;(¢)| > Ei%. Thus, we may assume that there exist i € A/ and
ty € (tx, trsr) such that

|x,»(t*)|:§i%, and |xj(t)|<g,% forall £ € [~7;,4,),j € N. (2.6)
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In view of (1.1), for i € A/, we obtain

xX(8) = —cixi(t = i) + Y ay(t)g(x(t — 7y (0)))

j-1

+ Z Z biji(t)gi (% (t — 03u(2)) )@ (30 (£ = vin(2))) + Li(2)

j=1 I=1

= —ci(t)xi(t) + ci(&)[wilt) — wi(£ = ()] + Y a()gi(x:(t — 75(0)))

J=1

+ Z Z biji(t)gi (% (¢ — 03u(2)) )@ (31 (£ — vin(2))) + Li(2)

j=1 I=1

x(s)ds + Za,'/(t)g/(x,»(t - t,»,»(t)))

j1

= —¢;(t)x;(t) + c;(2) /

t=n;(t)

n n
+ Z Z byi(t)g (xj (75 = fn;z(t)))gz (x;(t - Vi/l(t))) +1;(t), t>0,t#t. (2.7)
j=1 =1
Calculating the upper left derivative of |x;(£)|, together with (2.6), (Hs), (Hs) and
y > [cfn;r + 1]1;,
we obtain

0 < D |xi(z))|

< —ci(t)|wi(t) | + ci) ) )IxQ(S)I ds+ Y |ay(t)]|g (2 (6 - 7y(8)) |
j=1

(R

£ Y byt ||g (% (t — o)) (8 = vin(8))) | + 1))

j=1 =1
- et va) [ RCECRIC)
ty—n;(ts
-3 alg s - 56) - 5]
j=1

£ bis) (g (xi(s — 03 (s))) — g1(0)) i (i (s = vin(s)) ) + 1(s) | ds

j=1 I=1

+ Z|ﬂij(t*)| |gj(xj(t* - 7;5(t4))) —gj(0)|

j=1

£ Y0 bt ||gi (5 (t — 0i(®))) — g(0)| @i (e (s — vin(e))| + 12|

j=1 =1

n

< —[ei(t) - ciltInit)e] | xu(e)| + D (|ag(e)] + ci(t*)m(t*)af,)Ljé;%
j=1

Page 4 of 15
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n n

DIPTSR cl(t*)n,(t*)blﬂ)L,S,%M+ [crn; +1]1F

AN

[Cl(t*) - Cz(t*)nz(t*)c ; + Z |al](t*)| +ci(tn: t*)al])L Ej_

j=1

+ Z Z | b ()] + cit it b)) (L& + szz)M% + [einf +1]1;

j=1 [=1

et - cit it 1+ D (|ag(e)] + et )nit)ag) Lig

Jj=1

v ZZ [Bji()] + ciltmi(e)bl) (L + Lig)M %+ [erni + 117

j=1 I=1

< —n% + [ci*ni+ + I]Ii+

< 0.

It is a contradiction and shows that (2.5) holds. The proof is now completed. O

Remark 2.1 After conditions (H;)-(Hg), the solution of system (1.1) always exists (see [1,
2]). In view of the boundedness of this solution, from the theory of impulsive differential
equations in [1], it follows that the solution of system (1.1) can be defined on [0, +00).

Lemma 2.2 Suppose that (H,)-(Hs) are true. Let x*(t) = (x}(2),x5(2),...,x5(£))T be the

solution of system (1.1) with initial value ¢*(t) = ((pf(t),(p;‘(t),...,go;f(t))T, and let x(t) =
(x1(2), %2(2), ..., %, ()T be the solution of system (1.1) with initial value ¢(t) = (¢1(t), pa(t),
e s 0u(D))T. Then there exists a positive constant A such that

x(t) —x5(t) =O0(e™), ieN.
Proof Let y(t) = x(t) — x*(¢). Then, for i € NV, it follows that

Yi(8) = —ci()yi(t = mi(®) + 3, () gyt — 75(8))) — g (¢ — 75(1)))]
+ 2001 2ot (g (¢ — 0 (0)) g et = via(2)))
- g7 (¢ — oy (O)gi ) (¢ = v, £> 0,8 b,

yi (&) = L+ da)yi(ta), keZr.

(2.8)

Define continuous functions I';(r) by setting

Ti(r) = _[Ci(t)erﬂi(t) —r—ci(t)e™On,(p) (r+ c;rem;)]éi

+Z ’a,, ’e"’/ +aj c, )e ';m(t))L,Ej

* Z Z bt} On(e) (e MO L& + e MO Lig) M

j=1 I[=1

n n
£ |ba@)] (€M OLig + € HOLE)M,  r>0,t>0,ieN.

j=1 I=1
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Then

T:(0) = —[ci(8) — ci()mi(e)c) & + Z(|ﬂij(t)| +ci(Oni(t)af) Lig;
=

+ ZZ |szl t)} + ¢ t)m t)byl)(LlEl +Lj$j)M
j=1 [=1

<0, t>0,ieN,

which, for i € AV, together with the continuity of I';(¢), implies that we can choose suffi-
ciently small A satisfying c;(¢£) > A > 0 and 77 > 0 such that

-1 >Ti()
~[ci®)ei D — 1 — ci(£)e D) (A + e )&

+Z (Jag(®)]e 0 + asei(t)e (o) Lig

+ Z Zbulcl e Oni(e) ( L + ew’;’LjEj)M

j=1 [=1

n n
Y b ®|(¢ M Lig + MOLE)M, £ > 0. (2.9)

j=1 =1

Let
Yi(0) =yi(t)e", ieN.
Then, fori e N,
Y/ (8) = 1Yi(t) - ci(O)e™yi(t = ni(2))

iai,»<t)[gj(x,( 7j(1))) - g%} (¢ - 7(0)))]

j1

Y bi() g (it — o)) )@ wi (£ - vin(e)))

j=1 I=1

g (¢ = 0u(®))an (i (¢ = vin(@)))]

= WYi(t) - ci®)e " OY(1) + i) O Yi(e) - Vit ni()) ]

NS a0l (e~ 500) - o667 ¢~ o)

+ Z Z bij(t) [ (% (£ — 03(9))) @i (: (£ — viu(2)))

j=1 =1

~ g (¢ = 0u(®))an(7 (¢ = vin(®))) ]

Page 6 of 15
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t
= 2Yi(t) — ci(t)e MO Y;(t) + ci(t)er / Y/(s)ds

t-n;(t)

+eM Zﬂij(t)[gj(x/(t - 75(t))) - g7 (¢ - 75(0))) ]

j-1

+ Z Z bij(t) [ (% (£ — 03(9))) @i (s (£ — viu(2)))

j=1 I=1

—&(xf(t—ffw(t)))gz(x?(t-Viﬂ(t)))]}

t
A0 - OV (0) + e [

t-1;(t)

{?»Yi(s) = ci(s)e"*yi(s — mi(s))

+ e Zalj(s) [9i(%i (s — 7)) — (%] (s — 7i())) ]

j=1

+e Z Z bij(s)[gi (% (s — 031(s)) )@ (1 (s — viu(s)))

j=1 I=1

= g(%] (s = 03(9) )& (7 (s = viu(s))) ] } ds

e Z‘ a;(t)[g(%(t - 5(0)) — g (%] (£ - (D)) ]

j=1
£ bi®)[g (% (e — 0(®) )@ (i (e - vin(®))
j=1 I=1
- g% (£ — o)) g (7 (£ = viu(®))) ] } £>0,t #t, (2.10)
and
Yi(#0)] = |1+ du) Yilti)|- (2.11)

We define a positive constant M as follows:

M:maxi sup |Yi(s) }
ieN se[—rl‘,O]’ l ’

Let K be a positive number such that

|Yi(t)| <M <K& forallte[-7,0],ieN. (2.12)
We claim that

|Yi(t)| <K& forallt>0,ieN. (2.13)

Obviously, (2.13) holds for t = 0. We first prove that (2.13) is true for 0 < ¢ < #;. Other-
wise, there exist i € N and p € (0, 5] such that one of the following two cases must oc-
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cur.

1) Yi(p) =K&, |Y;(t)| <K& forallte0,p),jeN. (2.14)

(2) Yi(p) = -K§, |Y;(t)| <K§& forallte[0,p),jeN. (2.15)

Now, we consider two cases.
Case (i). If (2.14) holds. Then, from (2.9), (2.10) and (H;)-(Hg), we have

0 <Y/(p)

= AYi(p) - ci(p)e )Y (p) + ci(p)e ) / ’ { AYi(s) - ci(s)e™yi(s — mils))
p-ni(p)

&S ay9)g (o (s - 705) — g e} = 75)]

j1

+6° YD bi)g(%i(s - () )@ (xi(s = vin(s)))

j=1 =1

gl @OMDMQN—W®M}$
v Zau g (e ~15(0))) - (% (0~ 75(0)))]

+ Z Z bl]l g; x/ P — Ul/l( )))gl (xl(p - Vijl(p)))

j=1 I=1

g (o w<mma@—mwmﬂ

< AYi(p) - ci(p)e P Y;(p) + ci(p)e i /p (){)\Yi(p)H*e“” Yi(s = ni(9))|
o=11i(p

+ Za*L i Y (s - (s Z Zbul

j=1 j=1 I=1

x [€”]gi(xi(s = 0(s))) | g (1 (s = viu(9))) — & (x] (s = viu(s))) |

el w7 (- w9 o (- ) — g (s - WUMﬂ%

n
+Z|a,, |Le’“’/p)‘Y p—T(p ZZ’bW
j=1

j=1 [=1
x [€]gi(xi(0 = o3(0)) l|&r(i(0 = viu(0))) - &1 (%7 (0 = via(p)))]
+ e |g(x] (p—vw(p)))ng(xJ(p a(p))) - g (%} (0 = 05u(0))) ]
< —[ci(p)e™?) = 1 — ci(p)e " Pny(p) (A + M ) |KE;

(|ai(0)| €759 + aei(p)e" ™ ni(p)) LiKE;
j=1
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n n
+ Z Z blfjlci(p)ekni(")m(p)(MeMWLII(E[ + Mem'ﬂLjI(S,)
j=1 I=1

n n
£ |bylp) | (M1 LKE + Me* i LK)
j=1 =1

= _[ci(p)ekni(p) o Ci(,O)eMi(mf]i(p)()» + C;re)\”;)]éi
- +
+ 2 (o)l + ajeo)e o)) L
j=1

n n
£33 b)) (€ Ligy + € I LiE) M
=1 =1
n n
+ 3 > |biao)| (€71 Lig + I LE)M K
=1 =1
< -nK

< 0.

Case (ii). If (2.15) holds. From (2.9), (2.10) and (H;)-(Hs), using a similar method, we can
obtain the contradiction. Therefore, (2.13) holds for ¢ € [0, £;]. From (2.11) and (2.13), we
know that

Y] = [yit)|e <K&, ieN,
and
\Yi()] = 1L+ dal|Yi®)| < |Yi(t)| <K&, i€N.
Thus, for ¢ € [#1,£,], we may repeat the above procedure and obtain
|Yi(®)| = yi(0)|e** <K& forallte [t,5],ie N.
Further, we have
|Yi(®)| = |yi(0)|e** <K& forallt>0,ieN.
That is,
|xi(t) — % ()] < K&e™™, Ve>0, andieN. O

Remark 2.2 Ifx*(¢) = (x}(2),x5(2),...,x%(¢))T is an w-anti-periodic solution of system (1.1),
it follows from Lemma 2.2 that x*(¢) is globally exponentially stable.

3 Main results
In this section, we study the existence and exponential stability for an anti-periodic solu-
tion of system (1.1).

Page 9 of 15
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Theorem 3.1 Suppose that all conditions in Lemma 2.2 are satisfied. Then system (1.1) has
exactly one w-anti-periodic solution x*(t). Moreover, x*(t) is globally exponentially stable.

Proof Let x(t) = (x1(£),%2(t),...,%,(£))T be a solution of system (1.1). By Remark 2.1, the
solution x(¢) can be defined for all ¢ € [0, +00). By hypothesis (H;), we have, for any natural
number % and i e NV,

(1)t + (h + Vo))

= ()" (¢t + (h+ Do)’

= (-1 —¢i(t+ (h+ Do)xi(t + (h+ Do — ni(t+ (h+ D))

+ Zaij(t +(h+ Dw)g(x(t + (h+ Do - 7;(t + (h + Dow)))

Jj=1

+ Z‘ Zbiﬂ(t +(h+ Dw)gi(x(t + (h + Do — oy (¢ + (h+ Dw)))

j=1 I=1

x g(x(t+(h+ Do —vu(t+ (h+Dw))) + (e + (1 + Do)
= (<" —ci(®)xi (¢ + (h + D — 1i(2))
+ Z ai/(t)(—l)h“gj ((—1)h+1xj (t +(h+1)w - rij(t)))
-1

Y b(e) (1) g (<1 i (¢ + (1 + Do - 03 (1)) )

j=1 =1

x gi((=1)" (£ + (h + Do — viu(2))) + (—1)h+115(t)}
= —ci(O)(-1)"" it + (h + Do — ni(0))

+ Z ai/(t)gj((—l)h"lxj(t +(h+1)w - T,j(t)))
j=1

Y b(e)g ()it + (h+ Do — 0(2)))

j=1 I=1
X gl((—l)h+1xl(t +(h+1)w- V,ﬂ(t))) +I;(t), t#k. (3.1)
Further, by hypothesis (H,), we obtain
(—1)h+1xi((tk +(h+ 1)w)+)
= (" %8, o)

= (=" M1 + diges thr1)g)¥i (Eres 1))

=1+ dp) ()" % (e + (h+ Do), k=1,2,.... (3.2)
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Thus, for any natural number /, we obtain that (-1)"*1x(¢ + (1 + 1)w) is a solution of system
(1.1) for all £ + (2 + 1)w > 0. Hence, —x(¢ + w) is also a solution of (1.1) with initial values

—x(s +w), se[-1,0],ieN.

Then, by the proof of Lemma 2.2, for i € NV, there exists a constant K > 0 such that for any
natural number /, we have
’(—l)h"lxi(t +(h+ l)w) — (=1)"x;(¢ + ha))’
= |xi(t + hw) - (—x,-(t +how + a)))|

< [(El e—)» (t+hw)

h
1
= I(Eie_“ (m) , L+ hw >0,t #tk, (33)
e
and

|1 i (8 + (h+ D)) = (D)% (b + hoo)?))|
= |1+ dy/| ‘xi(tk + hw) - (—x,-(tk + ho + w))’

< I(%-ief)»(tk+hw)
1\"
ZKgie_)Ltk<T) s keZ*. (3.4)
e @
Moreover, for any natural number m1, and i € A, we can obtain

(—l)m*lxi(t +(m+ l)a))

=x;(t) + Z[(—l)h”xi(t +(h+ l)a)) - (-1)"xi(t + ha))], t+how>0,t#4t, (3.5)
=0

and
(1) (& + (m + Do) ")

)+ D [0 (6 + G+ D)) = (1'%t + ho)")], keZ'. (3.6)
=0

Combining (3.3)-(3.4) with (3.5)-(3.6), we know that (-1)"x(t + mw) converges uni-
formly to a piecewise continuous function x*(£) = (x§(¢), x3(¢), ... ,x;‘;(t))T on any compact
set of R.

Now we are in a position to prove that x*(¢) is an w-anti-periodic solution of system
(1.1). It is easily known that x*(¢) is w-anti-periodic since

2 (t+w)= lim (-1)"x(t+ow+mw)=- lim (—1)’"+1x,-(t +(m+ l)a))

m—+00 m+l—+00

= _x;'k(t)r L ?/tk»
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and

* . m+1 + *
x (e + 0)") = —m+lllgl+oo(—1) i+ (m+ D)) =i (), keZ,
where i € V. Noting that the right-hand side of (1.1) is piecewise continuous, together with
(3.1) and (3.2), we know that (-1)""1{x/(¢ + (m + 1)w)} converges uniformly to a piecewise

continuous function on any compact set of R \ {#;,f,,...}. Therefore, letting m — +00 on
both sides of (3.1) and (3.2), we get

a7 (8) = —ci(Ox; (¢ = ni(0)) + 207, ay(Og (x5 (¢ = 75(0)))
+ Z}il Y blﬂ(t)g(x;k(t — oy(Ogx (E — viu(t) + (1),
t>0,t#t,
xf(t) = A+ dp)xf (), keZt,

ieN.

Thus, x*(t) = (x’f(t),x;‘(t), ... ,xfl(t))T is an w-anti-periodic solution of system (1.1).
Finally, by Lemma 2.2, we can prove that x*(¢) is globally exponentially stable. This com-
pletes the proof. O

4 Example
In this section, we give an example to demonstrate the results obtained in previous sec-

tions.

Example 4.1 Consider the following IHHNNs consisting of two neurons with time-

varying delays in the leakage terms:

x)(2) = =1.5x1 (¢ - —';jggoﬂ) 4 Lsinm] Si;;”gl(xl(t — | sinm¢l]))

+ %gz(xz(t — | cost]))

+ Cogfft [@1(x1(2 — 2| cos wt|)) gy (%1 (t — 2| sinmwt]))

+ g1 (%1 (¢t — 2| sinmw£])) g2 (%2 (¢ — 2| cos 7w t]))

+ (3 (¢ — 2] sin 7 £)gi (1 (¢ — 2] cos 1))

+ @ (xo(t — 2| sinmt]))ga (%2 (t — 2| cos we]))]

+10sin7t, t4k-05,

x5(8) = =L.5xy(t — 'i‘g—go”) + Ic(;S—Z"tlgl(xl(t— |cosmt|)) 1)
Bl ga (et — | sin )

+ S0 gy (g (¢ — 2] sin 7 t]))gy (x1 (£ — 2| cos £]))

+

+ g1(x1(t — 2| coswe]))ga (%2 (2 — 2| sinw£]))
+ @ (x2(2 — 2| cos wt|)) g (1 (¢ — 2| sinwt]))
+ @ (o (t — 2| cost])) g (x2(t — 2| sint]))]

+10cost,
x(6) = U+ di)xi(t),
dias) = =2, dis-1) = -1,

tk=k-05,i=1,2,k,s=1,2,....
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Here, it is assumed that the activation functions

) =g@®) =|x+1] - |x-1.

Note that

Cl(t) = Cz(t) =1.5, L1 = Lz =2, M = 2,

| sint| |cos i
t) = ) t) = )
an(t) 32 aix(t) 32
|cosmi| |sinmi|
ann(t) = , ax(t) = )
21(£) 3 22(t) 3
CcosTt
b (t) = bua(t) = bin () = biaa(t) = 37
sinmwt
by11(2) = b212(t) = ban (t) = bana(t) = 3
sinmt
n1(t) = no(t) = |1,000 | , I,(t) =10sin 7 t, I,(t) =10cost,
m(t) = |sinme], T12(f) = | cos ], T01(t) = | cos ], Too(t) = | sinmt,
o (t) = 2| cos |, o112(t) = 0121(8) = 0122(¢) = 2| sinm ¢,
oa1(t) = 2| sinmtl, 0212(t) = 0921(£) = 0222(¢) = 2| cos £,
vin(t) = 2| sinmt|, vi12(8) = vz (£) = vi22(£) = 2| cos ],
vou(t) = 2| cos e, Var2(8) = Vo () = vaga(t) = 2| sine|.

Then we obtain

— e - cityne)ef Je + Y (Jag®)| + ciym®ag) Lig

j=1

£ (bi®)] + ciOni(e)byy) (Lig; + LigM

j=1 I=1
1 1 1
<-15+15x x15+—+3x X — ) x2x2
1,000 32 1,000 32
1 1 1
+—=+3x X — | x(2+2)x2x4
32 1,000 32
=-0.369375<-0.3, & =1,i=1,2. (4.2)

It follows that system (4.1) satisfies all the conditions in Theorem 3.1. Hence, system (4.1)
has exactly one 1-anti-periodic solution. Moreover, the 1-anti-periodic solution is globally
exponentially stable. The fact is verified by the numerical simulation in Figure 1.

Remark 4.1 Since [9-16] only dealt with IHHNNs without leakage delays, one can ob-
serve that all the results in these works and the references therein cannot be applicable
to prove the existence and exponential stability of 1-anti-periodic solution for IHHNNs
(4.1). This implies that the results of this paper are essentially new.
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Figure 1 Numerical solution x(t) = (x;(t), x2(t))” of systems (4.1) for initial value ¢(s) = 6,-7)7,
se[-2,0].
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