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Abstract

In view of Nevanlinna theory, we study the properties of systems of two types of
complex difference equations with meromorphic solutions. Some results of this paper
improve and extend previous theorems given by Gao, and five examples are given to
show the extension of solutions of the system of complex difference equations.
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1 Introduction and main results

In this note, we will investigate the problem of the existence and growth of solutions
of complex difference equations. The fundamental results and the standard notations
of the Nevanlinna value distribution theory of meromorphic functions will be used (see
[1-3]). Besides, for the meromorphic function f, S(r,f) denotes any quantity satisfying

that S(r,f) = o(T(r,f)) for all r outside a possible exceptional set E of finite logarithmic

d
e F
tion with respect to f if T(r,a(z)) = S(r,f).

In recent years, difference equations, difference product and g-difference in the com-

measure lim,_, o, f[l ” < 00, and a meromorphic function a(z) is called a small func-

plex plane C have been an active topic of study. Considerable attention has been paid to
the growth of solutions of difference equations, value distribution and uniqueness of dif-
ferences analogues of Nevanlinna’s theory [4—8]. Chiang and Feng [9] and Halburd and
Korhonen [10] established a difference analogue of the logarithmic derivative lemma in-
dependently. After their work, a number of results on meromorphic solutions of complex
difference equations were obtained.

The structure of this paper is as follows. In Section 1, some results on growth of solutions
of a complex difference equation are listed, and our theorems are given. In Section 2, we
introduce some lemmas. Section 3 is devoted to proving Theorem 1.5. Section 4 is devoted
to proving Theorem 1.6. Finally, Section 5 gives some examples to show the accuracy of
conclusions of Theorem 1.5.

In 2003, Silvennoinen considered [11] the growth and existence of meromorphic solu-
tions of functional equations of the form f(p(z)) = R(z,f(z)), and obtained the following
result.
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Theorem 1.1 [11] Let f be a non-constant meromorphic solution of the equation

S ai2)f (2)
=R(z, EXM (]
f(g(2) = R(z.f (2)) Yo bi(2)f (2)

where g is an entire function, a;, b; are small meromorphic functions with respect to f . Then,
g is a polynomial.

In 2012, Gao [12, 13] also investigated the growth and existence of meromorphic so-
lutions of two systems of complex difference equations, and obtained some theorems as
follows.

Theorem 1.2 [12] Let (f1,f>) be a non-constant meromorphic solution of the system

.fl(p(z)) = RI(Z7 Z(Z))7
£ (p2) = Ry (2, fi(2)).

@

Then p(z) is a polynomial, where

Loai@)f (2)

| YR diaf (@)
Z;io bj(2)f/(2) ,

Rz _ .
1(2./2(2)) > 20 6@ (2)

R2 (Z, 1(Z))

are irreducible rational functions, a;(z), bj(2), di(z) and e;(z) are small functions.

Theorem 1.3 [12] Let p(z) = az + b, (f1,f2) be a meromorphic solution of system (1), and let
w(f), u(fa) be the lower orders of i, f2, respectively. If

logdyd,

() + ulh) < oo——7
2log|al

then the components fi and f, in (fi,f2) have at least one rational function, where d; =
max{s;, t;},i=1,2.

In 2005, Laine et al. [14] investigated several higher order difference equations. In par-
ticular, they obtained the following result.

Theorem 1.4 [14] Suppose thatf is a transcendental meromorphic solution of the equation

Y o@[[fe+¢)=f(p), @)
{7}

jeJ

where {J} is a collection of all non-empty subsets of {1,2,...,n}, ¢;’s are distinct complex con-
stants, and p(z) is a polynomial of degree k > 2. Moreover, we assume that the coefficients
ay(z) are small functions relative to f and that n > k. Then

T(r,f) = O((logr)?**),

logn

where B = ok
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Recently, there were some paper focusing on the properties of solutions of some systems
of complex difference equations and g-shift difference equation (see [12, 13, 15-18]). A
question is raised naturally, whether the assertion of Theorem 1.4 remains valid, if the
equation (2) is replaced by the following

> @ [ folz + ¢5) = Riz,£1(p(2))),

3)
> @@ [, iz + ) = Ra(z, fo(p(2))).
In this paper, we study the question above and the problem of the existence of meromor-
phic solutions for a system of complex difference equations (3), where p(z) is a polynomial,
and obtain the following results.

Theorem 1.5 For systems (3), {J;} are two collections of all non-empty subsets of{1,2, ...,n;}
fori=1,2, ¢ (j=1,2,...,m) are distinct complex constants, and R,(z,u) are irreducible
rational functions in u of deg, o; = max{s;,t;} (> 0) (i = 1,2), its coefficients of R;(z,u) are
all small functions. Let (f1,f) be a meromorphic solution of system (3) such that fi, f> are
non-rational meromorphic. All the coefficients of (3) are small functions relative to fi, f,
and p(z) =qz + 1, q # 0, n are complex constants. Thus,

(i) if0<|gq| <1 and o109 = nmny. We have

log o109 — lognyn, )

w(fh) + () > ; (4)
i)+l —log|q
(ii) iflq| > 1 and o109 < nyny, then
log nin, —log oy0:
p(f) + plfy) < 22— O8NP, 5)

log |q]

(ili) if lg| = 1 and o109 > mny, then u(fi) + () > oo,
where u(f) is the lower order of f.

Theorem 1.6 Under the assumptions of Theorem 1.5, if p(z) = pxz* + --- + p1z + po
(po,p1,.--,pk € C) of degree k > 2, (1, f2) is a meromorphic solution of system (3) such that

fi, fo are non-rational meromorphic, and all the coefficients of (3) are small functions rela-
tiveto fi, fo. Then

k20'10'2 < mny
and
T(fi) = O((og)™?),  T(r,fo) = O((log ™),

where ¢ >0 and

_ logniny —log ooy
- 2logk
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2 Some lemmas
Lemma 2.1 (Valiron-Mohon’ko [19]) Let f(z) be a meromorphic function. Then for all ir-

reducible rational functions in f,

R&f@) = 5 5 ey

with meromorphic coefficients a;(2), bj(z), the characteristic function of R(z,f(z)) satisfies
that

T(V,R(z,f(z))) =dT(r,f) + O(\IJ(r)),
where d = max{m, n} and V(r) = max;;{T(r,a;), T(r, bj)}.

Lemma 2.2 [14] Given distinct complex numbers cy, ..., c,, a meromorphic function f, and

small functions a;(z) relative to f, we have

T<r, > o) (]‘[ flz+ c,))> <Y T(rflz+e) +Sr.f),
U

jeT k=1
where {J} is a collection of all non-empty subsets of {1,2,...,n}.

Lemma 2.3 [20] Suppose that a meromorphic function f is of finite lower order ). Then,
for every constant ¢ > 1 and a given ¢, there exists a sequence r, = r,(c, &) — 00, such that

T(cry,f) < e T (ru.f)-

Lemma 2.4 [21] Let f(z) be a transcendental meromorphic function, and let p(z) = pyz~ +
P2t + -+ piz + po be a complex polynomial of degree k > 0. For given 0 < § < |p|, let

A=|pil + 8, 1 = |pk| = 6, then for given e > 0 and for sufficiently large r,
(1L -e)T(ur*.f) < T(r.f op) < (L +)T (A, f).

Lemma 2.5 [5,19] Letg:(0,+00) — R, h: (0, +00) — R be monotone increasing functions
such that g(r) < h(r) outside of an exceptional set E with the finite linear measure, or g(r) <
h(r), r ¢ HU (0,1], where H C (1,00) is a set of the finite logarithmic measure. Then, for

any o > 1, there exists ry such that g(r) < h(ar) for all r > ry.

Lemma 2.6 [22] Let vy (r) be a function of r (r > 1), positive and bounded in every finite
interval.
(i) Suppose that y(ur™) <Ay (r)+ B (r>ry), where u (u>0),m (m>1),A(A>1),B
are constants. Then Y (r) = O((logr)*) with « = :25:1’ unless A =1 and B > 0; and if

A=1andB >0, then for any ¢ > 0, ¥ (r) = O((logr)?).

(i) Suppose that (with the notation of (i)) ¥ (ur™) = Ay (r) (r > ro). Then for all
logA
logm’

sufficiently large values of r, ¥ (r) > K(logr)* with a = for some positive

constant K.
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3 The proof of Theorem 1.5

From the assumptions of Theorem 1.5, we know that f; and f, are transcendental mero-

morphic functions.

Denote W;(r) = max{T(r,a)(2))|j = 1,2,...,s:}, i = 1,2, and C = max{|ai],lcal,...

sleal}.

Since T(r,f(z+¢)) <1 +0Q)T(r + |c|,.f) + M (ref. [23]), by applying Lemma 2.1 to (3)

and from Lemma 2.2, we have

T(r’fl (P(Z))) + Wy (r)
=T(r,R(2./i(p(2)))

m

= T(r,Zah Z)(Hfz Z+¢ )) T(r,falz + Cj)) +S8(r,/2)

jel j=1
< <1 + %) ]le T(r+C.fs) + S(r,f) <m (1 + %) T(Bir.fo) + S(r,fo),

T(r,f2(p(2))) + Wa(r)
= T(r,Ra(2.2(p(2)))

ny

- T<r,ZOl]2 z)<]'[ﬁ(z+c, )) T(r.fi(z +¢)) + S(r.fi)

S j=1

< <1 + %) Z T@r+ChH)+S(rfA) <m (1 + %2) T(Bor,f1) +S(r.f1)

j1

(6)

(7)

for sufficiently large r and any given §; > 1, & > 0, i = 1,2. Since p(z) = gz + 1, according
to Lemma 2.4 and (6), (7), for 6, = |q| = 8; (0 < ;< |gq|, 0 < 6; <1),i=1,2 and sufficiently

larger r, we get

0'1(1—81)T(917',ﬁ) < 1’11(1 +81)T(ﬂ17’,f2), réEl,

02(1 = &) T(Oaor,fo) < na(1+ &) T(Bar,fi), 1 ¢ Ey,

where E; and E; are the sets of finite linear measure. From Lemma 2.5, for any given y; > 1

(i =1,2) and sufficiently large r, we can obtain

o1(1 - )T, /1) < m(L+e)T(Biyir.fo)s

02(1 — &2)T(0ar, o) < ma(1 + €2) T(Bayars fi)s

that is,

oi1(1-¢&1) T(rf) < T('Blylrfg>,

m(1+ 81)

ol=e2) 7, f2><T(@ f1>

n2(1+£ )

(8)

Page 5 of 10
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Case 3.1 0<|gq| <1land o0y > mm. Since B; > 1, y; >1,0 < 6; < 1, we have ﬁéz/" >1,i=1,2.
From (8), and by Lemma 2.3, for any given ¢ > 0, there exists a sequence r,, — 0o such that

~ nif2)+e
A=) 1,5 < (ﬁ—y) Lenpo)

m(1+ &) 01

1— nfi)+e
MT(FH’ 2) =< @ T(rnr 1)
ny(1 + &) (&

for r, > ry. From the inequalities above, we have

)

o1(l - ¢1) oa(1 - &) - <,31V1 >“(&)+8 (/321/2)”%)”

m1+e) ml+e) ~ \ & )

Thus, letting e — 0, §; > 0, B; > 1 and y; — 1 for i = 1,2 and ¢ = max{e, &1, &3}. Since

0 <|g| <1and o105 > mny, from (9), we can get

log o109 — lognyny

wih) + u(fz) = “loglgl

Hence, (4) holds.

Case 3.2 Suppose that |g| > 1. By using the same argument as above, we can get

o1(1— el)T(Hl'r,fl) <m <1 + %) T(r+C,fa) +S(r.f2),
01— &) T (041, 15) < (1 N 82—2> TG+ C.f) + S0r.f),

where 6 = |g| — §; (§; > 0 is chosen to be such that 6] > 1), and r is sufficiently large. We
can choose sufficiently small &; > 0 such that % + & < 1. Thus, it follows that

oi(1 —81)T(rf1)<n1(1+81)T( +S8(r.f2)

<m(+e) (( +81)r, 2>+Srf2 r ¢ Es,

021 — ) T(rf3) < malL + £2) ( + St f)

1
<n(l+ 82)T<(§ + sz)r,fl) +S8(r.fi), ré¢E,,
2
where E3, E, are the sets of the finite logarithmic measure.
Since nyny > 0109, e’ <1,i=1,2,and f;, f; are transcendental, by applying Lemma 3.1 in
[24] and Lemma 2.5 for g; — 0 and §; — 0, we have

logmny —logoioy
2log|q|

log nyny —log ooy
2loglq|

p(fi) <

, p(f) <

which implies that (5) is true.
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Case 3.3 |q| =1 and 010, > myn,. By using the same argument as in Case 3.1, we can get
uifi) + u(fz) = oo.

From Cases 3.1-3.3, the proof of Theorem 1.5 is completed.

4 The proof of Theorem 1.6

By using the same argument as in Theorem 1.5, we can get (6) and (7). Since p(z) = pkzk +
-+« + p1Z + po, by Lemma 2.4, we can get that for ¥; = |px| — §; (> 0), i = 1,2 and sufficiently
large r,

di(1-&)T(hr* f) <m(L+ &) T(Bir.fo), réEs,

dy(1-&)T (9215, ) <m(+&)T(Barsfi), 1 Ee,

where Es, E¢ are two sets of finite linear measure, and 8;, 8, are defined as in the proof
of Theorem 1.5. In view of Lemma 2.5, we have that for any given y1, y» and sufficiently
large r,

di(L- )T (17" f) < m@+ &) T(Bunr.fo),

dy(1 - &) T (9215, 1) < ma(L+ &) T(Bayarfo)s

that is,
o x m(l+¢)
T((ﬂl)ﬁ)k g ’fl> = o1(1-¢) T(t.f2) (10)
% ny(1+¢)
T((ﬁm)k tm) = or(1-¢) T f) 1)

where t; = 117 and £, = B ,r. Combining (10) with (11), we have

k
(G i) e MU ey 12)

(ﬁlVl)k(ﬁ2V2)2kr T o(l-¢g)oy(1-¢)
(9K % > na(1+¢) m(1+¢)
T((ﬁz)’z)k(ﬂlh)Zkr S2) = oy(1—¢)o1(1—-¢)

T(r.fo). (13)
Since k > 2, we get 0105 < mn,. From Lemma 2.6, we obtain
T(r.f1) = O((logr)*), T(r,f2) = O((logr)*),

where

~ log mny —logoiog + 2log(1l + €) — 2log(l — &) ~ log nminy —logoio,
N 2logk N 2logk

S1 +£1.

_ logmmny-logoioy
Set ¢ = ek Then we have

T(r,fi) = O((logr)s**), T(r,f5) = O((logr)**).
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Next, we will prove that k%0105 < m1,. Suppose that k%0105 > n11,, then we can get
_ 10gn1n2—10g<710'2
= 2logk

the condition on the transcendency of f;, f5.

< 1. For sufficiently small &; > 0, we have ¢; = ¢ + &; < 1. This contradicts

Thus, the proof of Theorem 1.6 is completed.

5 Some examples for Theorem 1.5
The following examples show that the conclusions (4) and (5) in Theorem 1.5 are sharp.

Example 5.1 The solution (fi(z),f2(z)) = (¢% e7%) satisfies the system, where p(z) = —%z +1,
¢, ) are any nonzero complex constants,

a1(z) = e*", bi(z) = ¥ (ec + e‘c), ax(z) = e, by(z) =" (ec + e_c).

Thus, we have

logoi0o —logniny

=1+4+1=
W) + () =1+ e

’

1

5 < L. This example shows that the equality in (4)

where 01 =0y =4, nm =ny; =2 and |q| =
can be achieved.

Example 5.2 The solution (fi(z),f2(z)) = (ezz, e(Z+1>2) satisfies

Sfilz+¢) +filz - ¢) = a1(2)(falqz + m))*,
Sz +¢) +folz =) = ar(2)(filgz + n)%,

where ¢ is any nonzero complex constant, g = %, n =-1,and

2 2
ﬂl(Z) = ¢ (eZZc + e—ZZC), 6{2(2) - e(c+1) (622(c+1) + 6_22(C+1)_4C)€4Z_4.

(z+1)2

We note that a,(z), a2(z) are small functions relative to ezz, e . Thus, we have

log o109 — lognny

wlfi) + ulh)=4>2=
—log|q

)

where 01 =0y =4, =ny =2 and |q| = % < 1. This example shows that the inequality (4)

is true.

Example 5.3 The solution (f;(2),/2(2)) = (¢%%, ¢7%) satisfies

filz+o)filz—)filz + 2c)fi(z —2¢) + filz + )fi(z — ¢)
= a(2)(h(gz +m)* + bi(2)fa(qz + 1),

folz+)fa(z—O)falz + 2¢)f2(z — 2¢) + folz + ¢)fa(z — )
= a>(2)(fi(qz + m)* + b2(2)fi (g2 + ),

where ¢, 17 are any nonzero complex constants, g = -2, and

ai(z) = ", bi(z) = €*, ar(2)=e™, by(z) = €.
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Thus, we have

B logmny —logoioy

pfi) +p(fa)=2= ,
log |q|

where n; = ny = 4, 01 =03 =2 and |g| = 2 > 1. This example shows that the equality in (5)
can be achieved.

Example 5.4 The solution (fi(z),f2(2)) = (ez2, e(“l)z) satisfies

d1(2)fi(z + O)fi(z — O)filz + 2c)fi(z — 2¢)fi(z + 3c)fi(z — 3¢)
X filz + 40)fi(z — 4c¢) + da(2)fi(z + O)fi(z — c)fi(z + 5¢)fi(z — 5¢)
= a(2)(hlgz +m)* + bi(2)fa(qz + 1),
e1(2)fa(z + O)fa(z — O)fa(z + 2¢)fo(z — 2¢)fa(z + 3¢)fa(z — 3¢)
X fo(z + 4c)fo(z — 4c) + ex(2)fa(z + C)fa(z — C)fa(z + 5¢)fa(z — 5c)
= a>(2)(fi(qz + m)* + b2(2)fi (g2 + ),

where c is a nonzero constant, g = 2, n = -1,
-60c2 —52¢2 —-60c2-8 16z —52¢2-4 8z
di(z)=e ’ dy(z) =e ’ ei(z)=e e, exz)=¢e e

and

We note that a;(z), b;(z), d;(z), e;(z), i = 1,2 are small functions relative to ezz, e Thus,

we have

log nyny; —logoioy
log|q]

’

p(f) + p(f2) =4 <log,25 =

where n; = ny =10, 0102 = 2 and |q| = 2 > 1. This example shows that the inequality in (5)
is true.

Example 5.5 The solution (fi(z),f2(z)) = (e, e?") satisfies the following system

filz +31og2) + fi(z + 410g2) + fi(z + 3log 2)fi(z + 410g 2)
= fo(~z-310g2) + (fo(~z - 310g2))* + (fo(~z - 310g 2))3,
fo(z+3log2) + fo(z + 4log2) + fo(z + 3log 2)fo(z + 41og 2)
=fo(—z—310g2) + (r(-z - 310g2))? + (fr,(-z — 3log 2)).

We have w(fi) + ;(f2) = 0o. Thus, it shows that (iii) in Theorem 1.5 is true when o1 = 0y =
m=ny=3,c=3log2,c, =4log2,g=-1and n=-3log2.
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