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1 Introduction

Fractional differential equations have gained much importance and attention due to the
fact that they have been proved to be valuable tools in the modeling of many phenomena
in engineering and sciences such as physics, mechanics, economics and biology, etc. [1-
3]. For some developments on the existence results of fractional differential equations, we
can refer to [4—25] and the references therein.

In recent years, there has been a great deal of research on the questions of existence and
uniqueness of solutions to boundary value problems for differential equations of fractional
order. For example, Ahmad and Nieto [8] investigated the existence and uniqueness of
solutions for an anti-periodic fractional boundary value problem

: Dx(t) = f(t,x(t)), te€[0,T)1<a<2,T>0, "
x(0) = —x(T), DYx(0) = —D"x(T), O<y <1,

where °D* denotes the Caputo fractional derivative of order «, f is a given continuous
function.
In [16], the author discussed the existence of solutions for the following nonlinear frac-
tional differential equations with anti-periodic-type fractional boundary conditions
{CD"‘x(t) =f(tx(t),DPx(t)), te[0, T, 1<a<2,0<pB <1, .
x(0) + w1x(T) = o1, D’x(0) + uy*D¥x(T) =09, 0<y <1,

where ¢D? denotes the Caputo fractional derivative of order g, 11 # -1, 1 #0, 01, 07 are
real constants, and f is a given continuous function.
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Fractional differential equations with three-point integral boundary conditions of the

following form were considered in [15] by Ahmad et al.

D*x(t) =f(t,x(t)), tel[0,1],1<a <2, 3)

x(0) =0, x(1)=a [/ x(s)ds, 0<n<1,
where °D* denotes the Caputo fractional derivative of order «, f is a given continuous
function, and a € R with an? #2.

By a simple computation, we observed that D" x(0) = 0 in equations (1) and (2). This im-
plies that the boundary conditions ¢D"x(0) = —“D?x(T') in (1) and “D” x(0) + u>*D” x(T) =
07 in (2) actually are equivalent to the boundary conditions DY x(T) = 0 and D" x(T) =
09, respectively.

Motivated by the papers above, in this article, firstly, we study fractional differential

equations with the three-point boundary conditions in the following form

‘D(t) =f(t,x(¢), tel0,T],1<a<2,T>0,
a1%(0) + bix(T) = c1, (4)
a(°DYx(n)) + bo(°DYx(T)) =¢c3, O0<n<T,0<y <1,

where °D? denotes the Caputo fractional derivative of order ¢, a;, b;, ¢;, i = 1,2 are real

constants such that a; + by #0, asn'™" + by T #0, and f is a given continuous function.
Then we consider the fractional differential equations with three-point integral bound-

ary conditions

{ Dx(t) = (£, (), DPx(t)), te[0,1],1<a<2,0<p<], )
x(0) =0, al”x(n) +bx(1)=¢, 0<n<l,

where ‘D7 denotes the Caputo fractional derivative of order ¢, I" the Riemann-Liouville
fractional integral of order y, f is a given continuous function, and 4, b, c are real constants
with an*” # —bI'(B + 2).

We remark that when a; = b; = 1, ¢; = 0 and n — 0, problem (3) reduces to the anti-
periodic fractional boundary value problem (1) (cf [8]).

The paper is organized as follows: in Section 2 we present the notations, definitions and
give some preliminary results that we need in the sequel, Sections 3 and 4 are dedicated
to the existence results of problems (4) and (5), respectively, in the final Section 5, two

examples are given to illustrate the results.

2 Preliminaries
Definition 2.1 [17] The Riemann-Liouville fractional integral of order g for a continuous
function f : [0,00) — R is defined as

[qf(t)zL t&

ds, 0,
I Jo t-s-a™ 17

provided the integral exists.
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Definition 2.2 [17] For (n — 1) times absolutely continuous function f : [0,00) — R, the
Caputo derivative of fractional order ¢ is defined as

1

‘DIf(t) = T a)

t
/ (t—s)"’q’lf(”)(s)ds, n-l<qg<mn=[q]+1,
0

where [g] denotes the integer part of the real number g.

Lemma 2.1 [12] Let «a > 0, then the differential equation
‘D*h(t)=0

has solutions h(t) = c¢o + a1t + cot> + - - - + ¢y t" ' and
I%°D*h(t) = h(t) + co + 1t + Cot> + - -+ + ¢ "7,

herec;eR,i=0,1,2,..., u—-1,n=[a] +1.

The following are two standard fixed point theorems, which will be used in Sections 3
and 4 (see [26]).

Theorem 2.1 Let X be a Banach space, let B be a nonempty closed convex subset of X.
Suppose that F : B— B is a continuous compact map. Then F has a fixed point in B.

Theorem 2.2 (Nonlinear alternative for single-valued maps) Let X be a Banach space, let
B be a closed, convex subset of X, let U be an open subset of B and 0 € U. Suppose that
P:U — B is a continuous and compact map. Then either (a) P has a fixed point in U, or
(b) there exist an x € AU (the boundary of U) and ) € (0,1) with x = AP(x).

3 Existence results for problem (4)
Lemma 3.1 Foranyy € C([0, T],R), the unique solution of the three-point boundary value
problem

D*x(t) =y(t), tel0,T],l<a <2,
a1x(0) + b1x(T) = ¢1, 6)
ay(°DYx(n)) + by (‘DY x(T))=¢c3, 0<n<T,0<y <1,

is given by
t a-1 T a-1
(t—s) b (T -s)
t) = —_— ds — d
w0 = [ s 2 [Ty ds
LG hITR2-y)—(a+b)T(2-y)t
a + b (ar + b1)(aan'Y + by T7)

n _ oa-y-1 T _ oa—y-1
X <a2/o %y(s)ds+b2/0 %y(s)ds—cz)
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Proof For 1 <« <2, by Lemma 2.1, we know that the general solution of the equation
¢D*x(t) = y(t) can be written as
" t (t _ S)a—l
x(t) =1%(t) —ko — kit = | ———y(s)ds—ko — kut, (7)
o Tla)

where kg, k; € R are arbitrary constants. Since ‘D"ky = 0, D"t = ‘DVI"‘y(t)

177 y(¢t), we have

1- t o-y-1 1-
DY alt) = I y() - L _fo Co9™T s - 2

re-y) Jo Ta-y) """ Ta-y

Using the boundary conditions, we obtain

T _ -l
ay(—ko) + by (/0 %y(s) ds—ko — ki T) =q,

(s (T )27 ki(aan'™ + by T')
a2/0 7”0[_)/) y(s)ds+b2/ 7”“_)/) y(s)ds — r2_y) =y,

Therefore, we have

X b /T(T— )t s)d a hTTr2-y)

= s)ds — -

Ca+b e T@ ° a+b (a1 +b)an 7 + b T17)
T(n-s) / (T s) )
—_ ds+b _— ds — ,

x(agfo T —7) y(s)ds + by @) y(s)ds — ¢,
. re-y) azfo ) (s)ds+bzf0 Tsaayy)l (s)ds —c2)
1= ﬂgnl 1/+b2T1 v ’

Substituting the values of kg, k; in (7), we obtain the result. This completes the proof. [

ayl

y(s) ds—

From the proof of Lemma 3.1, we note that when 0 < y < 1,°D”x(n fo

k' thatis to say, the non-separateness feature in (4) is more expressed than those in (1).

re- )’
LetJ =[0,T] and C = C(J, R) be the Banach space of all continuous real functions from

J into R equipped with the norm ||x|| = sup,; [x()|. In view of Lemma 3.1, we define an

operator F : C — C as follows

(Fx)(2)
:Atggégif@xu> m+b1/"Tijl (5,5(5)) ds
ST e e CY AT B
+by /OT %f(s,x(s)) ds—c2> " alc:bl.

Note that problem (4) has solutions if and only if the operator Fx has fixed points. We
denote by Fx = Fix + Fox, where

)0{—1

(Fin)(t) = /0 %f(s,x(s))ds, (Fox)(8) =~k — K.
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Here the constants & and &7 are given by

_ ]91 /T (T—S)ailf( ())d 1 blTF(Z—V)
Carb )y T TV ET e T (@t b + by T)

n _ )a-y-1 T _ ya-y-1

x (“2 /0 %f(&x@)) ds + bz/(; %f(s,x(s)) ds — c2>,

Q- y)aa [y ST f(s,x(5) s + by fy) L2 f (s, x(s)) dis — c2)
dznl_y + h2 T~y ’

K =

Now, we are in a position to present our main results.

Theorem 3.1 Suppose that f :] x R — R is continuous and satisfies

[f (&%) = f(t,)| < m(£)|x -y

forte], x,y e R, and me L*(,R*). If

U+ V)<1+ b1l )<1, (8)

lax + b
then problem (4) has a unique solution, where

_ Tlm| Ve m|| T2 = y)(Tn* 7 |ay| + TV *!|by|)
M(e+1) Tl =y + Dlasnr + by T |

, u

llm| = sup|m(t)
te]

Proof Denote N (x,y) = f(s,x(s)) — f(s,y(s)). For any x,y € C and each ¢ € J, we have
(t—s)”
')

t _ -1
snmnnx—ynfo (tr(so)l) ds

t -1
|(F)(®) - (Fi)®)] < /0 N (y)] ds

<Ulx-yl,
|(Fax)(6) - (Fay)(®)| < T|k = K| + | k& = K3

TT(2 - y)las| /” (n—s)> 7t
Tk -k < ,y) d.
=Rl s |y, Ty Ve
TT(2 - y)|by| fT(T—s)a-V-1
,y) d.
a7 b,y Ta—gy N
I Tre-plasl I TTR =l
= a7 v 0,7 N g vy Y
= Vix-yl,
b T(T—S)a_l
K-k < / ,y) d.
|k —ko| < aibll)y T N(x,y)ds

|biay | TT (2 - y)
lay + bil|aan'™ + by TV |

"(n—s) vt
, ) d.
|} Ty Ve



http://www.advancesindifferenceequations.com/content/2013/1/257

Fu Advances in Difference Equations 2013, 2013:257
http://www.advancesindifferenceequations.com/content/2013/1/257

T (T _ S)oz—y—l
[ -y)

|b1by|TT(2 - y)
lay + bi||aan'™ + by TV |

<( U|b| s Vb >|Ix—y||
T \lar+ b1 ai+ b '

Therefore, we have

N(x,y)ds

b
H(H)(t)—(fy)(t)us(uw)(l - el |)n x—yl.

This together with (8) implies that F is a contraction mapping. The contraction mapping
principle yields that F has a unique fixed point, which is the unique solution of prob-
lem (4). This completes the proof. O

Corollary 3.1 Suppose that f : ] x R — R is continuous and satisfies

[f(t,x) - f(t,)| < Llx -yl

forte], x,y €R,and L > 0. Then problem (4) has a unique solution, provided

T°L LT 2= y)(Tn* 7 |as| + T* 7+ by]) 12
+ 1+ <1
Mo +1) T(a—y +1]antv + by T-7| |ay + by

Theorem 3.2 Letf:] x R — R be a continuous function. Assume that
[f(t,%)| < m(t) +d|x|”

foreachte],x e R,me L®(J,R"),d > 0and 0 < p < 1. Then problem (4) has at least one

solution.

Proof Let B, = {x € C: ||x(t)| <rand¢ €]}, M = ||m| +dr®, where

r > max{2K, (2Ld) ™7 },
o (14 Bl \(TUml | TImIT@ =)0 as] + T b))
|ay + by Mo +1) T(a—y +1)|ant7 + by T7|
TT'(2-y)lc] bic;TT(2-y) _a
lasn™ + b TV |(a1 + b)(aan*™ + b, TYY)  ay+by |

1-(1+ b1 I +TF(Z—V)(n“‘VIazI+T“‘V|bzl)
lai+b1| J\T(a+1)  T(a—-y+1Dlantr +b,Tv| )

Observe that B, is a closed, bounded convex subset of the Banach space C.

Firstly, we prove that F : B, — B,. For any x € B,, we have

_g)1 T«
(71t }_/ (tr(so)z) ©) +dx(9)]") ds < F(aﬁ/ll)’
TT(2 - y)lcl TT(2 - y)la [y (n —)*7 7Y (s, %(s)) ds|

T\k| <
il = laan'=Y + by T | Mo - V)lﬂznl Y+ by TV

Page 6 of 15
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TT(2 - )by [y (T —5)*7 " f (s, %(s)) ds|
o — y)laan'™ + by T |
TT' (2 -y)lcl TMIQ2-y)n*|az| + T*77 b))
+
T |aantY + by T | C(a—y +1]antv + byT7|

’

T (2 -
’/(3’5 bicy ( )’) _ (4]
(a1 + b1)(aan'" + by TYY)  ay+ by
b (T —s)*! TT(2 - y)lb1l
. d
larnh  T@ ) S e 6T

+

)

(-5
ﬂg/(; Wf(s,x(s)) ds

“
blCzTF(Z - )/) C1
(a1 + b1)(aant" + by TYY)  ay+ by
TMT2—y)|bi|(n*7 az| + T*77|bs|)
D(a -y + D@+ b)(an7 + by TV7)|

T (T _ s)oz—y—l
bQ/O\ Wf(s,x(s)) ds

A T M|b,|
F(C( + 1)|611 + b1|

Hence, we have

12 T*|m|  T|m|T(2-y)5* 7 |az| + T |by])
IFxl < {1+ +
|ay + by Mo +1) Dl —y + 1)]aynt=7 + by T-7|
TT(2-y)lcl b1 TT(2-y) o]

laan'=7 + by TV | | (a1 + by)(aan'™ + by TY)  ay + by

|b1] I TTQ2-y)n* 7 |az] + T*77|ba|)
+dr’(1+ +
|a1 + b1 IMNa+1l) T(a—-y+1)an'? +byT17|
§K+dr”L§£+£=r.
2 2

This implies that F : B, — B,.
Secondly, we prove that F maps bounded sets into equicontinuous sets. Let B be any
bounded set of C. Notice that f is continuous on J, therefore, without loss of generality,

we can assume that there is an N such that

f(t.x0)[ =N

for any ¢ € J and x € B. Now, we let 0 <¢; < ¢, < T. Then for each x € B, we have

[(Fix)(82) — (Fix)(81) |

5] (tz _ S)Ot—l _ (tl _ S)a—l t (t2 B S)a—l
< /0 @) f (s,%(s)) ds| + /ﬁ Wf(s’x(s)) ds
N(ta—t)* N + (0 —t)" —t5) _ 2Nt - t)"

Ta+1) T@+1) = T+l
and
[(Fax)(t2) — (Fox)(t1)|

< |k |t - 1)

- 2 -y)Nn*7as| + NT*7|by| + T'(a — y + Do) (2 — 1)
- Do =y + Dlagnt + by TV | ’
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Hence, we have
[(Fx)(t2) - (Fx)(@)|| > 0 ast — &,

and the limit is independent of x € B. Therefore, the operator F : B, — B, is equicontin-
uous and uniformly bounded. The Arzela-Ascoli theorem implies that F(B,) is relatively
compact in C. By Theorem 2.1, we know that problem (4) has at least one solution. The
proof is completed. O

Corollary 3.2 Assume that |f(t,x)| < v(¢) fort € J,x € Rwithv € C(J,R"). Then problem
(4) has at least one solution.

Theorem 3.3 Letf:] x R — R be a continuous function. Assume that
(1) there exists a function m € L*°(J,R*) and a non-decreasing function
@ :[0,00) = [0, 00) such that

[f(t,x)| < m@)ep(Ilxl),

wherete ], x € R;
(2) there exists a constant K > 0 such that

K
—_—>1,
R+ ¢o(K)Q
where
_ IT(2-y)lcl a by TT(2-y)
laxn™Y + by T | |ay+ by (a1 + by)(@an" + by T) |
Q- T|m|  TTQ-y)lml(azin*™ + |by|T7)

+
Mo +1) C(a—y +1)|asnt=r + by T-7|

lmll|b1| ( TT(2 - y)(|lazn™™ + |by| T*7) s T
la1 + b1 \ T =y + D|asn*7 + by, 77|  T(a+1))

Then problem (4) has at least one solution.

Proof Firstly, we prove that 7 maps bounded sets into bounded sets in C. Let B be a
bounded subset of C and ||x|| < r for any x € B. As in the proof of Theorem 3.2, we have

(t=s)*! T¢|mll¢(r)
mo) = [} S stoma]as< S

|(]-'2x)(t)| < T|/<f| +
TT (2 - y)mllo(r)(|az|n'™ + |by| T'Y) , T2yl
(o —y +Dlaynt™ + by TV | lasn'=r + by T-7|’
lmllor) bl (TT2 - y)laz|n*™ + |by| T) N I
|ay + b1 C(a—y +1)|asnt~r +byTVv|  T(a+1)

L@ by TT(2-y)
ar+by (a1 +b) (a7 + b TV7) |

Tlk| <

k5] <
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Hence,
IFxll <R+ o(r)Q.

Secondly, we claim that F is equicontinuous. The proof of this claim is the same as the
one in the proof of Theorem 3.2.
Finally, we let x = A Fx for some A € (0,1). Then for each ¢ € J, we have

x| = |AFxl < R+ ¢(ll«l) Q.

This implies that

.
R+o(lxNQ ~

According to the assumptions, we know that there exists K such that K # ||x|. Let
o= {yeC: Iyl <I(}.

The operator F : O — C is continuous and completely continuous. Combining the choice
of O and Theorem 2.2, we can deduce that F has a fixed point in O, which is a solution of
problem (4). O

4 Existence results for problem (5)
Lemma 4.1 Foranyy € C([0,1],R), the unique solution of the three-point boundary value

problem
D(t) =y(t), te[0,1],1<a <2, ©)
x(0) =0, al”x(n) +bx(1)=¢, 0<n<l,
is given by
t(f_ gl (c-b _Sa y(s) ds)
x(t) = / ( . (S)) ¥(5)ds + - f;w
0 C(y+2) b
a+ 1
) ta [ (0= Myy) ¥(s) ds
anlty
l"(ny+2) b

Proof For 1 <« <2 and some constants ¢y, c; € R, the general solution of the equation
¢D*x(t) = y(t) can be written as

x(8) = I°y(£) + ¢ + c1t. (10)

From x(0) = 0, it follows that ¢y = 0. Using the integral boundary conditions of (9), we
obtain

an wr ot ~
<m >c1+a1 Vy +b/ F() ——y(s)ds=c.
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Therefore, we have

- Yot -1
c— bfl 1= S)a y(s)ds — ozfo MVV y(s)ds
a= anlﬂ/
T(y+2) b
Substituting the values of ¢y, ¢;, we obtain the result. This completes the proof. O

Define the space X = {x : x and “DPx e C([0,1],R),0 < 8 < 1} endowed with the norm
%1+ = maxc(o,) [#(£)| + max,e[o1) [*DPx(¢)|. Obviously, (X, | - ||+) is a Banach space. In order
to obtain the existence results of problem (5), by Lemma 4.1, we define an operator S : X —
X as follows

Lt —s)*! te-b [y S5 (Nx)() s)
(Sx)() = / = () ds + o o
I'(a) a’’ L p
C(y+2)
ta f; =T (N (s) ds
anl+y 4
I‘(ny+2) b
where
(Nx)(8) = f (£, %(2), “DP x(2)).
Since f is continuous, it is easy to see that
(D)) = (1= Na) (1) -
‘DPSx)(t) = (IPNx)(t) - ——,
)0 =( re-p)
here k is a constant given by
‘e bfl 1= S)a ](Nx)(s) ds + afo ::yy) - (Nx)(s)ds — ¢
anl+y ‘
F(ﬂy+2) b

Theorem 4.1 Letf:[0,1] x R x R — R be a continuous function satisfying that

f (t,x1,31) = f (6,52, 72)| < m(2) (|1 — x| + |31 — y21)

forte[0,1],x;,y; €R,i=1,2and m(t) € Lt ([0,1],R*), T € (0, —1). Then problem (5) has
a unique solution provided that A + A <1, where A, A are given by

il 16| Imlllaln™ " (G5
A= 1+ 1+y +
|+ b

I'(e) f T+ )| &0 + bl
ol (1B (1T a1\
_F(2—5)<F(0l)(a—r> +F(a+y)<a+y—r) )

1-7_\1-t
a-B-1

"TTa-p

[l

Page 10 of 15
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Proof Letx,y € X and ||m| = (fo1 |m(s)|% ds)®. Then for each t € [0,1], we have

a-1
(SH)(0) - &z\<[“) |(Nx)(s) = NO)S)| ds

|b|fO )% (Nx)(s) = N(y)(s)| ds

1+y
rmn?;m+b

N la| [y (n — )" 7 (Nx)(s) = N(y)(s)| ds

Te+y)I 2L + bl

m(s)|lx — yll« ds +

I(e) I (@) 2L + bl

</%n@*l 161 fy (L= 5)*2m(s) lx = yl|. ds
~Jo
 Jal g =9 m(s) |x — yll ds

C(a +y) li";/é) + b

By the Holder inequality, we have
|(Sx2)(0) - (Sy)@)]

1-t mlllaln®tv-" 1-t_\1-7
5 { [l (12) <1+ b] >+ | mll|aln (W -) }”x_y”*
bl

1+y +y
') s To+y)| 2 rw +b)

= Allx =yl
Similarly, we have

|(‘DPSx)(t) - (‘D' Sy)(t)|

bl (1l (1-T\T el 1ot \T
F@—ﬁ)(rm)(a—r> +1Xa+y)(a+y_t) )Hx—ﬂh
Il () =
F@—p)
~ Allx -]l

From the inequalities above, we can deduce that
|(Sx)@) - (SN©)], < (A + A)llx =]
By the contraction principle, we know that problem (5) has a unique solution. g

Theorem 4.2 Assume that

(1) there exist two non-decreasing functions py, pz : [0,00) — [0,00) and a function
m e L7 ([0,1],R*) with T € (0, — 1) such that

f(t.%,9)| < m(&)(or(1x1) + £2(Iy1))

forte[0,1] and x,y € R;


http://www.advancesindifferenceequations.com/content/2013/1/257

Fu Advances in Difference Equations 2013, 2013:257 Page 12 of 15
http://www.advancesindifferenceequations.com/content/2013/1/257

(2) there exists a constant Z > 0 such that

Z
—AQTED) 4 ||| W (p1(2) + p2(2))

re-p) & )

>1,

where ||m|| = (fo1 |m(s)|% ds)® and

1 ( |b| b )(1-1)1"
= 1+ 1+ 1+
P\ 2 b re-pl ey b\

C(y+2)

la|n®" (1+ 1 >( 1-7 )“
Pla+ ) +bl\ T@=F)/\ary -7

1 ( 1-1 )1‘1
+ .
MNe-B)\a-B-1

Then problem (5) has at least one solution on [0,1].

Proof The proof consists of the following steps.
Firstly, we show that the operator S : X — X maps bounded sets into bounded sets. Let

»={x € X:|x|l« <r}beabounded set in X. Then for each x € B,, we have

(el + 151 fy S22 | (Nx) ) ds)

E(t -
|Sx| 5/ |(N )(s) |ds+ - w"‘
0 F( ) F(ny+2) b|
Ll S O | (N s) s
a 1+y
F(r]y+2) b|
SM/(H)M o)ds + 1Jc|
F( ) |]f’7 4 |
(y+2
Yo+ -1
, n0)+ o) (Ial 3 S m(s) ds + || fy S5 m(s) ds)
anlty b| .
I(y+2)

By using the Holder inequality, we have

||m||(p1<r>+p2(r)>(;—;>l-f(1 b ) 1l
' b))

F(a) anlﬂ/ ﬂnhy |
L(y+2) F(y+2

|6l|||m||77°”y r(/01(f)+,02(r))( 1-1 )1"
(oz+y)|‘"’y+b| a+y -t

[Sx| <

Similarly, we can obtain that

(D))

k|

o—p
< |(I Nx)(t)| + r2-p)
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<||m||(/>1('")+/>2(’"))( 1-7 )1"+ |61l (pa(r) + p2(r)) (1—r>1"

INCE:) a-p-t (2~ AT (@) {2 + bl
, lallmiin- f(pl(r)+p2(r))< 1-7 )1‘T+ lc| '
FQ- BT (a+y)| il +bI\C+Y =T F2-B)I AL +b
Therefore, we have
[(S0®],
_ Imllen() + o2 ()G ( |b| |b| )
— 1+ 1+y a 1+y
C) |r“(;+2)+b| L2 - B +bl
||m||(p1(r)+p2(r))( 1-7 )“ lc] ( 1 )
+ + o 1+
[(a - B) a-p-t @ v\ T2 p)

IaWMHW”’WmUO+mUD(1 1 >< 1-7 )Pi

+
e+ y)| 420 + bl F@2-p))\a+y-z

That is to say, we have

|cl1+T(2-B))

[(s0@], < o
rQ- gl

+ lml W (p1(r) + pa(r)).

Secondly, by a discussion similar to that of Theorem 3.2, we can get

|(Sx)(12) - (Sx)(t1)| — O,
|(*DPSx)(t:) - (‘DPSx)(8)(1)]| — 0

as t; — 1. This implies that
||(Sx)(t2) - (Sx)(tl)”* — 0 ast, — 1.

Finally, we let x = ASx for A € (0,1). Then for each ¢ € [0,1], we have

el +T(2-8))

lll, = 1ASx]l, < W oy (1) + o2 (l1211.))-
F@2- ) + b
That is to say,
]l
TEATCIY o Wiy (1) + pa(lxll)
T@-B)| ey +b

By the assumptions and a discussion similar to the one in the proof of Theorem 3.3, we
can deduce that S has a fixed point in X. So the proof of this theorem is completed. [

5 Examples
In this section, we give two examples to illustrate the main results.
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Example 1 Consider the boundary value problem

1
—~
2]
=~
S}
|
w
A
~
®|
®
N
=
+
—-
]
—~~
o~
=~
W
A N
m
=
=

D3 x(t)

3x(0) + 1)

D=2,  Dix(})+Li(Dix(1) = -1

N[ =

1 1 1
,a1=3,b1=§,c1=2,a2=1,b2=g,czz—g,Tzland

=

Here a = %, y =
ftx) = (58 _3,5)6,,62(:) . %|x(f)|%.
Since
lrf(t)x)| =< |5t2 —3t| + %lxli,

letd = %, 0= i and m(t) = |5¢t* - 3t|. Thus, by Theorem 3.2, problem (11) has at least one

solution on [0,1].

Example 2 Consider the following fractional differential equation

3
end sy 0 o)l °DT (2)]
sz(t) T (5+6)% 1+|x(0)] + (4-+sin? x(£))2’ te [0’1]’

x(0)=0,  V2[[3x](3) +x(1) = 2.

Inthiscasea=32,8=2,y=2,4=42,b=1,c=2,7=1and

3
3 e~ |x| ‘Dix
t,x,°D4x) = + .
S ) G+0)21+ x| (4 +sin®x)?

Since

(65 DY2) £ (6Dy)| = 1 (1 31+ [ Dhx—Dhy)),

let T = -, we have

1
3
A+A~01831<1.

By Theorem 4.1, we know that problem (12) has at least one solution.
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