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Abstract

In the present paper, we deal with the existence of infinitely many homoclinic
solutions for the second-order self-adjoint discrete Hamiltonian system

Alp(mAuln - 1)] - Linu(n) + VW(n,u(n) =0,

where p(n) and L(n) are N x A real symmetric matrices for all n € Z, and p(n) is
always positive definite. Under the assumptions that L(n) is allowed to be
sign-changing and satisfies

lim inf (L(n)x,x) = oo,
|n|—+o0 |x|=1

W(n, x) is of indefinite sign and superquadratic as |x| — 400, we establish several
existence criteria to guarantee that the above system has infinitely many homoclinic
solutions.
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1 Introduction
Consider the second-order self-adjoint discrete Hamiltonian system

A[p(n)Au(n - 1)] — L(n)u(n) + VW(n, u(n)) =0, (1.1)

where n € Z, u € RV, Au(n) = u(n +1) — u(n) is the forward difference operator, p, L : 7 —
RNV>*N and W : Z x RN — R, W (n,x) is continuously differentiable in x for every # € Z.In
general, system (1.1) may be regarded as a discrete analogue of the following second-order

Hamiltonian system
[P (O] = LOu(t) + VW (t,u(t)) = 0. (12)

Moreover, system (1.1) has applications as is shown in the monographs [1, 2]. In the past 40
years, system (1.2) has been widely investigated, see [3—9] and references therein. System
(1.2) is the special form of the Emden-Fowler equation, appearing in the study of astro-
physics, gas dynamics, fluid mechanics, relativistic mechanics, nuclear physics and chem-
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ically reacting systems, and many well-known results concerning properties of solutions
of (1.2) are collected in [10].

As usual, we say that a solution u#(n) of system (1.1) is homoclinic (to 0) if u(n) — 0 as
n — Fo00. In addition, if u(#n) # 0, then u(n) is called a nontrivial homoclinic solution.

The existence and the multiplicity of homoclinic solutions of system (1.1) or its special
forms have been investigated by many authors. Papers [11-13] deal with the periodic case,
where p, L and W are N-periodic in #. If the periodicity is lost, the case is quite different
from the ones just described, because of lack of compactness of the Sobolev embedding.
In this case, either a coercivity condition on L are required to be satisfied, see [14—19], or
W (n,x) can be dominated by a summable function, see [5, 13]. In the above-mentioned pa-
pers, except [16], L was always required to be positive definite. Meanwhile, W was always
assumed to be superquadratic as x — 0 uniformly for n € Z, i.e.,

(W0) limy_o Winy _ uniformly for n € Z.

|x[2
In addition, W(n,x) is subquadratic as |x] — oo in [17, 20], while W(#n,x) is su-

perquadratic in [11-16, 18, 19, 21]. Moreover, in the superquadratic case, except [5],
the well-known global Ambrosetti-Rabinowitz superquadratic condition was always as-
sumed:

(AR) there exists p > 2 such that

0<uWn,x) < (VW(n,x),x), Y(n,x) € Z x RN \ {0},

where and in the sequel, (-,-) denotes the standard inner product in RV, and | - | is
the induced norm.

However, in mathematical physics, it is of frequent occurrence in a system like (1.1) that
the global positive definiteness of L(n) is not satisfied. This is seen, for example, L(n) =
[l,(n) — I_(n)]Inr, where [,(n) > 0, [,(n) — +00 as |n| — +00, and [_(n) is bounded, or
L(n) = l(n)Ly, [(n) is a polynomial of degree 2m with the property that the coefficient of
the leading term is positive.

In this paper, we are interested in the case when L(#) is not global positive definite and
satisfies the following assumption.

(L) L(n) isan N x N real symmetric matrix for all n € Z and the smallest eigenvalue of

L(n) = o0 as |n| — o0, ie.,

lim [inf (L(n)x, x)] = 00.
|n|—ooL|x|=1

Under assumption (L) above, we will use the symmetric mountain pass theorem to study
the existence of infinitely many homoclinic solutions for (1.1) in the case, where W satisfies
the following weaker assumptions than (W0) as x — 0 and (AR) as |x| — oo.

(W1) W(n,x) is continuously differentiable in x for every n € Z, W(n,0) = 0, and there

exist constants ¢g > 0 and Ry > 0 such that

|VW(n,x)| <colx|, VY(n,x)e€Z x RY, |x] < Ro; (1.3)

(W2) 1imy 0o X8I — o6 for all # € Z, and
|

W(n,x) >0, Y(nx)eZxRY, x| > Ro;
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(W3) W(n,—x) = W(nx), Vin,x) € Z x RV;
(W4) W(n,x):= %(V W(n,x),x) — W(n,x) > g(n), V(n,x) € Z x RV, where
lg| € I1(Z,R), and there exists ¢; > 0 such that

|W(n,x)| <alxPWnx), Y(mx)eZ xRN, |x| > R;
(W5) there exist u > 2 and o > 0 such that
uWin,x) < (VW(n,x),x) +olx®, VY(mx)eZ x RV,
(W6) there exists a u > 2 such that
uW(n,x) < (VW(n,x),x), Y(m,x) € Z x RV, |x| > Ro.
Now, we are ready to state the main results of this paper.

Theorem 1.1 Assume that p(n) is an N' x N real symmetric positive definite matrix for
all n € Z, L and W satisfy (L), (W1), (W2), (W3) and (W4). Then system (1.1) possesses
infinitely many nontrivial homoclinic solutions.

Theorem 1.2 Assume that p(n) is an N x N real symmetric positive definite matrix for
all n € Z, L and W satisfy (L), (W1), (W2), (W3) and (W5). Then system (1.1) possesses
infinitely many nontrivial homoclinic solutions.

It is easy to check that (W1) and (W6) imply (W5). Thus, we have the following corollary.

Corollary 1.3 Assume that p(n) is an N x N real symmetric positive definite matrix for
all n € Z, L and W satisfy (L), (W1), (W2), (W3) and (W6). Then system (1.1) possesses

infinitely many nontrivial homoclinic solutions.
Remark 1.4 In our theorems, L(n) is allowed to be sign-changing, for example,
L(n) = (n2 - IO)IN. (1.4)

Moreover, W (n,x) is also allowed to be sign-changing. Even if W (n,x) > 0, assumptions
(W2), (W4), (W5) and (W6) are weaker than the superquadratic conditions, obtained in
the aforementioned references. It is easy to check that the following functions W satisfy
(W1), (W2), (W3) and (W4) or (W6):

1
W(n,x) = (1 +sin® n)|x|21n<5 + |x|), (1.5)
W(n,x) = L)1) _ (1.6)
W(n,x) = [4|x|5 +2|x|3 sin |x| — 4|x|? cos |x|] 1.7)
1+n?

and

W(n,x) = a(m) ) bilxl”, (18)
i=1
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where b; >0, b; € R, i=2,3,...,m, p1 > B2 > > B >2,and 0 < infza < supya < co.
One can see that they do not satisfy (W0) or (AR).

2 Preliminaries
Throughout this section, we always assume that p(#) is real symmetric positive definite
matrix for all n € Z. Set

I(n)= inf (L(n)x, x), (2.1)

xRN Jx|=1

and make the following assumption on L(#) instead of (L):

(L") L(n)isan N x N real symmetric matrix for all # € Z, lim, « {(1) = 00, and
(L(n)x,x) > k%, V(%) €Z x RV.
Let
S={{un)},_, :uln) e RV ne 7},

E= {u eS: Z[(p(n +1)Au(n), Au(n)) + (L(n)u(n), u(n))] < +oo},

nez

and for u,v € E, let

(u,v) = > [(pln + D) Au(n), Av(n)) + (L(n)u(n), v(n))].

neZ
Then E is a Hilbert space with the inner product above, and the corresponding norm is
172
|zl = {Z[(p(n +1)Au(n), Au(n)) + (L(n)u(n), u(n))]} , uck.
nez
As usual, for 1 < g < +00, set
lq(Z,RN) = {u es: Z{u(n)|q < +oo}
nez

and

lw(Z,RN) = {u eS:sup|u(n)| < +oo},

nez
and their norms are defined by

1/
IIuIIq:<Z|u(n)|"> q, Vu e 11(2,RV);

nez

., Yuel®(Z,RY),

ll24]l oo = sup|u(n)
nez
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respectively. Evidently, E is continuously embedded into /4(Z, RV) for 2 < g < +o0, i.e.,

there exists y, > 0 such that
leelly < vllull, Vue. (2.2)
Lemma 2.1 (Lin and Tang [15]) For u € E, one has

lllloe < el (2.3)

1
M+ 4a
where o = inf{(p(n)x,x) : n € Z,x € RV, x| =1}.

Lemma 2.2 (Tang and Lin [17]) Suppose that L satisfies (L'). Then E is compactly embed-
ded in 11(Z, ]RN)for 2 < q<00,and

leellg < [1+ 40) > |7, VueE. (2.4)

Now, we define a functional ¢ on E by

D(u) = % > [t + D) Au(n), Aun) + (Linuln), u(m)] = > " W (m,u(n)). (2.5)

neZ ne’

For any u € E, there exists an N € N such that |u(n)| < R for |n| > N. Hence, by (W1), one
has

’W(n,u(n))| < %O|u(n) 2, |n| > N. (2.6)

Consequently, under assumptions (L') and (W1), the functional ® is of class C}(E, R).

Moreover,
D(u) = %Hu”2 - HGZZ W(n, u(n)), Vu€ck, (2.7)
(@' (u),v) = (u,v) - Z(VW(n,u(n)),v(n)), Yu,veE. (2.8)
nez

Furthermore, the critical points of ® in E are solutions of system (1.1) with u(£o00) = 0,
see [14, 16].

Lemma 2.3 Under assumptions (L), (W1), (W2) and (W4), any sequence {uy} C E satis-
Sying

Sw) > ¢>0, (D' (ug), ux) — 0, (2.9)
is bounded in E.

Proof To prove the boundedness of {u}, arguing by contradiction, suppose that ||| —
0o. Let vk = ur/||lukll. Then |lvll =1 and [|villy < v4llvill = v4 for 2 < g < 0o. Observe that
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for k large
c+1> ®(uy) - %(Q/(uk),uk) = XZ: W (1, ui(n)). (2.10)
ne
It follows from (2.7) and (2.9) that
% < lill(llsololp XEZ: W (2.11)
For0 <a<b,let
Qi(a,b) = {n €Zl:a< |uk(n)| < b}. (2.12)

Passing to a subsequence, we may assume that vx — v in E, then by Lemma 2.2, vy — v in
19(Z,RN), 2 < q < 00, and vx(n) — v(n) for all n € Z.

If v=0, then vy — 0 in l(Z, RN), 2 < g <00, vk(n) — 0 for all n € Z. Hence, it follows
from (W1) that

| W (n, ug(n))] 2 co . Co ,
2 W‘V 5 Z !Vk(n) = S vz > 0. (2.13)
neQ(0,Rg) O.R

By virtue of (W4) and (2.10), one can get that

|W (1, uz(m |W (1, ur(n))|
) PREIE UGS ()2
ne(Ro,00) neQ(Ro,00) k

<a| Y, W(n,uk(n))}ZIVk(n)lz
~neQ(Rg,00) nez

<cle+l- Z VNV(VI,Mk(I’l))]||Vk||§

- neQ(0,Rp)

<alc+l- > g(n)} lvill3

ne(0,Rp)

<a c+1+2‘g(n)’:|||vk||2—>0 (2.14)

nez

Combining (2.13) with (2.14), we have

Yo Wobwl)l g (W mm)l )2

2 2
=l peorory k0]

Z |W (1, ux(n))]

|t (1) |2 |k()|_)0

neQ(Ro,00)

which contradicts (2.11).
SetA:={neZ:|v(n)| #0}.1fv#0, then A # (). For any n € A, we have limy_, , o |ux(n)| =
00. Hence A C Qk(Ry, 00) for large k € N, and it follows from (2.7), (W1), (W2) and Fatou’s

Page 6 of 12
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lemma that

ct+o(l) . Duy)
0 = lim =
k—>oo [lug|?  k—oo [lugl?

. 1 W (n, u(n))
- Jim [ 3 S o

nez

. [1 W (n, ux(n)) 2 W (n, ux(n)) 2
= lim |:—— Z 72{1//((11)} - Z 72|vk(n)]

k—oo| 2 e OR0) |ur(n)] S R00) | (n)]

W(n,u
<11msup|: +—Z|Vk(}’l)| - Z W| vi(n )| ]
nez neQ(Ro,00) “

1 2 W (n,
< -+ cory —liminf Z 7(’1 () |vk(r1)|2

2 2 k— o0 |ux(n)]

neQy(Rp,00)

1 0)’2 |W (1, u(n))] 2
== inf

S+ imin Z PP [ X (Ror00) ()] | Vic ()|

1 coyy AW, up(n))] 2
=5+ 2 liminf P [ X Ro.00) ()] |vi(m)|
- oo, (2.15)

which is a contradiction. Thus {u;} is bounded in E. a

Lemma 2.4 Under assumptions (L), (W1), (W2) and (W4), any sequence {uy} C E satis-
fying (2.9) has a convergent subsequence in E.

Proof Lemma 2.3 implies that {u;} is bounded in E. Going if necessary to a subsequence,
we can assume that #; — u in E. By Lemma 2.2, uy — u in l1(Z, RN) for 2 < q < 00, and

ur(n) — u(n) for all n € Z. By (L), there exists an integer N € N such that

2 2
lu(m)|* < o 1 > Us)|uits)|” ‘Tw [l <Re, Il = N. (2.16)

Is|=|n|

It is easy to see that

Z ‘VW(n, uk(n)) - VW(n, u(n))Huk(n) - u(n)| — 0, k— +oo. (2.17)
[n|=N

Next, we prove that

Z \VW(V[, uk(n)) - VW(n, u(n)) \ |uk(n) - u(n)| —0, k— +o0. (2.18)
|n|>N

If (2.18) is not true, then there exist a constant g9 > 0 and a subsequence {u,} such that

Z \VW(n, uki(n)) - VW(n, u(n)) | |uki(n) - u(n)| >egy, VieN. (2.19)

|n|>N
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Since uy — u in 2(Z,RN), passing to a subsequence if necessary, it can be assumed that
30 Nk, — ull3 < +00. Set

o 1/2
w(n) = |:Z|Mk,v(”) - u(n)Iz} , nel. (2.20)
i=1

Then w € I>(Z,R). From (2.16), (2.20) and (W1), one has

|VW (1,11, () = VW (11, () | | sy, (1) — ()|
< (|9 W o0, 0)) | + |V W () ) (J (0] + )]
< co(Jug, (n)] + [u(m)])*
< 2¢o (Jus, () + | ) [)
< 8co (|ux, (1) — u(m)|* + u(m)|)
<8co([wm)]” + [u(m|’)

= h(n), VieN,|n>N (2.21)

and

Z h(n) = 8¢y Z ([w(rz)]2 + |u(n)|2)

|n|>N |n|>N

< 8co(lIwl3 + llull3) < +oo. (2.22)

Since uy,(n) — u(n) for all #n € Z, then by (2.21), (2.22) and Lebesgue’s dominated conver-
gence theorem, we have

ll_l)r(l)lo Z |VW/(n, U, (n)) - VW(n, u(n)) | |uki(n) - u(n)| =0,
|n|>N

which contradicts (2.19). Hence (2.18) holds. Combining (2.17) with (2.18), one has

Z|VW(n, uk(n)) - VW(n, u(n))Huk(n) - u(n)| — 0, n— oo. (2.23)

nez

Observe that

lloage = el = (D' (i) — D' (w), e — )

+ Z(V W(n, uk(n)) - VW(V[, u(n)), ur(n) — u(n)). (2.24)
nez
It is clear that
(@' (i) — D' (), e — 1) > 0, 1 — o0. (2.25)

From (2.23), (2.24) and (2.25), we have ||uy — u|| — 0, n — oo. O
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Lemma 2.5 Under assumptions (L), (W1) and (W5), any sequence {ui} C E satisfying
(2.9) has a convergent subsequence in E.

Proof First, we prove that {u;} is bounded in E. To this end, arguing by contradiction,
suppose that [Jug|| — oo. Let v = ur/||lukll. Then |lvill =1 and [[villy < vgllvell = vy for
2 <g <o00.By(2.7),(2.8), (2.9) and (W5), one has

c+1> O(uy) - %(q)/(”k)yuk)

nw—2 1
= loae* + Z[—(vw(n, (1)), ue(m) — W (m, uk<n))]
2lL nez w
-2
= P22 - L fell} forlarge k € N, (2.26)
2u iz
which implies
2
1< —2 limsup [|vll2. 2.27)
-2 k— 00

Passing to a subsequence, we may assume that vx — v in E, then by Lemma 2.1, vx —
vin M(Z,RN), 2 < q < 00, and vx(n) — v(n) for all n € Z. Hence, it follows from (2.27)
that v # 0. Analogous to the proof of (2.15), we can deduce a contradiction. Thus, {u} is
bounded in E. The rest of the proof is the same as the one in Lemma 2.4. O

Lemma 2.6 Under assumptions (L"), (W1) and (W2), for any finite-dimensional subspace
E C E, there holds

®(u) > —00, |ul - oco,uek. (2.28)

Proof Arguing indirectly, assume that for some sequence {u;} C E with ||u;|| — oo, and
thereis M, > 0 such that ®(uy) > —M, forall k € N. Set vy = uy/||uk||, then ||v¢|| = 1. Passing
to a subsequence, we may assume that vy — vin E. Since E is finite-dimensional, then v; —
ve EinE, vi(n) — v(n) forall n € Z, and so ||v|| = 1. Hence, we can deduce a contradiction
in the same way as (2.15). 0

Corollary 2.7 Under assumptions (L), (W1) and (W2), for any finite-dimensional sub-
space E CE, thereis R = R(E) > 0 such that

du) <0, VYuek|u| >R (2.29)

Let {e;} is an orthonomormal basis of E and define X; = Re;,

k 0
Ye=Px, z=EPx, keN (2.30)
j=1 j=k+1

Lemma 2.8 Under assumption (L), for 2 < g < 0o,

Bil@):= sup lull;—>0, k—oo. (2.31)
ueZy,|lul=1
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Proof Since the embedding from E into 4(Z,RY) is compact for 2 < g < oo, then

Lemma 2.8 can be proved in a similar way as [22, Lemma 3.8]. O

Applying Lemma 2.8, we can choose an integer m > 1 such that
2 1 2
el < —llull”, Yu€Z,. (2.32)
2C()

Lemma 2.9 Under assumptions (') and (W1), there exist constants p,a > 0 such that
®|38,nz, = .

Proof If ||u|| = Ry, then ||u||s < Ro. Hence, it follows from (W1) that

2

W um) | < 2

u(n)|”, VYuekE,|u| =Ro. (2.33)

By (2.7), (2.32) and (2.33), we have

@0 = 3l = Y W () = 2l = 2 3 utn)

nez nez

1 2 Co )1 2
= —lull* - =|ul; > =«
2|| I 5 flull; > 4|| I

1
= (Ro=a VU Zy, |ull=Ro:=p. 0

We say that I € C(X,R) satisfies (C).-condition if any sequence {1} such that
I(u) = ¢, |7 @) || (1 + llacll) = 0 (2.34)
has a convergent subsequence.

Lemma 2.10 (Bartolo, Benci and Fortunato [23]) Let X be an infinite-dimensional Banach
space, X =Y @ Z, where Y is finite-dimensional. If I € C*(X,R) satisfies (C).-condition for
all ¢ >0, and
(1) 1(0) = 0, I(~u) = I(u) for all u € X;
(12) there exist constants p,a > 0 such that ®|yp,nz > o;
(I3) for any finite-dimensional subspace X C X, there is R = R(X) > 0 such that I(u) <0
on X \ Bg;

then I possesses an unbounded sequence of critical values.

3 Proofs of the main results

By (L), there exists a constant ao > 0 such that
(L) +2a0In)x,x) = |x>,  V(n,x) € Z x RV, (3.1)

Let L(n) := L(n) + 2aoly and W (n,x) = W(n,x) + ao|x|>. Then it is easy to verify the fol-

lowing lemma.
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Lemma 3.1 u € S is a solution of system (1.1) if and only if it is a solution of the following

system
A[p(n)Au(n - 1)] —L(n)un) + VW(n, u(n)) =0. (3.2)

Proof of Theorem 1.1 Let X = E, Y = Y,,, and let Z = Z,,. Obviously, W satisfies (W1),
(W2), (W3) and (W4). By Lemmas 2.3, 2.4, 2.9 and Corollary 2.7, all conditions of
Lemma 2.10 are satisfied. Thus, system (3.2) possesses infinitely many nontrivial solutions.
By Lemma 3.1, system (1.1) also possesses infinitely many nontrivial solutions. d

Proof of Theorem 1.2 Let X = E, Y = Y,,, and let Z = Z,,. Obviously, W satisfies (W1),
(W2), (W3) and (W5). The rest of the proof is the same as that of Theorem 1.1 by using
Lemma 2.5 instead of Lemmas 2.3 and 2.4. O
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