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Abstract

In this paper, we consider p-Laplacian multipoint boundary value problems on time
scales. By using a generalization of the Leggett-Williams fixed point theorem due to
Bai and Ge, we prove that a boundary value problem has at least three positive
solutions. Moreover, we study existence of positive solutions of a multipoint boundary
value problem for an increasing homeomorphism and homomorphism on time
scales. By using fixed point index theory, sufficient conditions for the existence of at
least two positive solutions are provided. Examples are given to illustrate the results.
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1 Introduction
The theory of dynamic equation on time scales (or measure chains) was initiated by Stefan
Hilger in his PhD thesis in 1988 [1] (supervised by Bernd Aulbach) as a means of unify-
ing structure for the study of differential equations in the continuous case and study of
finite difference equations in the discrete case. In recent years, it has gained a consider-
able amount of interest and attracted the attention of many researchers, see, for example,
[2-13]. It is still a new area, and the research in this area is rapidly growing. The study of
time scales has led to several important applications, e.g., in the study of insect population
models, heat transfer, neural networks, phytoremediation of metals, wound healing, and
epidemic models.

p-Laplacian equations for boundary value problems (BVPs) with nonlinearity depend-
ing on the first order derivative have been studied extensively, see [14—20] and references
therein. However, there are few papers concerning p-Laplacian equations with nonlinear-
ity depending on the first order derivative for BVPs on time scales, see [5, 7].

In this paper, we study the following three boundary value problems on time scales.

(1) We are interested in the existence of at least three positive solutions to the following
p-Laplacian multipoint BVP on time scales

(6 (u*®))" +q()f (£ u(t),u* (1) =0, te (0, D), (11)
n-2 n=2

w0) =Y o), G (D) =) Bihy(u(&)), (12)
i=1 i=1
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where ¢,(u) is a p-Laplacian operator, i.e., ¢,(«) = |u["~u, for p > 1, with (¢,) = ¢, and
}7 + é = 1. The usual notation and terminology for time scales as can be found in [21, 22],
will be used here. The interesting point is that the nonlinear term f is involved with the
first order derivative explicitly and the main tool is a fixed point theorem due to Bai and
Ge. The results are even new for the special cases of difference equations and differential
equations, as well as in the general time scale setting.

The present work is motivated by the recent papers [5,15]. In [15], Yang and Xiao studied
the existence of multiple positive solutions for ¢-Laplacian multipoint BVPs

(¥ ®)) +q@)f (20, %) =0, te(0,1),

n-2
x(0) =Y aix(&),  $ED) =) L)),
i=1 i

where ¢(-) is an odd and increasing homeomorphism, &; € (0,1) with 0 <& <& <--- <
&,2 <1, o; and B; are nonnegative constants and f(¢,x(¢), x'(¢)) is continuous and allowed
to change sign.

(2) We consider the existence of at least three positive solutions to the following
p-Laplacian multipoint boundary value problem (BVP) on time scales

(8, (u2@®))" +a@)f (£, u(e), u(©) =0, te(0,T)r, (1.3)

m-2
Z al¢p Ez M(T) = Z biu(éi): (14)

where ¢,(u) is p-Laplacian operator, i.e., ¢, () = |u|P~2u, for p > 1, with (qbp)’1 = ¢4 and
1/p+1/g=1.

Recently, much attention has been focused on the study of multipoint positive solutions
of BVPs on time scales. When the nonlinear term f does not depend on the first order
derivative, many researchers study multipoint boundary conditions on time scales, see
[11, 12, 23-26]. However, little work has been done on the existence of positive solutions
for multipoint BVP on time scales when the nonlinear term is involved in the first order
derivative explicitly, see [5].

In recent papers, the authors in [6, 24] have investigated the existence of positive solu-
tions of the following BVP on time scales:

((u>®)" +a)f (tu@) =0, telo,T],

m-2
(u*(0)) = Zm w(T) =y bu(),

i=1

where ¢ : R — R is an increasing homeomorphism and a homomorphism and ¢(0) = 0

and
()" +a@)f (tu@®) =0, te(0,T),

m-2 m-2
w0) =Y am(&), P (D) =) bip(u(&)),
i=1 i=1
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where ¢ : R — R is an increasing homeomorphism and a positive homomorphism and
¢(0) = 0.
All the above-mentioned works about positive solutions were done under the assump-

A js not involved

tion that f is allowed to depend just on u, while the first order derivative u
explicitly in the nonlinear term f.

Motivated by all the works above, our main results will depend on an application of a
generalization of the Leggett-Williams fixed point theorem due to Bai and Ge. Here, the
emphasis is that the nonlinear term is involved explicitly with the first order derivative.
We shall prove that the BVP (1.3) and (1.4) has at least three positive solutions.

(3) We will be concerned with proving the existence of positive solutions to the boundary

value problem on time scale T given by

@2 ®))" +q@)f (tu@®) =0, te(0,T)r, (15)
m-2
¢("(0) =0,  wT)=) au), (1.6)

i=1

where ¢ : R — R is an increasing homeomorphism and a homomorphism and ¢(0) = 0.

A projection ¢ : R — R is called an increasing homeomorphism and a homomorphism
if the following conditions are satisfied:

(i) ifx <y, then ¢p(x) < P(y), Vx,y € R;
(i) ¢ is a continuous bijection and its inverse mapping is also continuous;

(i) $(xy) = p@PY), Y,y € R.

In recent years, much attention has been paid to the existence of positive solutions
for nonlinear boundary value problems on time scales, see [11-13, 26-29] and the ref-
erence therein. On the other hand, multipoint nonlinear boundary value problems with
p-Laplacian operators on time scales have also been studied extensively in the literature
[26,30-33]. However, to the best of our knowledge, there are few works on the increasing
homeomorphism and homomorphism on time scales [34].

Su et al. [26] considered the following m-point singular p-Laplacian boundary value
problem on time scales of the form

[0, (u2®)]" +q)f (£, u(2)) =0, £€(0,T)r,

m-2 m=2
w(0) =Y (&),  u(T)-) vi(u&)) =0,
i=1 i=1

where ¢, («) = |u|P~?u, for p > 1. ¥; : R — R is continuous and nondecreasing 0 < & < & <
-+ < &y_o < p(T). By using the well-known Schauder fixed point theorem and upper and
lower solution method, they obtained some new existence criteria for positive solutions
of the boundary value problem.

In [34], Liang and Zhang studied the existence of positive solutions of boundary value

problems on time scales:

[(,o(uA(t))]v +a@)f (u(®)) =0, tel0,T]r,

[
e

m-2
w0) =Y (),  ur(T)
i=1
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where ¢ : R — R is an increasing homeomorphism and a positive homomorphism and
¢(0) = 0. They obtained the countably many positive solutions by using a fixed point index
theory and fixed point theorem.

This work is motivated by recent papers [26, 34]. Existence of at least two positive solu-
tions to BVP (1.5) and (1.6) are established by means of fixed point index theory. We also
point out that when T = R, p = 2, (1.5) and (1.6) becomes a boundary value problem of dif-
ferential equations and is just the problem considered in [35]. Our main results improve
and extend the main results of [35, 36].

2 Preliminaries

In this section, we provide some background materials from the theory of cones in Banach
spaces. The following definitions can be found in the book by Deimling [37], as well as in
the book by Guo and Lakshmikantham [38].

Definition 2.1 Let E be a real Banach space. A nonempty, closed, convex set P C E is a
cone if it satisfies the following two conditions:

(i) € P, A >0 imply that Ax € P;

(ii) x € P, —x € P imply that x = 0.
Every cone P C E induces an ordering in E given by x < y ifand only if y — x € P.

Definition 2.2 A map v is said to be a nonnegative continuous concave functional on a
cone P of a real Banach space E if ¥ : P — [0, 00) is continuous and

Y (tx+ 1-t)y) =ty (%) + A - )Y ()

forallx,y e Pand t € [0,1].
Similarly, we say the map « is a nonnegative continuous convex functional on a cone P
of a real Banach space E if o : P — [0, 00) is continuous and

ot(tx +(1- t)y) <ta(x)+(1-a®)

forallx,y e Pand t € [0,1].
Let ¢ be a nonnegative continuous concave functional on P, and & and 8 be nonnegative
continuous convex functionals on P.

For nonnegative real numbers r, a and /, we define the following convex sets

P=(a,r;8,0) = {u eP:a(u)<r,B(u) <l},
P=(a,r;B,0)={ueP:aw) <rpu) <},
P=(a,1r;8,¥,a) = {u eP:au)<r,Bu) <l y(u) >a},
P=(a,rB,Ly,a)={ueP:a()<rpu) <Ly =al.

To prove our main results, we need the following fixed point theorem, which comes
from Bai and Ge in [14].

Lemma 2.1 [14] Let P be a cone in a real Banach space E. Assume that constantsry, b, d, r,
l and Iy satisfy 0 <ry <b<d <ryand 0 <l <. Ifthere exist two nonnegative continuous
convex functionals « and  on P and a nonnegative continuous concave functional  on P
such that


http://www.advancesindifferenceequations.com/content/2013/1/238

Dogan Advances in Difference Equations 2013, 2013:238 Page 5 of 23
http://www.advancesindifferenceequations.com/content/2013/1/238

(A1) there exists M > 0 such that ||lu| < M max{a(u), 8(u)} for all u € P;
(A2) P(a,r; B,0) # 9 foranyr >0 and > 0;
(A3) ¥ (u) < a(u) for all u € P(a, ry; B, b);
and if F : P(at, ry; B, 1) — (at, 793 B, 1) is completely continuous operator, which satisfies
(B1) {u € P(a,d; B, lo; v, b) : ¥ () > b} # 0, ¥ (Fu) > b for u € P(a, d; B, ly; ¥, b);
(B2) a(Fu) < r1, B(Fu) < I for u € P, r1; B, h);
(B3) ¥(Fu)>bforue I_’(a,rz;ﬂ, ly; ¥, b) with a(Fu) > d.
Then F has at least three different fixed points u,, u; and usz in Do, 793 B, ) with

w € Pla,ri; B, 1), uy € {Pla,ry; B, los v, b) : v (w) > b

and

uz € P, 123 B, 1) \ (Plot, 73 B, Las ¥, b) U Plat, 113 B, ).
Let the Banach space

E = Cy([0, T1)
= {u | [0, Tt — R | u is A-differentiable on [0, T,

and #® is 1d-continuous on [0, T]']r}
be endowed with the norm

||u||=max’ sup |u(t)|, sup ’uA(t)‘].
te[0, T te[0, T

Define
P= {u € E|u(t) > 0,u®(t) > 0, and u(¢) is concave on [0, T]T}.
Clearly, P is a cone.

3 Existence of triple positive solutions to (1.1) and (1.2)
Throughout the section, we suppose that the following conditions are satisfied.
(H1) 0,TeT,0<& <& < - <&a<p(T), & €T, oy, B € [0,00) satisfy
0<Y ' Pa;<1and0< Y /2 Bi<1;
(H2) n=min{t € T: % <t < T} exists;
(H3) q(£) € Ca([0, T]1, [0,00)) with 0 < [/ g(t) At < o003
(H4) f:(0,T)r x [0,00) x R — [0, 00) is continuous;
(H5) q(2)f(¢,0,0)s£0,f(£,0,0) > 0 on [0, T]r.

Lemma 3.1 Ile":_lz a; #1and Zl":_lz Bi #1, then for h € C4[0, T1r,
(6, (@) +h(t) =0, te(0,T)r, (31)

n-2 n-2
w(0) =Y (&),  ¢p(u(T)) =D Biy(u (&) (3.2)
i=1 i=1
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has the unique solution

¢ T
u(t) :/ ¢q<A +/ h(r)At)As+B, (3.3)
0 s
where
2B [ h(n)A "l [ T
A >ia B fs,-_z(r) T, B Zt:—l_";/ ¢q(A +/ h(f)AT> As.
1= B 1-Y" i Jo s

Lemma 3.2 The solution of BVP (3.1) and (3.2) satisfies u > 0, for t € [0, T]r.

Lemma 3.3 Suppose (H1) holds, if h € Ci4[0, T and h > 0, then the unique solution u of
(1.1) and (1.2) satisfies

inf u(f) = yllull,

te[0,T]r
where
_ YL i
V= n-2 .
T-3 0 alT-&)
Proof Let
Sl B; ng h(t)At T
= i h A '
@(s) %( oy +[ Q)O

Clearly u”(t) = ¢(t) > 0. This implies that

min u(z) = u(0), lull = u(T).
te[0,T]

It is easy to see that u®(t,) < u®(t;) for any t;,£, € [0, T] with #; < t,. Hence u®(¢) is a
decreasing function on [0, T]. This means that the graph of u(¢) is concave down on (0, T).
Foreachie{l,2,...,n -2}, we have

uﬂ?—uw)>uﬂﬁ—u@ﬂ
T-0 ~— T-§&

’

Tu(&) — &u(T) > (T — &)u(0),

so that

n-2 n-2 n-2
Ty (&)=Y aga(T) = Y ailT - E)u(0).
i=1 i=1

i=1

Page 6 of 23


http://www.advancesindifferenceequations.com/content/2013/1/238

Dogan Advances in Difference Equations 2013, 2013:238
http://www.advancesindifferenceequations.com/content/2013/1/238

With the boundary condition #(0) = Zl":_lz o;u(&;), we have

n-2
u(0) > =it %
T-Y>" a(T-&)

u(T).

This completes the proof. O

Define the operator F : P — E by

t "”_2 X T A A T
(Eu)(®) 2/0 ¢q<Z,-1 ﬂtfls,- Q(XT:});fitﬂ,u,u JAT +/ q(t)f(r,u,uA)AT>AS
T =1 Pi s
S la /-Eid) <Z:’__12/3,-fgq(ry(t,u,uA)At
o =Y B

1-Y7

T
+ / q()f (v, u, uA)Ar) As

for t € [0, T]t. By the definition of F, the monotonicity of ¢,(u) and the assumptions (HI)-
(H5), it is easy to see that for each u € P, Fu € P and Fu(T) is the maximum value of Fu(z).
Moreover, by direct calculation, we get that each fixed point of the operator F in P is a

positive solution of the BVP (1.1) and (1.2). It is easy to see that F : P — P is completely
continuous.

For u € P, we define

a(u) = max |u(t)| = u(T), Bw) = sup |u®()| = u®(0),
te[0,T) tel0,T]

Y(u) = min u(f) = u(n).
te[n,Tlr
It is easy to see that o, B : P — [0, 00) are nonnegative continuous convex functionals with
lze]| = max{o (), B(m)}; ¥ : P — [0, 00) is nonnegative concave functional. We have ¥ (u) <
a(u) for u € P and the assumptions (Al), (A2) and (A3) in Lemma 2.1 hold.
For notational convenience, we denote A, L and Q by

oYy f; q(t)At T
L/O ¢q( 1- 30 +/n qm“)“’

Ty fslT q(t)At T
= fo ¢q< 1- ij Bi +/S q(T)AT> As

n-2 . & }«172 i T A T
+ 72:; _02" / ¢q<z"1 4 fs;_Z(T) i / q(f)Ar> As,
1- Zi:l o; Jo 1- Zl‘zl ﬁi s

S B; f; q(t)AT T
Q_%( - A g ‘I(’)A’)

Theorem 3.1 Assume that (H1)-(H5) hold, and there exists 0 <ri <b<2b<ry,0<lh <1y
such that % <min{ry/L,ly/Q}. If f satisfies the following conditions:

(D) f(& w,v) <min{g,(r2/L), ¢p(l2/Q)} for (¢, w,v) € [0, T1r X [0,r2] X [=b, Lo];

(D2) f(t,w,v) > ¢p(bIA) for (t,w,v) € [n, Tt x [b,2b] X [~ly, Lr];

Page 7 of 23
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(D3) f(tw,v) <min{g,(r/L), ¢p(l/Q)} for (£, w,v) € [0, Tl x [0,m] x [-h, 4;
then the BVP (1.1) and (1.2) has at least three positive solutions u;, uy and us, which satisfy

max {ui ()} <n, sup |uf(6)] < b;
te[0,T] te[0, T
b< mi 2 ;
< min {u(0)} < max {us(8)} <rs, sup |us ()| < b;
te[n, Ty te[0, Ty te[0, T
min {ug(t)} <b, 71 < max {Mg(t)} < 2b, I < sup |u3A(t)| <.
te[n, Tl t€[0, T tel0,T]p

Proof In order to show that Lemma 2.1 holds, it is sufficient to show that the conditions
in Lemma 2.1 are satisfied with respect to operator F.

We first prove that if the assumption (D1) is satisfied, then F : Plo, 793 B, b)) — Plo, 72
B,1,). If u € P(at,75; B, I), then

o(u) = max ’u ‘ <ry, B(u) = sup ’uA(t)‘ <l
te[0, 7]y te[0, T

and assumption (D1) implies that

£(&,u(e), 4> (#)) < min{g,(ra/1), $p(1a/Q)}, £ € [0, Ty

For u € P, there is Fu € P, therefore,

o(Fu) = max ‘ (Fu)(t)|

te[0,T]T

T n2g (T N ,
f d’,l(zll p flsi qgi{itﬁu u)At +/ a@O)f (v,u, MA)A_L_) As
T Lui=1 Pi s

+& /ff %(Z?ﬁﬁifgfq(ryir,u,umf
0 1-370 B
/ r u, uA)Ar> As

; At T
( . ﬂXffn Z(: i +/ q(t)Ar)As
— Lui=1 Pi s

g s 1B T q(r)A T
ZT/ o (BRI 7 oo
e T =1 Pi s

|
h|m

and

B(Fu) = sup [(Fu)*(0)|

te[0, T
i ,BifiTq(f)f(t,M,uA)Ar T
= ¢q< - f_z?:_lz 5 +/0 q)f (v, u, uA)Ar)
l 2B [T g(r) AT T
: _2¢q( . 53 ) +/0 q“’“) =h

Therefore, F: I_’(a,rz;ﬂ,lz) — I_’(Ol,i”z;ﬂ, b).

Page 8 of 23
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Similarly, if u € P(«, ry; B, 11), then the assumption (D3) implies that

S(&u(®), u®(®)) < min{¢,(n/L), ¢,(h/Q)} fort e [0, Tr.
We can get that F : P(at, ry; B, 1) — Pla, ri; 8, 1)
So condition (B2) of Lemma 2.1 is satisfied.

To prove condition (B1l) of Lemma 2.1 holds. We choose u(t) = 2b for ¢ € [0, Tt. It is
obvious that

u(t) =2b € P, 2b; B,1;,b) and Y (u)=2b>b
and, consequently,
{u € P(a,2b; B, 1y; ¥, b) : Y (u) > b} # .

So, for u € P(«, 2b; B, I»; ¥, b), there are b < u(t) < 2b and |u(t)| < [, for t € [n, T]r.
Thus, from the assumption (D2), we have

f(t, u(t), MA(t)) > ¢p(b/2) forteln Tlr.
From the definition of the functional ¥, we see that

Y(Fu) = min Fu(t) = Fu(n)
te[n, Tl

) /n¢ (Zl”__lz ﬁif;q(r)f(r,u,uA)Ar
! 1-Y 05
n-2 . & n-2 ; T U, AVA
+ Zi:l 71 / ¢q(21_1 B féj LI(TKET U, u™)AT
0 1_21:1 ﬁi

T
+ / q()f (v, u, uA)Ar) As

1= e
T

+/ q(t)f(t,u,uA)At)As

d I B S a)f (T ut)A
2/¢q(2_1 fglql'n];fuu T

0 1—21‘:1 Bi

d LB fi a(D)pp(b/N)A
>f %(Zl Jo 408 G

0 1‘2;‘:1 Bi

b7 (YR AT T
_X-/o ¢q< 1-Y"28; +/ﬂ OI(T)AI>As_b,

T
+ / q()f (v, u, MA)A‘L'> As
n

T
+ / q(r)qﬁp(b/A)Ar) As
n

So, we get ¥ (Fu) > b for u € P(a, 2b; B, lo; ¥, b), and condition (B1) of Lemma 2.1 holds.
Finally, we prove that condition (B3) of Lemma 2.1 holds.
If u € P(x, 12; B, 1a; W, b) and «(Fu) > 2b, we have

1
Y(Fu) = min Fu(t) = Fu(n) > n max Fu(t) > —a(Fu) > b.
teln, Tl T telo,T)p 2
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Hence, condition (B3) of Lemma 2.1 is satisfied. Then using Lemma 2.1 and the assumption
that f(¢,0,0) # 0 on [0, T, we find that there exist at least three positive solutions of (1.1)

and (1.2) such that

u € P(O[, rl;ﬁ;ll);

and

Uy € {P(at, 123 B, bas ¥, b) | () > b}

usz € I_)(ax 2B, 1) \ (l_’(a,rz;ﬁ»lz;lﬂ:b) U[_)(a:rl;/grll))'

Otherwise, as u3 satisfies o(u3) < 2 (u3), we have max;cqo, 11, #3(t) < 2b.

Example 3.1 Let T = {1 — (%)NO} U [1,2], Ny denotes the set of all nonnegative integers.
Tal(ea1: %’aZZ é;ﬁlz %7182: %,§1= %1&2: %r T=2,p:q:2?mdq(t)51,t€ [OxT]']T

Consider the following BVP

@2 (®)" +£ (6, u@),u®(®) =0, te[0,2]r,
u(0) = %u(i) + %u(%), ut(2) = %(uA(
where

v_\3
F(t, ) = | 1000 7 () w=3

t v _\3
1000 +9+(55)°, w>3.

D))

Clearly, the assumptions (H1)-(H5) hold, and f(¢,0,0) % 0 on [0, 2]7.

We choose r1 =1/2, r =140, b=2 and ; =1/4, [, =80. So 0 <, <b <2b < ry and

0 < < /y. By calculating, we obtain

20 (T o)A T
x:/nqﬁq(Z” ity 40)AT +f q(r)Ar)As: 3
0 n

1-Y1 2B

;?—2 ’ T A T
Q:¢q(2’=lﬂffl‘ i S [Catwar) -3

1-Y02 B

and

3
12

12

Ty ,Bif;q(f)A‘L' T
L_/O ¢”( +/s Q(T)AT>AS

1-Y 2B

— T

Sl /Ei (fo Bi féi q(t)At

+ —
- do N 1= B

1-Y 2B

- T
27:12 o; /El‘ (Z?lz IBi ffi Q(T)AT
-y e o TN 1= A

T
+ / q(t)Ar) As<L

T 2 (To)A T
:/ %(Zlﬂ ity AE)AT +/ q(r)Ar)As
0 0

T 473
+/ q(t)At |As= —.
0

48

Page 10 of 23
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As aresult, f(¢, w,v) satisfies

o5 () o ) 2
YWy V) = 44 Z, »¥p Q p p Q

for0 <t<2,0<w=<140,|v| <80;

b
f(t,w,v)>¢p<x> ~0.7742 forl<t<2,2<w<4,|v| <80;

f(t,w,v)<min{¢p<%> < )}1“00507“1“{""”( >¢’”<Q)}

for0<t<20<w<—,|V|§

\V)

Hence, by Theorem 3.1, we have that the BVP (3.4) and (3.5) has at least three positive

solutions 1, u, and u3 such that

1
max u1(f)} < =, sup |u®(¢) <—
te[o,zhr{ ! } 2 telo, FT)]T| ! |
2 < min {uz(t)} < max {uz(t)} < 140, sup ‘uZA(t)’ < 80;
te[1,2] te[0,2]T te[0,2]
min {us(t)} <2, L < max {uz(t)} <4, 1 < sup |uz(2)| <80.
te(1,2)y 2 tel02]y 4 tepo2r

4 Existence of triple positive solutions to (1.3) and (1.4)
The following conditions will be used in this section:
(H1) 0,TeT,0<& <& < <&ua<p(T), & €T, a;,b; € 0,00) satisfy
o=<y" al<1and0<2m 2hi<1;
(H2) n=min{t € T: T/2 <t < T} exists;
(H3) a(t) € Cq([0, T]t, [0, 00)) with 0 < f BVt < 00;
(H4) f:(0,T)r x [0,00) x R — [0,00) is contmuous;
(H5) a(®)f(¢,0,0)=£0, f(t,0,0) >0 on [0, T]r.
Let the Banach space

E= Clld([o’ T]T)
= {u | [0, T]r — R | u is A-differentiable on [0, T,

and u#® is 1d-continuous on [0, T]']I‘}

be endowed with the norm

sup |uA(t)| ]
te[0,T]T tE [0,T]T

Joall = max
Define
K= {u € E | u(?) > 0,u”(¢) <0, and u(¢) is concave on [0, T]T}.

Clearly, K is a cone.
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We note that u(¢) is a solution of (1.3) and (1.4) if and only if
T m -2 i A \v4 s
Lt(t) :/ d)q( i=1 azfo a(r)f(r,u, ) r / a(r)f(r,u,uA)VV)AS
¢ 1- Z; 1 ai 0
YN /T o ( N ey a0 u )V
1- Zm Zb q 1— Z " ﬂl

+ /sa(r)f(r, u, uA)Vr) As.
0

Define the operator A : K — E by
T m 2 i A \V/ s
(AM)(t):/ ¢q( i=1 azf() r)_f(ryu;u ) r+/ a(r)_f(}",l/l,uA)vr)AS
t 1- Zl a? 0
Z:%Izb /T¢ < m1zﬂzfol r)f ru,u®)Vr
+
1-— Zm 2b q 1- Z " ﬂl

+ / a(r)f(r, u, uA)Vr> As
0

for 0 <t < T. By the definition of A, the monotonicity of ¢,(#) and assumptions (H1)-

(H5), it is easy to see that for each u € K, Au € K and Au(0) is the maximum value of

Au(t). Moreover, by direct calculation, we get that each fixed point of the operator A in K

is a positive solution of (1.3), (1.4). It is easy to see that A : K — K is completely continuous.
For u € K, we define

a(u) = max |u(t)| =u(0), B(u) = sup |uA(t)| =u®(T),
te[0,T]r te[0,T]1

Y(u)= min u(t) = u(T).
te[n,Tlr
It is easy to see that o, 8 : K — [0,00) are nonnegative continuous convex functionals
with || u| = max{a(u), B(u)}; ¥ : K — [0,00) is nonnegative concave functional. We have
¥ (1) < a(u) for u € K and assumptions (Al), (A2) and (A3) in Lemma 2.1 hold.
For notational convenience, we denote M, N and Q by

m-2 T m-2 &

i bi i ai )y a(r)Vr "

= 72;;72 / ¢q(21 3172( AL / a(r)Vr) As,
1-3007bi Jg 1->0 ai 0

N = /¢q( 1_ﬂtf31‘f: +/Osa(r)Vr)AS
-1 @i

m-2 T m -2 i s
L E T (X TILUNy T
1 Zm b 1- Zz 1 4 0

;,n,z ; i )v T
Q=¢q(211 dzflol ar, r+/0 a(r)Vr).

Theorem 4.1 Assume that (H1)-(H5) hold, and there exists 0 <ri <b<2b<ry,0<l <,
such that b/M < min{r,/N, 1,/ Q}. Iff satisfies the following conditions:
(D1) f(t w,v) <min{g,(r2/N), ¢p(l2/Q)} for (t,w,v) € [0, Ty x [0,72] X [~b, 1 ];

Page 12 of 23
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(D2) f(t,w,v) > ¢p(bIM) for (t,w,v) € [, Tt x [b,2b] x [~ly, 15];
(D3) f(t,w,v) <min{¢,(r1/N), p,(L/Q)} for (t,w,v) € [0, Tt x [0,m] x [-L, 4],
then the BVP (1.3) and (1.4) has at least three positive solutions uy, u, and us, which satisfy

max u(t)} < r, sup |ul(t)| < by
te[0,T]T { } te[0,T]p | ! |
. A
b< min {u()} < max {uy(t)} <r, sup |us(t)| < b;
te[n, Tl te[0, Ty te[0, T
min {u3()} < b, max {us(¢)} < 2b, sup |ul(®)] <b.
Jnin ({0} :e[o,Thr{ } te[O,%T| S

Proof In order to show that Lemma 2.1 holds, it is sufficient to show that the conditions
in Lemma 2.1 are satisfied with respect to the operator A.

We first prove that if the assumption (D1) is satisfied, then A : P(a, ry; B, 1) — P(at, ra;
B,1). If u € P(a, r3; B, 15), then

o(u) = max |u(t | <7y, B(u) = sup ’uA(t)| <l
te[0, T te[0, T

and assumption (D1) implies that
(@), u™ () < min{@,(ra/N), 6,(L/Q)), € [0, T
For u € K, there is Au € K, therefore,

o(Au) = max ’(Au)(t)!
te[0,T]r

T m -2 i A s
=v/(; ¢q( =1 ﬂzlfo Z f(;:zu, )V}" +/0 ﬂ(r)f(r,u,uA>Vr>AS
i=1 i

+ Py’ /T¢ ( S ap f5 alr)f (r,u,u®)Vr
1_21”112[9 & ! 1—2;’2126!,'

/a(r)f(r,u, ) )As
T m 2 i s
|:/ d)q( ’11 alzflol " +/(; a(r)Vr)As

m-2 m-2
! ; i \% S
721:1%}92; ¢q(2l L4 o Z(r) ! / a(r)Vr)As:| =7y
1- Zi:l b; &i 1- 25:1 a; 0

ZIJ

and

BlAu) = sup |(Au)>(t)|

te[0, T

g m=2 i &i
:¢q</0 a(r)f(r,u,uA)Vr+%l;n;;m/o ﬂ(r)f(r,u,uA)Vr)

T m-2 .
Zz 1 ai i )) _
Q(d)q(f (r)Vr+7_Z : ﬂlf a(n)Vr) ) =b.

Therefore, A :I_’(a,rz;ﬂ, ly) — P(at, ry; B,1l2).
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Similarly if u € P(a, r1; 8, 1), then the assumption (D3) implies that

f(t, u(t), uA(t)) < min{qbp(rl/N), qbp(ll/Q)} fort € [0, Tr.
We can get that A : P(a, r1; 8,1) — Pa,ry; B, 1h).
So condition (B2) of Lemma 2.1 is satisfied.

To prove condition (B1) of Lemma 2.1 holds. We choose u(t) = 2b for t € [0, T]r. It is
obvious that

u(t) = 2b € P, 2b; B, 1; ¥, b) and v (u) =2b > b,
and, consequently,
{u € P(a,2b; B, 1y; ¥, b) : Y (u) > b} # 0.

So, for u € P(ar,2b; 8, 1; W, b), there are b < u(t) < 2b and |u?(t)| <, for t € [n, Tr.
Thus, from the assumption (D2), we have

f(t, u(t), uA(t)) > ¢p(b/IM) forte(n, Tlr.

From the definition of the functional ¥, we see that

Y (Au) = min Au(t)
te[n, Ty
_ Zm_zb /T¢ ( zmlzﬂlfol f(V:M u®)Vr
= Y- 2 q 1 Zl £
+f a(r)f(r,u,uA)Vr>As
0
> Zfﬁf’;z T¢q< i-1 ‘lzfol“(r)f(”,u, u®)Vr
I_ZZI bi & 1- Z -1 ﬂl
1
+/ a(r)f(r,u,uA)Vr)As
0
m-2 T m-2 &;
> 122"1]3;) / %(Zi:l a,l Z()¢,;(b/M)Vr+ /Onﬂ(r)%(bm)w)m
i=1 i

m-2 T m=2 i
- 2(7Zi=1 jl / %(Zl L4l a(r)Vr + /nu(r)Vr) As) =b.
M 1_221 bi §i 1- Zz 1 i 0

So, we get ¥ (Au) > b for u € P(a, 2b; B, I; ¥, b), and condition (B1) of Lemma 2.1 holds.
Finally, we prove that condition (B3) of Lemma 2.1 holds. If u € P(«, r5; 8, 1y; ¥, b) and
o(Au) > 2b, we have

Y (Au) = min Au(t) = Au(T) > max Au(t) > a(Au)>2b>b.
te[n, Tt te[0, T

Hence, condition (B3) of Lemma 2.1 is satisfied. Then using Lemma 2.1 and the assumption
thatf(¢,0,0) £ 0 on [0, T]1, we find that there exist at least three positive solutions of (1.3)
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and (1.4) such that

uy € Pla,rm; B, h), U € {P(Ol:rz;ﬁ;lz;lﬁ:b) | ¥ () > b}

and

usz € I_)(O[, 72;5)12) \ ([_)(05, 7"2;,3,[2; lb,b) U I_)(Ol, rl;IB»ll))'
Otherwise, as u3 satisfies a(u3) < 2y (u3), we have max;eo, 1)y 43 (£) < 2b. a
Example 4.1 Let T = {1 - (1/2)"°} U [1, 2], Ny denotes the set of all nonnegative integers.

Take a1 =1/2,a, =1/6, b1 =1/3,by =1/6,& =1/4,& =3/4, T=2,p=qg=2and a(t) =1,
t € [0, T]r. Consider the following BVP

(uA(t))v +f(t,u(t),uA(t)):0, te[0,2]r, @)
) b))
where
ft,w,v) = % %+ (o) w=3,
1000 +12+ (100:/000)3’ w>3.

Clearly, the assumptions (H1)-(H5) hold, and f(¢,0,0) = 0 on [0, 2]7.
We choose r1 =1/8, ry =140, b=2 and ; =1/4, [, =80. So 0 < r; < b <2b < ry and

0 < < /y. By calculating, we obtain

m=2 T i n
Zl 1 b / ( i= l al f() a(}" / a(r)Vr) AS = 133/4‘87
0

T1- S b, 1-Y7"a
m*2 i T
Q= Li 4o’ a(r +/ a(r)Vr =11/4
1- Zl L ai 0
and

S a; [Fa(r)Vr s
N= / ( i1 ;112% /oa(r)Vr>AS

Zf”IZb T( zmlz‘llfol‘l(’")vr * >
+1 Zmzb,/ I—Zi:I . foa(r)Vr As

m2 i T
a;
<N-= /( =1 fo_ +/ a(r)Vr)As
zl a; 0

m-2 T i T
: b,’ i v

e (5 f_dzfo o, awr)as
i=1 i i i=1 i

=473/48.
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As aresult, f(¢, w,v) satisfies

f&w,v) <min{g,(r2/N),¢,(1,/Q)} ~14.2071 < min{¢,(r2/N), ,(12/Q)},
when 0 <t <2,0 <w<140,-80 <v < 80;

f&w,v) > ¢,(b/M) = 0.7218, whenl<t<2,2<w=<4,-80<v<80;

F&w,v) <min{¢,(r1/N), ¢,(1h/Q)} ~ 0.0126 < min{¢,(r1/N), $,(11/Q)},
when0<t<2,0<w<1/8,-1/4<v<1/4.

Then all conditions of Theorem 3.1 hold. Therefore, the BVP (4.1) and (4.2) have at least
three positive solutions uy, u and u3 such that

max {ul(t)} <1/8, sup ’uf(t)| <1/4;

te[0,2] tel0, Ty

2 < min {uz(t)} < max {uz(t)} <140, sup |u2A(t)| < 80;
te(1,2]T tel0,2] tel0,2]

min ju3(t) <2, max u3(t)} <4, sup |ud(@)] < 80.

te[1,2]11~{ 3 )} tE[O,Z]T{ 3( )} tE[O,I;]T} 3( |

5 Existence of double positive solutions to (1.5) and (1.6)

Throughout the section, we assume that the following conditions are satisfied:
(H1) 0,TeT,0<& <& <+ <&ua < p(T), a; € [0,+00) satisfy 0 < Zgz a; <1;
(H2) g(t) € Ciq([0, T, [0, +00)) with 0 < foéi q(r)Vr < oo;

(H3) f:[0, T]t x [0, +00) — (—00, +00) is continuous;
(H4) q(0)f (¢, () # 0, £(£,0) = 0 on [0, T

Lemma 5.1 Ifh € Cy4[0, T, then

(@) +h(t)=0, te(0, D, (5.1)
m-2
¢(u"(0) =0,  wl)=) aul&) (5.2)

i=1

has the unique solution

m-2 & s
+ [y, Zlm‘zg |:—Za,'/0 ¢! (/0 h(r)Vr) As
T L=l i j=
+ ‘/OT¢’1 (/Os h(r)Vr) As:|. (5.3)

Lemma 5.2 Assume that (H1) holds, for h € Ci4[0, T and h > 0, then the unique solution
u of (5.1) and (5.2) satisfies

u(t) =0 fortel0,T]r.
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Lemma 5.3 Assume that (H1) holds, if h € Ci4[0, T and h > 0, then the unique solution u
of (5.1) and (5.2) satisfies

inf u(t) > y||ul,
Jnf u(®)z v ul

where

Zz 1 a; (T El)

S S lull = max |u(t)|.

T_Zi=1 ﬂ,‘ i te(0,T]

Let E = Ciq([0, T, R) be the set of all 1d-continuous functions from [0, T'] to R, and let
the norm on Ci4([0, T]) be the maximum. Then the Ci4([0, 7], R) is a Banach space. We
define three cones by

P={u:ueEut)>0,¥€[0,Tr},

P = {u :u € E, u(t) is nonnegative, concave and decreasing on [0, T]T}
and

K= {u :u € E, u(t) is nonnegative and decreasing on [0, T, [igl;] u(t) > y|lul },
tel0,T|p

where y is the same as in Lemma 5.3. It is easy to see that the BVP (1.5) and (1.6) has a
solution u = u(t) if and only if u solves the equation

u(t) = - /0 t¢*1 ( / s q(r)f(r,u(r))w> As
gl B[
+ /0T¢’1 (/Os q(r)f(ryu(r))Vr> AS}.

We define the operators A: P— E, T: P’ — E and S: K — E as follows:

. t a s
=~ ( [ a0 u(r))Vr)As
1 m-2 & o s
+Tyi{2m|:_;ai-/0 ) (/O q(r)f(r,u(r))Vr)As
T s
o </ q(r)f (r, u(r))Vr) As:|,
0 0
(Tu)(t) = (_/o ¢ (/0 q(r)f(r,u(r))Vr)As

m-2

- zl 1 [ 24 /jl?ﬁ ([ oGy as

+
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+/0T¢ </Sq(r Vr)As:|)

(Su)(2) =—/0t¢ </ q(r)f*(r, u(r)) Vr)A
1 lelal|: lldl/él 1(
+/OT¢ (/s f’r ru Vr)

)

/ q(r)f 7, u(r )Vr) As
0
As:|, (5.4)

where

(O =max{C,0},  f*(t,u(t)) = max{f(t,u(t)),0}, tel0,Tlr.
Lemma 5.4 S:K — K is completely continuous.

Proof It is obvious that K is a cone in E. By f* > 0, we get

/OS q(nf* (r, u(r))Vr > 0.

Consequently,

¢! < /0 q(r)f* (r, u(r))Vr> >0.

This together with (5.4) imply that (Su)(¢) > 0 and Su is decreasing on [0, T]t. From

(S (t) =~ ( /0 aof* (r, u(r))Vr> >0,

we see that (Su)? is decreasing on [0, T]x.

(i) If ¢ is a left-scattered point, we have

v - 0200 (5040 _

p(t)—t -

(i) Iftis aleft-dense point, we have

(SM)AV — lim (Su)A(ti — (SM)A(S) < 0
s—t —s

By (i) and (ii), we have (Su)*Y <0, ¢ € [0, Ty, yx. Hence, Lemma 5.3 implies that S :
K — K.

We now prove that S is completely continuous.

(a) From the continuity of f and g(¢) € Ci4([0, T]T, [0, +00)), we find that S is

continuous.
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(b) Let D be a bounded subset of K, and let M > 0 be the constant such that ||u|| <M
for u € D. The continuity of f* guarantees that there is a L > 0 such that

T

/0 O (r () Vr < /0 a0 (1, u(9) Vr < S(L).
Thus,

[ISull = Su(0)

= ﬁ[ a,/sz (/S r)]”(r, u(r))Vr> s
+ ‘/0T¢—1 (/Os qn)f* (r,u(r))Vr) As:|

_Jo o7 g ru (M)Vr)As
a 1 Zz 1 al
< f0T¢_1(fo (ﬂf*(r,u(r))Vr)As LT
1- Z =1 “l 1 Z =1 ﬂt.

(c) Let ty,t, € [0, T]t, and let u € D. Then we have

|(Su)(t2) - (Su)(t1)|

L 2] a s . f B s .
_‘ /0 0] (/0 q(nf (r,u(r))Vr)As+/0 1) (/0 qnf (r,u(r))Vr)As
/ s ( / Sq(r)f* (r, u(f))Vr) As
5] 0

From (a)-(c) together with the Arzela-Ascoli theorem on time scales, we can find that

<Ll - fl.

§: K — K is completely continuous. This proof is complete. g

The following fixed point index theory will play an important role in the proof our re-

sults.

Lemma 5.5 ([37, 38]) Let E be a Banach space, and let K be a cone in E. For r > 0, define
K, ={ueK: |ul| <r}. Assume that S : K, — K is a completely continuous operator such
that Tu # u foru € 0K, = {u € K : ||u|| = r}.

(@) If | Tu| < |lu|l for all u € 3K, then i(T,K,,K) =1

(b) If | Tu| = |\ul for all u € 0K, then i(T,K,,K) = 0.

For notational convenience, we introduce the following notations. Let
! T30 ik
o (o) ()
0 1- le a;
Q ! ¢—1(/Ei ()V) Z ¢ (/ )V)s
= r)Vr a; r)Vr
-7 a 0 !
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Theorem 5.1 Assume that conditions (H1), (H2), (H3) and (H4) are satisfied, there exist
b,c,d > 0 such that 0 < % < ¢ < yb<b. Assume further that f(t,u) satisfies the following
conditions:
(i) f(t,u)>0,t€[0,T]r, u € [d,b];
(i) f(u) < $(5), £ € [0, Thr, u € [0,c;
(iii) f(¢,u) > ¢(g), t [0, T, ue[yb,b).
Then (1.5) and (1.6) has at least two positive solutions u; and u,.

Proof We first verify that T has a fixed point u; € K with ¢ > |u]| > 0. By condition (ii),
we have for all u(¢) € 0K,

/0 q(r)f (r,u(r))Vr < ¢ <I£2> /0 q(r)Vr,

so that

([t [om) ([ )
Therefore,
”T””:té}%(‘ [ o ([ avr ¢utnvr)as
g Bl (o)
T _1< s . > +
* /0 ¢ /0 q(r)f* (r,u(r))Vr | As
= 1—Zl 1 i|: Z&ll/ </ (r)f*(r,u(r))Vr)As
T 1( s § >
+/; ¢ /;Q(F)f (r,u(r))Vr | As
<o ([ ) ()
1 2

=c=lul.

This implies that || Tu|| < ||| for u(t) € 0K.. By Lemma 5.5(a), we have i(T, K, K) =1

So, T has a fixed point #; in K,. By assumptions (H1), (H3) and (H4), we know that # is
also a fixed point of A in K. As a result, u is a solution of problem (1.5), (1.6).

Next, we verify that A has another fixed point u; such that ¢ < ||u;|| < b. Using condition
(ii), we have for u(t) € 9P,

T
ISl < 47 ( fo q(r)Vr><T1 éll “S) — = lull
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For ¢ € [0, T, we have yb < u(t) < b. By condition (iii), we find for u(t) € 9P,

S . é s
/061('”)f (f»u(r))Vr>¢<Q>/o q(r)Vr

so that

af 7 N b _1< : )
¢ </0 q(r)f (r,u(r))Vr) > Q¢ /Oq(r)Vr )

Moreover, we get

[|Sull = (S2)(0)

T S
1- X:Iz 1 a; |:/ ¢ (/0 qr)f” (r, ”(V))Vr) As
m2 & s
_ hzldi\/o ¢1</0 6](1”)f+(r,u(r))vr> AS]

3 o 7 (fyq(r)VAs- L zll ai [57V([S q(r)Vr) As
1- Zz 1 a;
. g~ (fo a() V)T - Z,l aip ([T (V&
1- Zz 1 a;
=b=ul.

It follows from Lemma 5.5 that i(S, P, P) = 1, i(S, P, P) = 0.
Thus, i(S, P, \ P, P) = —1. Hence, S has a fixed point in P, \ P, such that ¢ < ||u,| < b.
In the end, we show that u, is also a fixed point of A in P;, \ P,. We only have to verify
that Au = Su, Yu(t) € (P, \ P.) N {u: Su = u}, and we get u2(0) = |luz|| > c. By Lemma 5.3,
we find that

inf  uy(t) > y||luz2ll > ye>d.
iDE w62 vl > y

Hence, b > u,(t) > d for t € [0, T]t. Using condition (i), we understand that f* (¢, u,(t)) =
f(t,uy(2)). This implies that Auy = Suy = u,. It means that u, is a positive solution with
b > |luy]| > c. This completes the proof. O

Example 5.1 Let T = {1 - (%)NO} U {%,1}, where Ny denotes the set of all nonnegative

integers. Take a; = %, & = %, T =1and g(t) =1, t € [0, T]y. Consider the following BVP
on time scales

(6(u>®)" +f(t,u®)) =0, tel0,Tlr, (5.5)
b)) =0,  u(T)= %u(%) (5.6)
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where

¢(u) = u,
_8u2+1 f0r0<u§é,
4u -3 for%§u§1,

fEu)=fw) =1 Zwu-1)7*+1 forl <u <S5,
(27 - ZxX18)(yy - 5)2 4 12x16 1 ] for 5 <u <15,

2 17x16 V12 , 17x16

-10(u - 5)* + (27 = =37)10° + "35> + 1 foru >15.

By calculating, we find

Xl adT - s,>=a1(1—sl)_ 31-3) 2
T - le a;& 1-ai§ 1- % % 5
S [T T-Ymla&\ _ o [ 1-m&\ _5
— 1 i=1 _ 1 _ 2
R=¢ (/0 q(r)Vr)( - le " )-¢ (/o Vr)( —a ) 3

and

_ ; -1 i > B 4 _1< & ) '

e Yl ¢ (/0 qn)vr)T Z aif /o q(r)Vr )&
1 B & ) & 5
21_“1[¢ 1(/o Vr>_¢1¢,l</0 Vr)§1]=§.

——<c-5<yb -15=6<b=15,and f

Letb:15,c:5,d:1,then0<%:
satisfies
1) fE&u)=f(u)>0,d=1<u<b=15;
(2) S&u)=fu) <p(3) = % =3,0<u<c=5
3) f(t,u) f(u)>¢( )—% 27, yb=6<u<b=15.
So all the conditions of Theorem 5.1 hold. Thus, by Theorem 5.1, problems (5.5) and

(5.6) have at least two positive solutions.
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