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Abstract

A two-component Bose-Einstein condensate described by two coupled
Gross-Pitaevskii (GP) equations in three dimensions is considered, where one
equation has dipole-dipole interactions while the other one has only the usual s-wave
contact interaction, in a harmonic trap. The singularity in the dipole-dipole
interactions brings significant difficulties both in mathematical analysis and in
numerical simulations. The backward Euler method in time and the sine spectral
method in space are proposed to compute the ground states. Numerical results are
given to show the efficiency of this method.
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1 Introduction

Since 1995, the Bose-Einstein condensation (BEC) of ultra-cold atomic and molecular
gases has attracted much attention both theoretically and experimentally. Most of the
properties of these trapped quantum gases are governed by the interactions between par-
ticles in the condensate [1]. Over the past decade, there has been an investigation for real-
izing a new kind of quantum gases with the dipolar interaction, acting between particles
having a permanent magnetic or electric dipole moment. The experimental realization of
a BEC of 52Cr atoms [2, 3] at the University of Stuttgart in 2005 gave new impetus to the
theoretical and numerical investigations on these novel dipolar quantum gases at low tem-
perature. Recently more detailed and controlled experimental results have been obtained,
illustrating the effects of phase separation in a multi-component BEC [4-6]. In these pa-
pers, the studies of the binary condensates were limited to the case of s-wave interactions,
while recently the dipolar BEC has drawn a great deal of attention.

In this work, a numerical method for computing the ground state of the two-component
dipolar BEC is considered, where one equation has dipole-dipole interactions and the
other has only the usual s-wave contact interaction. However, since the dipole-dipole in-
teractions are long range, anisotropic and partially attractive, and the computational cost
in three dimensions is high, the nontrivial task of achieving and controlling the dipolar
BEC is thus particularly challenging.

The two-component dipolar BEC, confined in a cylindrical trap, is described by two
coupled Gross-Pitaevskii equations. As far as the dipolar interaction is concerned, a con-
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volution term is introduced [7-9] to modify the classical Gross-Pitaevskii equation, which
results in the following differential-integral equations (1). Since the transition metal has a
magnetic dipole interaction while the alkali metal has not, we take into account this fac-
tor in this system. We take Cr as component 1 and Rb as component 2 [10]. Then the GP
equations for this system can be written as

Wl(’” =[- Mvz + Vi+ Uil gn? + Unlga + Vg, ol 0

m rt -[-E 3o V2 + Vo + U |ga|* + Una| 1|1 a,
where @1, ¢, are the wave functions of component 1 and 2, respectively. The inter-atomic
and inter-component s-wave scattering interactions are described by U; (j = 1,2) and U,
respectively, with the following expressions [11]:

47 h*a, 2 ha;
j = ’ 12 =
}’i’lj mlmQ/(ml + le)

(=1,2),

where g; is the scattering length of component j and a; is that between component 1
and 2. Here h is the Planck constant, #; is the mass of the atom of component j, and V;
(j = 1,2) is the external trapping potential confining the gas. Generally, it is harmonic, that
is, V;(r) = i ( x +w]yy +w z2) with wj, (p = x, y, z) represents the trap frequency in x, y,
z dlrectlons, respectlvely. The local mean-field Uj|g;|* represents the s-wave interaction.
Vdip is the long-range isotropic dipolar interaction potential between two dipoles, and it

is defined by

Motd, 1-3(F-7)*/|F>  HMolg, 1-3cos’d
4 7|3 T 4xm |73

Viip = ,
where 6 is the angle between the polarization axis 7 and the relative of two atoms (i.e.,
cos® = -7/r), r = [F| = /x% + y* + 2. The wave function ¢;(x, t) is normalized according
to lgill> = [4s 1@i(7, t)|* dF = N; (i = 1,2), where N; is the number of the atoms in the dipolar
BEC.

This paper is organized as follows. In Section 2, a numerical method for computing
ground states is presented. In Section 3, numerical results are reported to verify the effi-
ciency of this numerical method. Finally, some concluding remarks are drawn in Section 4.

2 Numerical method for computing the ground states
System (1) can be made dimensionless and simplified by adopting a unit system, where
the units for length, time and energy are given by ag, 1/wy, and hwy, respectively, with

ag = » wo = min{wj,, wjy, wj;} [12]. By introducing the dimensionless variables t' = =

r = 7lao, <p} = ag/ 2<p,, we obtain the dimensionless GP equations in 3D from (1) as follows:

mjwo

.0
: ;ﬁ% = [-3V2 + V] + Bulgi P + Brales | + AV, et D)o, 2
d

Bep |2 + ﬁ22|§02| )]‘ﬂzr

7 =[=3V2 +au Vi + By

_ _ l4a _ l4a _ dmay _ m _
where ,311 = 47'[(11]\[1, ﬁlz = amm 27T6112N2, ﬂ21 = amm 27T6112N1’ ,322 = WNZ’ am = .’ A=

m1N1 o Mﬁip

2
g Viip = % . 1‘3‘;%9. In addition the wave functions in (2) satisfy |, 23 > =1,
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Jzs 1931 = 1. By using the following formula [13]

1 3(n-7)? 3 - 1
r_3<1_ 2 )=—E5(V)—3nn<;)» 3)

where §(7) is the Dirac delta function and 8,,, = 72 - V(7 - V), we can get

Vaoloi | = =loi|" = 30 (&), @)
where
SN 1 N N2
S(r,t)—4n /R’ﬁ —|;_;/| |g01(r,t)| dr'. (5)

And it is easy to see
/o2
V2 =~ (0] (6)

Plugging (4) into (2) and noticing (5) and (6), we can reformulate GPE (2) into the
Schrédinger-Poisson type system

1% = 2192 4 Vi + (Bu - Wl + Bualea ] - 343, (E)n,
ii%z = [—%Vz + Vo + ,321|€01|2 + 522|§02|2]§02,
vzg = _|¢1(;, t)|2»

by removing the symbol *’ in (2)-(6) to simplify the denotation. In practical computation,
the whole space problem is usually truncated into a bounded computational domain Q =
[a,b] x [c,d] x [e,f] with the homogeneous Dirichlet boundary condition. Let

Qe = {0k Dj=1,2,...M-1,k=12,...,K-1,1=1,2,...,L -1},
Qe = {6,k Dj=0,1,...,M,k=0,1,...,K,l=0,1,...,L}.
Choose the spatial mesh size as /, = bzv[;a’ hy = %, h, = J%, and define xj = a + jh,, yr = c +

khy,z; = e+1h, (j, k,1) € Q9,4 - Then denote the space Y = span{g,qs(7), (0,4, ) € Quxr)
with

Bpas(r) = sin(u, (x — a)) sin(uy(y — ¢)) sin(us(z — €)),

i - 9T = ST
where u, = =, u; = 7, s = Fe

To compute the ground state, an imaginary time method is adopted [14]. That is,

33%1 = [%V2 = Vi=(Bu = Mlei* = Bial@al? + 313, (8)] 1,
33%2 = [%V2 Vo = Bal@r|* = Bazla )] @a,
V2 = —|o1 (7, 1)

We use the backward Euler method for time discretization and the sine-pseudospectral
method for spatial derivatives. Then we obtain the following equations in a three-
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A =-1/3; (d) Surface for component 2, ¢,(x,y,2),z=0, A =-1/3.

Figure 1 Ground state solutions for different parameter A. (a) Surface for component 1, @1 (x,y, 2),

A =1/3; (b) Surface for component 2, ¢, (x,y,2), z=0, > = 1/3; (c) Surface for component 1, ¢;(x,y,2), z=0,

0.5
0.45

0.35
0.3
0.25
0.2
0.15
0.1
0.05

0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

0,

dimensional space. If we assume that
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= QV;%% ik — [V 90, 20) + (B — )»)|<Pf,'k1|2

+ P2 |§0£ljk1|2 - 3)Lann§n|jkl](/7;jkp
Do~ Phik .
I = 2V 20, i — [V (%, vk 21)

+ :321|§0gjk1|2 + ,822|(p{;’k1|2](p;]‘k1; Ly <t <ty
V2%_ = —|‘/’1(’7, t)|2;

with boundary conditions

N S S . 0
Proxt = Pk = Prjor = Pyxt = Prjko = Pujir = 05 sk, 1) € Qi

A T S . 0
Pooki = Porikt = Pajor = Pajkt = Pajko = Pajir. = 05 G k: 1) € Qg

and initial conditions

Poirt = P1.0(&)s Vi 21), O3 = P20 Y0 21), (kD) € Qs

7)
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Figure 2 Ground state solutions for different parameter A. (a) Surface for component 1, ¢1(x,y,2), y =0,
A =1/3; (b) Surface for component 2, ¢, (x,y,2), y =0, > = 1/3; (c) Surface for component 1, @1 (x,y,2), y

A =-1/3; (d) Surface for component 2, @2 (x,y,2),y =0, A =-1/3.
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(p;kl (0;“ .
‘pan;;ll = =, 9";;75 ==, (k1) e Qux,
ol lles l

M-1 x~K-1 x~L-1, = M-1—K-1L-1, =
where [lgy|1* = hohyh: 3700 305 205 |¢’1jkl|2’ gyl = huhyh, Dt Xk 2o |(p2jkl|2;
Vﬁ(p” and 9,,,£" are sine pseudo-spectral approximations of V2¢ and 9,,,£ at time t = ¢,,

respectively, defined for (p,q,s) € Quxz as

] k I}
V2o (r) = — Z(u; + u; + usz)apqs sin(/pﬁn) sin(%) sin(%),

pqs
. P ;
VO O = = 2 i sin 27 ) sin( X2 ) in(57 ),
n . (jp\ . (kqm\ . (Isw 9
Bpn&" (1) |t = — ;s:(uf, + 17+ 12 ) Bpgs sm(%) sm(?—() sm(T> = |10 ()"

The discrete sine transform coefficients of the vector ¢pqs(r)|(x,,yk,z,) for (p,q,s) € Qi

are
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Figure 3 The energy evolution according to the time step N. (a) Kinetic energy; (b) Potential energy;
(c) Interaction energy; (d) Dipole energy; (e) The total energy.

1 S jpm kqm Ism
el)2 . .
Proas = 22+ w2+ 12 MKL ZZZM Sm( M )sm<7> Sm(T)'

j=1 k=1 I=1

Linear system (7) can be iteratively solved in a phase space very efficiently via discrete sine

i+ , n+l _ . n -6 X n+tl _ . n -6
transform under the conditions max; |‘/’1/k1 §01jkl| <107° and max; |§"2/k1 <p2].kl| <10

3 Numerical results
Example 1 Consider the ground state of the BEC withV(r) = 3 (x? + 2y* + 2z%). The initial

condition is given as follows:

010 = P1(%,9,2,0) = T34y 1214 —%(yx(xzwz)wzzz)’ ( e
x,9,2) €R°.
02,0 = 23,9, 2,0) = w34y L2y Ve -3 a6 172) 7222) 4
i ’ ) z )

Here, y, = 2’”7"0, Ve = 2w0, wo = min{wjy, wjy, j;}. We solve this system on [ 8,813 with &, =
hy = h, =1/4 and At = 0.005.
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Figure 4 The energy evolution according to the time step N. (a) Kinetic energy; (b) Potential energy;
(c) Interaction energy; (d) Dipole energy; (e) The total energy.

Figure 1 shows the results for the case of y, =y, = 1.

Example 2 Solve the ground state problem for a dipolar BEC with V(r) = %(x2 +292 +222).

The initial condition is

Lo 2. 2
@10 = 01(%,9,2,0) = n—3/4yxl/4yy1/4yz1/4e 2 (rax™+yyy” +y22%) ( e
314, 14 Vo 14— 5 (e ey eys2?) BNE) € R
020 =02(%,9,2,0) =1 yte 2 y ,

yx yy

Figure 2 shows the results for the case of y, =2, ¢, =8, ., = L.

4 Conclusion

An efficient numerical method is presented for computing the ground states of dipo-
lar Bose-Einstein condensates based on two coupled three-dimensional Gross-Pitaevskii
equations, where one equation has a dipole-dipole interaction potential and the other one
has only the usual s-wave contact interaction. Using equality (3), we can reformulate the
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GPE for dipolar BEC into a Gross-Pitaevskii-Poisson type system. Numerical examples are
given to show the efficiency of our method. In all cases, total energy decreases (Figure 3
and Figure 4). The results agree with the previous work [15]. Numerical results are given
to demonstrate the efficiency of our numerical method. And dynamics will be the latter
part of our work to be carried out.
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