Cheng and Ren Advances in Difference Equations 2013, 2013:202 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/202 a SpringerOpen Journal

RESEARCH Open Access

Some results for high-order generalized
neutral differential equation

Zhibo Cheng' and Jingli Ren?"

“Correspondence: renjl@zzu.edu.cn

?School of Mathematics and Abstract

Statistics, Zhengzhou University, . . . . . .

Zhengzhou, 450001, China In this paper, we consider the following high-order p-Laplacian generalized neutral
Full list of author information is differential equation

available at the end of the article

(@, (x(0) = cx(t = 80)) " + gt x(0, x(t - T(®)), X' (1) = e(t),

where p > 2, @, (x) = [x|Px for x #0 and ¢,(0) = 0; g : R* — R is a continuous
periodic function withg(t+T,-,-,-) =gl(t,-,-,-),and g(t,a,a,0) —e(t) £ 0 foralla € R.
e:R — Ris a continuous periodic function with e(t + T) = e(t) and fOT e()dt=0,cisa
constantand |c| # 1,8 € C'(R,R) and § is a T-periodic function, T is a positive
constant; n is a positive integer. By applications of coincidence degree theory and
some analysis skills, sufficient conditions for the existence of periodic solutions are
established.
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1 Introduction

In recent years, there has been a good amount of work on periodic solutions for neutral
differential equations (see [1-9] and the references cited therein). For example, in [1], Cao
and He investigated a class of high-order neutral differential equations
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(@) + bpax? (£ — 1)) + ) (aix® + bix( — 1)) = £ (D). (1.1)
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By using the Fourier series method and inequality technique, they obtained the existence
of a periodic solution for (1.1). In [8], applying Mawhin’s continuation theorem, Wang
and Lu studied the existence of a periodic solution for a high-order neutral functional
differential equation with distributed delay as follows:

0

(w(t) — ex(t — )™ + £ (x(0) )& (2) + g( /

-r

x(t +5) da(s)) =p(t), (1.2)

here |c| # 1. Recently, in [5] and [6], Ren et al. observed the high-order p-Laplacian neutral
differential equation

(0 (60 = cx(t = 0)) )" = F(t, (), (8), ..., s () (1.3)
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and presented sufficient conditions for the existence of periodic solutions for (1.3) in the
critical case (i.e., [c| =1) and in the general case (i.e., |c| # 1), respectively.

In this paper, we consider the following high-order p-Laplacian generalized neutral dif-
ferential equation

(00 (%) — cx(t = 1)) )" + g(t,x(0), (£ - T(1)), % (£)) = e(t), (1.4)

where p > 2, g,(x) = |x[P~2x for x # 0 and ¢,(0) = 0; g : R* — R is a continuous periodic
function withg(¢ + 7, -,-,-) =g(¢t,-,-,-), and g(t,a,a,0) —e(t) ZO foralla e R.e: R — R is
a continuous periodic function with e(¢ + T) = e(t) and fOT e(t)dt = 0, c is a constant and
lc|] #1, 8 € C}(R,R) and § is a T-periodic function, T is a positive constant; # is a positive
integer.

In (1.4), the neutral operator A = x(t) — cx(t — 5(¢)) is a natural generalization of the oper-
ator A; = x(t) — cx(t — §), which typically possesses a more complicated nonlinearity than
A;. For example, A; is homogeneous in the following sense (A;x) () = (A;4')(¢), whereas A
in general is inhomogeneous. As a consequence, many of the new results for differential
equations with the neutral operator A will not be a direct extension of known theorems
for neutral differential equations.

The paper is organized as follows. In Section 2, we first give qualitative properties of the
neutral operator A which will be helpful for further studies of differential equations with
this neutral operator; in Section 3, by applying Mawhin’s continuation theory and some
new inequalities, we obtain sufficient conditions for the existence of periodic solutions for
(1.4), an example is also given to illustrate our results.

2 Lemmas
Let Cr = {¢p € C(R,R) : (¢ + T) = ¢(¢)} with the norm [¢p| = max;ejo,r]|¢(£)|. Define
difference operators A and B as follows:

A:Cr— Cr,  (Ax)(t) = x(t) — ex(t - 8(1)); B:Cr— Cr,
(Bx)(t) = c(t - 8(2)).

Lemma 2.1 (see [10]) If |c| #1, then the operator A has a continuous inverse A~ on Cr,
satisfying

O @Ne-= ﬂt)p;(%; L f(s = Y 8(D) for |c| <1,¥f € Cr,
c )y 1c1+1f5+5 +Y718(Dy)  for el > 1,Yf € Cr.

|lf||
lcl]

2 (A7) < , VfeCr.

a1 (T
f0|(A f)(t)|dt§|l_|c||/0 If(v)|dt, VfeCr.

Let X and Y be real Banach spaces and let L : D(L) C X — Y be a Fredholm operator
with index zero, here D(L) denotes the domain of L. This means that ImL is closed in
Y and dimKerZ = dim(Y/Im L) < +oo. Consider supplementary subspaces X3, ¥; of X, Y
respectively such that X =KerL ® X3, Y =ImL @ Y. Let P: X — KerLand Q: Y — Y}
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denote the natural projections. Clearly, Ker L N (D(L) N X;) = {0} and so the restriction
Lp := L|p@)nx, is invertible. Let K denote the inverse of Lp.

Let Q be an open bounded subset of X with D(L) N Q #@. A map N : Q@ — Y is said to
be L-compact in Q if QN(L2) is bounded and the operator K(I — Q)N : @ — X is compact.

Lemma 2.2 (Gaines and Mawhin [11]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx # ANx, Vx € 3Q N D(L), A € (0,1);

(2) Nx ¢ ImL,Vx € 0Q2NKerL;

(3) deg{JQN,Q2NKerL,0} #0, where ] : Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in Q N D(L).

Lemma 2.3 (see [12]) Ifx € C"(R,R) and x(t + T) = x(t), then

T T pn-1) T
/ |¥'@)[f dt < (-) / |x(8)]” dt, 2.1
0 Tp 0

— _1\1/ . ,
where 1, =2 fo(p Dip (1—2)10’ = iy”s(i‘fl(;)/pf, and p is a fixed real number with p > 1.

— 1/2
Remark 2.1 Whenp=2,7m, =2 fo(z bz 0 ;‘? i 227’3231(;}2) =1, then (2.1) is transformed
—2-1

into [ ¥ ()2 dt < (L2 [T 1x(¢)|> dt.

In order to apply Mawhin’s continuation degree theorem, we rewrite (1.4) in the form

(Ax1)/(£) = g (%2(2))

n1) ) (2.2)
#70(8) = —g(t, 2 (), (¢ - T(6), %] (8)) + e(t),

where }g + % = 1. Clearly, if x(t) = (x1(),x2(¢)) " is a T-periodic solution to (2.2), then x;(¢)
must be a T-periodic solution to (1.4). Thus, the problem of finding a T-periodic solution
for (1.4) reduces to finding one for (2.2).

Now, set X = {x = (x1(¢),x2(8)) € C(R,R?) : x(t + T) = x(¢)} with the norm |x|s =
max{|¥1|oos #2loo}; Y = { = (x1(2), 22(2)) € CH(R,R?) : x(t + T) = x(¢)} with the norm ||x| =
max({|x|eo, [¥'|co}. Clearly, X and Y are both Banach spaces. Meanwhile, define

L:D(L)={xeC"(R,R*):x(t+T)=x(t),t e R} CX > Y

by

L)) < ((Axn’(t))

x(;'_l) (®)

and N:X — Y by

(2.3)

e ( ACAO) )

—g(t, 21 (t), %1 (t — T(2)),2,(2)) + e(t)
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Then (2.2) can be converted into the abstract equation Lx = Nx. From the definition of L,
one can easily see that

T
KerL~R?, ImL=lyeY: n@\ oo (O
er m {ye /(; <y2(s) S 0

So, L is a Fredholm operator with index zero. Let P: X — KerL and Q: Y — ImQ C R?
be defined by

Ax1)(0 1 (7
pe_ (AWO) o L 7O\ 4
x2(0) T Jo \yas)
then Im P = Ker L, Ker Q = Im L. Setting Lp = L|p()nkerp and L;l :ImL — D(L) denotes the
inverse of Lp, then

(L2150 - ((Alen(t)) ,

(Gy2)(2)

(G0 - /O () ds,

n-2

GrlO=3
7

(2.4)
x(zj)(O)tj +

g | e neds

where xg)(O) (/=1,2,...,n—2) are defined by the following

1 0 0 0 O
by 1 0 0 O
b b 1 0 O
B= 2 1 )
bn—S bn—4 bn—S 1 0
bn—2 bn—B bn—4 e bl (1=2)x (n=2)

X7 = (x"2(0),...,x"(0),%(0)),

C"=(C,Cy,...,Cu),

1 [T ,
C/:_j!_T ; (T—S)]yz(s)d&
Tk
by=—, k=1,2,...,n-3.
k= k) "

From (2.3) and (2.4), it is clear that QN and K (I - Q)N are continuous, QN(£2) is bounded

and then K(I — Q)N(2) is compact for any open bounded € C X which means N is L-
compact on Q.

3 Existence of periodic solutions for (1.4)
For the sake of convenience, we list the following assumptions which will be used repeat-
edly in the sequel:

Page 4 of 11
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(Hy) There exists a constant D > 0 such that
nig(t,vi,va,v3) >0 Y(t,vi,va,v3) € [0, T] x R3 with || > D;
(Hy) There exists a constant D; > 0 such that
vig(t,vi,va,v3) <0 Y(t,v,v,v3) €0, T] % R3 with |v1| > Dy;
(Hs) There exist non-negative constants o, a3, a3, m such that
|g(t, v, va,vs)| < ca v +an|valP T HaslvalP T e V(8 vy, v, vs) € [0, TT X RY;
(Ha) There exist non-negative constants yi, ¥», y3 such that
|lg(t, u1, w2, uz) — g(t,v1,v2,v3)| < yilus — vil + yaluz — val + y3lus — v
for all (¢, uy, uy, us3), (¢, v1, v, v3) € [0, T] x R3.

Theorem 3.1 Assume that (H;) and (H3) hold, then (1.4) has at least one non-constant
o1 +ag) TP 427105 T2] . (1)2(;1_3
s

) -
27711 (el [clo P! <1, here & =

T-periodic solution if |1 — |c|| — |c|61 > 0 and it

maxe(o, 7] 18'(¢)].
Proof Consider the equation
Lx=MNx, Ae€(0,1).

Set Q; = {x:Lx = ANx, A € (0,1)}. If 2(2) = (x1(2), %2(£)) T € €4, then

(Ax1)/(£) = Apg(x2(2))

(n) / (3.1)
xy (8) = —Ag(t,x1(8), %1 (8 — T(2)), %1 (£)) + Ae(?).
Substituting x,(£) = kl‘Pwp[(Axl)/(t)] into the second equation of (3.1), we get
(0(Ax1) (£) "™ + WP g (8,21 (), 21 (£ = T(2)), %,0)) = WPe(). (3.2)
Integrating both sides of (3.2) from 0 to T, we have
T
/ g(t,x1(8), %1 (¢ — T(2)), x,(2)) dt = 0. (3.3)
0

From (3.3), there exists a point & € [0, T] such that

g(&x1(8),x (€ - 7(8)),%1(8)) = 0.
In view of (H;), we obtain

|[x1(8)| < D.


http://www.advancesindifferenceequations.com/content/2013/1/202

Cheng and Ren Advances in Difference Equations 2013, 2013:202
http://www.advancesindifferenceequations.com/content/2013/1/202

Then we have

|x1(t)| =

x1(§) +/§ x1(s)ds

t

§D+/ | (s)|ds, tel&,&+TI,
§

and

|x1(8)] = |1 (e - T)|

& &
xl(é)—/Tx/l(s)ds §D+/T|xi(5)|ds, tel&,&+T).

Combining the above two inequalities, we obtain

[%1]00 = max |x1(t)’ = max |x1(t)’
te[0,T] te[£,£+T]

1 t ! E /
< o 2o 5 ([ olas [ olas)|

1 T
<D+ 5/0 |x’1(s)| ds. (3.4)
Since (Ax1)(t) = x1(£) — cx1(t — 5(£)), we have

(Ax1)'(£) = (x1(8) — cxi (£ - 8(8)))
= x)(8) — cx; (£~ 8(2)) + cxi (£ - 8(2))8'(2)

= (Ax))(8) + cxy (£ - 8(2))8'(0),
and
(Ax})(0) = (Ax1)' (6) — cxy (£ - 8(2))8' (2).
By applying Lemma 2.1, we have

71l = max |47 Ax ()]

_ MaXeefo,r) [(Ax1)'(£) — ex (£ = 8(6))8' ()]
B 11— lell

‘pq(|x2|oo) + |C|51|x/1|oo
- [1—]cll

where §; = maxe[o,7718'(¢t)|. Since |1 — |c|| — |¢|é; > O, then

el = Pa(172loc) (3.5)

—lell = cléy

On the other hand, from x(znfg)(O) = x(znf?’) (T), there exists a point # € [0, T] such that

x(z"_z)(tl) = 0, which together with the integration of the second equation of (3.1) on inter-

Page6of 11
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val [0, T] yields
n— n— 1 T n—
2 0] <2 e+ 3 [ Vo))
T
= ?»/ |—g (&, 21(8), %1 (£ = T(2)), % (8)) + e(8)| dt
0
<a /Tix (t)|p_1dt+a /T|x (t—l’(t))|p_1dt
—=“1 o 1 2 A 1
T
+a3/ ’x/l(t)|P71dt+ (m+ leloo) T
0

1 [T pl
< (o +a2)T<D + 5/ |x/1(t)| dt)
0

T
+a3/ ’xi(t)|p71 dt + (m +leloo) T
0

(n + )T 9D p_1< - )p_l
= , )
2 <fT EAGIE " ) /0 |x1(t)| t

0

T
+ a3/ |xi(t)|p_1 dt + (m + leloo) T (3.6)
0
For a given constant § > 0, which is only dependent on k > 0, we have
Q+x)f<1+Q+kx forxel0,s].

From (3.5) and (3.6), we have

-1 T p-1
9 (n-2) (O[l + (Xz)T( 2D ]_)p ( , d )
el <= (e | ]

T
+a3f |x/1(t)|']_1 dt + (m +lelo) T
0

(a1+a2)T(1 2Dp )( T d)f“
=T * T 1) (2 e /0 ]

T
+a3/ |x/1(t)|pf1 dt + (m +leloo) T
0

(a1 + ) TDp

(a1 + )T
2p—2

=T gt 072 |7

. T’*”1|x/1|1;;1 +

+a3|xi|lo:1T+ (m+lelos)T

< <(Ol1 + o) TP +053T) (‘pq|x2|oo)p_l

2p-1 (11— lel| = lc|y)p
. (a1 +2)TP'Dp  (@glaa]oo)’
2p-2 (11 = || = lc|1)P—2

+ (m + |e|oo)T

_ ((061 +ag)T? ta T) %2 | 0o
= == 3
(11—

20 lell = leldy)r-!


http://www.advancesindifferenceequations.com/content/2013/1/202

Cheng and Ren Advances in Difference Equations 2013, 2013:202
http://www.advancesindifferenceequations.com/content/2013/1/202

(o1 + o) TP Dp o622
202 (11— cl] - |c|81)P2
+(m+leloo)T. (3.7)

Since fOT Pq(xa(t)) dt = fOT(Axl)’(t) dt = 0, there exists a point #, € [0,T] such that
x2(t2) = 0. From (3.4) and Remark 2.1, we can easily get

17 T( (" :
20 < 5/ |,(8)| dt < g(/ !x;(t)lzdt>
0 0

2(n-3) T %
() ([ o)

T/(T\*"® .
5;(;) ) . (3.8)

Combination of (3.7) and (3.8) implies

T/T 2(n-3)
(n-2)
%200 < 5(;) |x2n |oo

T /[T 2(1-3) (0[1 + Olz)Tp |x2|oo
<= —— +a3T
2\ 7 2r-1 (11— lel| = lely)p!

. (a1 + o) TP Dp s[5
2r-2 (11— fel| = [e]81)p2
T/T 2(n-3)
+ ?(;> (m+ |e|oo)T.

o1 +ap) TP 42P 143 T2]
2741 (|1-c]|-¢|81)P~1
dependent of 1) such that

Since p > 2 and I . (%)2(”‘3) <1, there exists a positive constant M; (in-

From (3.5) and (3.9), we obtain that

-1
|x/| < ‘pq(|x2|oo) < M;I - M
oo =11 el = fel&r ~ IL—lell—lel& >

Hence

TM,

1 T
%1 | 0o §D+—/ |x’1(t)‘dt§D+ = Ms.
0

2

From (3.6), we know

T
= gma| [ 470 dt‘
1 T
=2 /0 (61 (0), 1 (¢ = 7)), (1)) + ()] at

Page8of 11
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From (3.8), we can get

T/T 2(n-4) (5-2) T/T 2(n-4)
f —
|x2|oo < E(;) |x2 |oo§ E(;) My,_z Z=M4.

Let M = max{My, My, M3, My} +1, Q2 = {x = (x, %) 7 : ||| <M} and Q5 = {x:x€IQ N
KerL}, then Vx € 02 N KerL

T
QNix = l/ @q(x2(2)) gt
T Jo \—g(t,x1(),x1(t — T (£),%,(2)) + e(t)

If QNx = 0, then x,(¢) = 0, x; = M or —M. But if x,(t) = M, we know

T
0= / g(t, M, M,0) dt.
0

From assumption (H;), we have M < D, which yields a contradiction. Similarly, in the case
x1 = =M, we also have QNx # 0, that is, Vo € 9Q2 N KerL, x ¢ Im L. So, conditions (1) and
(2) of Lemma 2.2 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:

](xI’WZ)T = (er—xl)T-

Let H(u,x) = —ux + (1 — )JQNx, (u,x) € [0,1] x 2, then V(u,x) € (0,1) x (02 NKerL),

i) = (—mcl(t) =1 Jy Lt (e),m (e = T(0), % (0)) - e(0)] dt) .

—pxa(8) — (1 = p)pg(x2(2))

We have fOT e(t)dt = 0 and then

H(u,x) = (‘Wl(t) = 2 g, (0), 2t — (1)), %, (8))] dt)

— () — (1 = )y (xa(2))

Y(u,x) € (0,1) x (02N KerL).
From (H,), it is obvious that x " H(u,x) < 0, ¥(u,x) € (0,1) x (3 N KerL). Hence,

deg{/QN, 2 NKerL,0} = deg{H(0,x), 2 N KerL,0}
=deg{H(1,x), 2 NKerL,0}
=deg{l,2NKerL,0} #0.
So, condition (3) of Lemma 2.2 is satisfied. By applying Lemma 2.2, we conclude that equa-

tion Lx = Nx has a solution x = (x,%,) " on Q N D(L), i.e., (2.2) has a T-periodic solution
x1(2).
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Finally, observe that y;(¢) is not a constant. For if y; = a (constant), then from (1.4) we
have g(¢,a,a,0) — e(t) = 0, which contradicts the assumption that g(¢,a,a,0) — e(t) # 0.
The proof is complete. d

Similarly, we can get the following result.

Theorem 3.2 Assume that (Hy) and (Hz) hold, then (1.4) has at least one non-constant

a1 +ap) TP 2P 1ag T2 (Z)Z(n—B) <1
22+ (|1-[c[ |- |c[81 )P 4 ’

T-periodic solution if |1 — |c|| — |c|é1 > 0 and (
We illustrate our results with an example.

Example 3.1 Consider the following neutral functional differential equation

1. N 1
(gop (x(t) - 15x<t - %0 s1n4t)) ) + gx (¥)

1 . 1 . , .
+ — sinx(¢t — cos 4t) + — sin4t cosx'(¢) = sin4t. (3.10)
6 8w

Here p = 6. It is clear that T = 7, ¢ = 15, §(¢) = % sin4t, t(t) = cos4t, e(t) = sin4dt, §; =

maXe[o,7] |% cos4t| = %, then we can get |1 — [c|| — |c|8; =13 > 0, g(t,v1,va,V3) = %vf +
é sinvy + % cosvs sin4¢, and g(¢,a,a,0) —e(t) = %as + % sina — % sin4t # 0. Choose

D = 37 such that (H;) holds. Now we consider the assumption (Hj), it is easy to see
1 5
|g(t,21,22,23)| S |Z1| + 1:
3

which means that (H3) holds with a = %, a3 =0, a3 =0, m = 1. Obviously,

[(oq + o) TP + 2713 T2] ( T)z(ns)

21— || - [cl&) T\ 7

1 7 2(6-3)
_ 5-(3) +0+0 (1
2641(|1 = [e| = [els)®t \2

7'[6

T g
3% 220 % 135

By Theorem 3.1, (3.10) has at least one nonconstant 7 -periodic solution.
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