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Abstract

In this paper, we propose a new fractional sub-equation method for finding exact
solutions of fractional partial differential equations (FPDEs) in the sense of modified
Riemann-Liouville derivative, which is the fractional version of the known (G'/G)
method. To illustrate the validity of this method, we apply it to the space-time
fractional Fokas equation, the space-time fractional (2 + 1)-dimensional dispersive
long wave equations and the space-time fractional fifth-order Sawada-Kotera
equation. As a result, some new exact solutions for them are successfully established.
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1 Introduction

Fractional differential equations are generalizations of classical differential equations of
integer order. In recent decades, fractional differential equations have been the focus of
many studies due to their frequent appearance in various applications in physics, biology,
engineering, signal processing, systems identification, control theory, finance and frac-
tional dynamics. Many articles have investigated some aspects of fractional differential
equations such as the existence and uniqueness of solutions to Cauchy-type problems,
the methods for explicit and numerical solutions, and the stability of solutions [1-8]. In
[9], Jafari et al. applied the fractional sub-equation method to construct exact solutions of
the fractional generalized reaction Duffing model and nonlinear fractional Sharma-Tasso-
Olver equation. In [10], Baleanu et al. studied the existence and uniqueness of the solution
for a nonlinear fractional differential equation boundary-value problem by using fixed-
point methods. In [11], Nyamoradi et al. investigated the existence of solutions for the
multipoint boundary value problem of a fractional order differential inclusion.

Among the investigations for fractional differential equations, research into seeking ex-
act solutions and numerical solutions of fractional differential equations is an important
topic. Many powerful and efficient methods have been proposed to obtain numerical so-
lutions and exact solutions of fractional differential equations so far. For example, these
methods include the Adomian decomposition method [12-14], the variational iterative
method [15-22], the homotopy perturbation method [23-26], the differential transfor-
mation method [27], the finite difference method [28], the finite element method [29],
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the fractional Riccati sub-equation method [30—32] and so on. In these investigations, we
note that many authors have sought exact and numerical solutions for fractional partial
differential equations (FPDEs) in the sense of modified Riemann-Liouville derivative (for
example, see [16, 17, 30—34]). Based on these methods, a variety of fractional differential
equations have been investigated.

In this paper, we propose a new fractional sub-equation method to establish exact
solutions for fractional partial differential equations (FPDEs) in the sense of modified
Riemann-Liouville derivative defined by Jumarie [35], which is a fractional version of the
known (G’/G) method [36—39]. This method is based on the following fractional ODE:

D*G(&) + AD{G(&) + uG(§) =0, (6))

where Df G(&) denotes the modified Riemann-Liouville derivative of order « for G(§) with
respect to §.
The rest of this paper is organized as follows. In Section 2, we present some defini-

tions and properties of Jumarie’s modified Riemann-Liouville derivative and the expres-
DYG(#)

; 3

sion for —5

sub-equation method for solving FPDEs. Then in Section 4 we apply this method to es-

related to Eq. (1). In Section 3, we give the description of the fractional

tablish exact solutions for the space-time fractional Fokas equation, the space-time frac-
tional (2 + 1)-dimensional dispersive long wave equations and the space-time fractional

fifth-order Sawada-Kotera equation. Some conclusions are presented at the end of the

paper.

2 Jumarie’s modified Riemann-Liouville derivative and general expression for
DY G(§)
£
G(§)
Jumarie’s modified Riemann-Liouville derivative of order « is defined by the following

expression [35]:

DEF() = i & =6 (F(&) - f(0)dE, O<a<],

‘ (F ()@, n<a<n+l,n>1

We list some important properties for the modified Riemann-Liouville derivative as fol-
lows (see [35, Egs. (3.10)-(3.13)]):

r'd+r)
Doz ro_ V—Ol, 2
e F(1+r—a)t @
DY (f()g(t)) = g(t)Df (t) +f (£)Dfg(2), 3)
Dif[g0)] =f[g0]Dfg(®) = Dif[g0)](¢' ()" (4)
In order to obtain the general solutions for Eq. (1), we suppose G(¢) = H(n) and a non-
linear fractional complex transformation 7 = rg—i{a) Then by Eq. (2) and the first equality

in Eq. (4), Eq. (1) can be turned into the following second ordinary differential equation

H"(n) + AH'(n) + nH(n) = 0. (5)
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By the general solutions of Eq. (5), we have

Page 3 of 12

. A/ )»2 —4p ( C1 sinh Y 77+C2 cosh 2_4“ n) 32 _4 0
2t «/24 . «/»\2-4;4 ’ i
H/(T}) Cj cosh n+Cy sinh > n
H('?) = «/4# AZ( Cy sin 2 r]+Czcos v 4M7A2 ) 22 —4pu <0 (6)
Ci cos \/ g n+C2 sin \/4M A2
A Cy 2 _
“3t GG AT —4u =0,
where C;, C, are arbitrary constants.
Since D{G(§) = DfH(n) = H'(n)Dgn = H'(n), we obtain
. N A2-ap g,
_% + /)\Z_4M(Cl sinh 1+a E +Cp cosh Tﬂx;é )’ )\2 _ 4M S 0,
Cj cosh «/ 4”& @4y sinh Y 4”50‘
Dg G(S) T(1+a) 2 (1+a)
DEGE) Vo= = )
G@) _% [ap— AZ( —=Cy sin Yoy §%+Ca cos 1+a2) & ), A2—4u<0,
C1 cos 2F E +Cy sin 2F4’1L+; g
A Co'(1+a@) 2 _
“2 t T e A=A =0.

3 Description of the fractional sub-equation method

In this section we describe the main steps of the fractional sub-equation method for find-

ing exact solutions of FPDEs.

Suppose that a fractional partial differential equation, say in the independent variables

L,%1,%2,...,%y, is given by
P(ul,...uk,D‘t"ul,...,D‘t"uk,ch’lul,...,ch‘luk,...,
D D DZO( DZO( D20t =0
xnul""’ xnuk’ tlztl,..., tlztk, xlul"" =0,

where u; = u;(¢, %1, %, ...

;xn)’i:Ln')

(8)

k, are unknown functions, P is a polynomial in u;

and their various partial derivatives include fractional derivatives.

Step 1. Suppose that

Mi(t,xl,XQ, v

1%n) = Ui(§),

E=0t+k1x1+k2x2+~~

+ kpx, + &.

)

Then by the second equality in Eq. (4), Eq. (8) can be turned into the following fractional

ordinary differential equation with respect to the variable &:

P(Uy, ..., Up, DU, .., DUy, K DELL, .., kY DE U, ..., KEDEUL, ...,
kg D Up, DUy, ..., ¢** D Uy, ki * D Uy, ....) = 0. (10)
follows:
Z (DG
zzaj,j<T)y j=1;2;"'yky (11)
i=0


http://www.advancesindifferenceequations.com/content/2013/1/199

Zheng and Wen Advances in Difference Equations 2013, 2013:199 Page 4 of 12
http://www.advancesindifferenceequations.com/content/2013/1/199

where G = G(£) satisfies Eq. (1), and a;;, i = 0,1,...,m, j = 1,2,...,k, are constants to be
determined later with a;,, # 0. The positive integer m can be determined by consider-
ing the homogeneous balance between the highest order derivatives and nonlinear terms
appearing in (10).

Step 3. Substituting (11) into (10) and using (1), collecting all terms with the same order
of (%) together, the left-hand side of (10) is converted into another polynomial in (Dch).
Equating each coeflicient of this polynomial to zero yields a set of algebraic equations for
a;,i=0,1,...,m,j=1,2,... .k

Step 4. Solving the equation system in Step 3 and using (7), we can construct a variety

of exact solutions for Eq. (8).

Remark1 Ifweseta =1inEq. (1), thenitbecomes G"(§)+AG'(§)+unG(§) = 0, which is the
foundation of the known (G’/G) method for solving partial differential equations (PDEs).
So, in this way, the described fractional sub-equation method above is the extension of the
(G’/G) method to fractional case.

Remark 2 The idea of the transformation from n independent variables to one indepen-
dent variable denoted in Eq. (9) is similar to that in [30, Eq. (12)], [31, Eq. (8)], and [33,
Eq. (6)]. After applying this transformation to Eq. (8), by use of the second equality of Eq.
(4), the original fractional partial differential equation can be transformed into another

fractional ordinary differential equation in one independent variable.

4 Applications of the method
4.1 Space-time fractional Fokas equation

We consider the space-time fractional Fokas equation

aZaq 84aq 84aq zaaq aaq 82aq 32o¢q
- + —_— —
0t 0xY | 0  0ag | 9xdd on | 0a% 0a% | oxtaxs 0y 0yS
=0, O<a<L 12)

In [30], the authors solved Eq. (12) by a fractional Riccati sub-equation method and ob-
tained some exact solutions for it. Now we will apply the method described in Section 3
to Eq. (12).

Suppose that g(x,y,t) = U(§), where & = ct + kyxy + koxo + iy + bys + &0, k1, ko, 1, by, ¢,
&o are all constants with k1, k2,11, I, ¢ # 0. Then by use of the second equality in Eq. (4), Eq.

(12) can be turned into

4"k DE* U — ki ks DU + ky* ki DE* U

+ 12k (DEU)® + 12k¢ K UDX U - 61415 D2 U = 0. (13)

Suppose that the solution of Eq. (13) can be expressed by

U) = Za(%) (14)

m
i=0
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where G = G(&) satisfies Eq. (1). By balancing the order between the highest order deriva-
tive term and nonlinear term in Eq. (13), we can obtain m = 2. So, we have

DG DEG\?
U(E)=d0+d1(7) +ﬂ2(?) . (15)

Substituting (15) i

together, equating each coefficient to zero, yield a set of algebraic equations. Solving these

equations yields

J3UREAZ — K KSUAZ + K3 KS p — BKOKE 11 — 4 kE + 61015
ag = )
0 12k kS

a1 = (k¥ - k),

_ 1.2x 20
as = ki — ky“.

Substituting the result above into Eq. (15) and combining with (7), we can obtain the
following exact solutions to Eq. (12).
When A% —4u > 0,

ql(t’xler’yllyZ)

_ KRS — kRN + 8Kk 1 — 8Ky K3 — 4c kY + 61713
12Kk

A 22— (Cl sinh S 1+2M §% + Gy cosh 21}1“?” & ):|
2

AR~ K [__ ;
2 Clcosh A 4”S‘)‘+C2s1nh 22 4“

2T (1+c)

A 22 _ (Cl sinh 2Vr 1+a Rge 4 Cycosh o 1+§MS“>]
2

Cicosh ¥ ‘)“ 4“S"‘+Cgsmh V2l

2I'(1+a)

- (R - k§a>[

where & = ct + kyx) + koxo + hyy + Lys + &o.
When A% — 4u <0,

q2(t, %1, %2, y1,¥2)
KU KG 2T = KRN + 8Kk 1 — BhT k3 — Ak + 6115
- 12K4 K

. A4 422
)»(kza k20t)|: A + 4/'L_)\2 (_Cl Sin ZF(lf+a §% + Cycos 2r l1L+a
1 R Y
2 2 ap-22 ap-22
i 6+ Cosin SR
. ASdu-A2 N Au-22
+(k§a_k§a)[_&+ 4“—”(‘@“ 2t & * €2 €08 Srie ‘5)} 17)
2 2 Clcos“““\“;“”+C2s1nv b2

2T (1+a) 2T (1+a)

Cjcos

where & = ¢t + kyxy + koxy + by + Ly + &o.
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When A% —4u =0,

q?)(tvxl;x%ylryz)
RGN — K32 + BKITRE 1 — SKEKE - AcKE + L2 L2

12k5 kS
A Czr(1+05)
A k201 _k20t =
A" -k )[ 2" ClF(1+oz)+C2§°‘]
A CI'(l+a) 2
k2a_k2a _ s 18
+(k 2)[ 2+c1r(1+a)+czsa] 18)

where & = ct + kyxy + koxo + hyy + Lys + &o.

Remark 3 As one can see, the established solutions for the space-time fractional Fokas
equation above are different from the results in [30] and are new exact solutions so far to
our best knowledge.

Remark 4 The method used above in solving Eq. (12) can also be used to obtain solutions
to initial or boundary value problems. For example, if we add the initial value condition

2% + %5 + 91 +y2>

O’ ) 7 b =t 2
q(0,%1, %2, y1,Y2) = tan ( F(15)

then, after substituting this initial value condition to the trigonometric solutions obtained
in Eq. (17) and fulfilling some basic comparison and computation, one can see that o = 0.5,
ki=2,ky=1,01=0b=1,6=0,C2=0,A=0,u=1,¢c= % +34/2. So, we obtain the solution
to the initial value problem as

\/2x1 +x+ Y1y + (F +3ﬁ)t>

t,%1,%2,1,Y2) = tan”
q(t, x1,%2,y1,¥2) an( r'@.5)

4.2 Space-time fractional (2 + 1)-dimensional dispersive long wave equations
We consider the following space-time fractional (2 + 1)-dimensional dispersive long wave
equations

520 a2« % (w=4)
:d ‘ua +f)2v+ P aat :0;

Yy ot Ix=d Iy

W0 B |
oY ax% ox% dx2er gy T 7

O<a<l, (19)

which are the known (2 + 1)-dimensional dispersive long wave equations [40-53]:

Uy + Vi + (1), = 0, 20)
Vi + Uy + (V) + Ugyy = 0.

Some types of exact solutions for Eqs. (20) have been obtained in [40-53] by use of vari-
ous methods including the Riccati sub-equation method [40, 41, 46], the nonlinear trans-
formation method [42], the Jacobi function method [44, 45, 53], the (G'/G)-expansion
method [43], the modified CK’s direct method [47], the EXP-function method [48],
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the Hopf-Cole transformation method [49], the modified extended Fan’s sub-equation
method [50, 51], the generalized algebraic method [52]. But we notice that so far no re-
search has been pursued for Egs. (19). In the following, we will apply the proposed frac-
tional sub-equation method to Egs. (19).

To begin with, we suppose u(x,y,t) = U(§), v(x,y,t) = V(£), where & = kjx + koy + ct + &,
ki, k2, ¢, &y are all constants with ki, k2, ¢ # 0. Then by use of the second equality in Eq. (4),
Eqgs. (19) can be turned into

kS DU + k*DF*V + ki'ks (UDZ* U + (DgU)?) = 0, 1)
DYV + K DEU + ki Dg(UV) + ki*ks D3 U = 0.
Suppose that the solution of Eqgs. (21) can be expressed by
DYG
iu<s>=z b, )
o, DIG
V() =X b5

Balancing the order of Dg"‘ V and UD?“ U,Dg(UV)and Dg“ U in (21), we can obtain n1; = 1,

my = 2. So, we have

)
iV(E) bo+b1(5 )+bz(5 ).

(23)

Substltutlng (23) into (21), using Eq. (1) and collecting all the terms with the same power
of ( ) together, equating each coefficient to zero, yield a set of algebraic equations. Solv-

ing these equations yields

HL2), —
ag=————,
0 kft

by = —2kkSh, by = —2KCKS.

a = 22k, by = -2k ks —1,

Substituting the result above into Eq. (23) and combining with (7), we can obtain the
following exact solutions to Egs. (19).

When A% —4u > 0,
A 22-ap

j:k A o :}:2](0‘[_& /22— 4M(C151nh7'5 +Czcoshm$ )]
2 2

u (xx y: t) = \/— \/
C1 cosh SrTa) £%+Cy sinh 72”1“1) E"‘

—4/L a

B éklza[—é /32— 4M(C1§1nh —'1%5"‘+C2c0§h ENCTE ) 3
2 2

2 ] )
A AT A A g
22-ap 22 —4n

Cj cosh W& +Cy sinh A (Tra)

Vl(x).y) t) = _2kftk(21/l“ -1 (24)

_ 2/ k“ /)»2 4# C1 sinh lw) é +Cp cosh F=arv lw EO‘
/32 /
Cl cosh 4“5 *+Cy sinh ¥=m—v— 12ty £o

T(1+a) 2M(l+a)

—Zkak“[—— /22— 4M(C15mh ST ra) 1+a E +Cy cosh 2' 1+a E"‘ )]
S +C» sinh

’

2
P A, o
Gy cosh Sy 1+a zr 1+a o

where & = kix + koy + ct + &.
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When A% —4u <0,

:I:k k —c¥ :|:2ka[——+ /411 ;LZ( Clsm M 1+a E +Czcos V 1+a Ecz)]

u2(xryr t) = /—
E +Co sin Y=m—— E"‘

4
2I°( 1+Ot

3k20[ [__ v Ap— )L2( -Cysin ZF 1+o( EaJrCZ cos 2T‘ 1+ot sa )]
M E +Cy sin - Au- )L2

2F 1+a 2T (1+a)

valx,y,t) = =2k ks —1 (25)

A 4pu-a? A 4u-22
_zkaka)\[_& + \/4'11«—)\2 (_Cl S 1 lllﬂx £%+Cy cos 2T‘(’li+a) & )]
172 2 2 /4, 2
E +Cy sin \/4“ )L £o

2T ( 1+Ot 2 (l+a)

C1 cos

Cj cos

Cj cos

_2kaka[__ + \/4ﬂ }‘2( Clbm 1+Dt f +Cp cos 2F(1+a Ea)] ,

C]coszsﬁé +C3 sin 2'1_1+a ¢
where & = kix + koy + ct + &.
When A% —4u =0,
i3 x —c% Col'(1+a) 372 Gl (1+a) 2
Uy 8) =~ £ 2K 5 + Gt o) 3K 5+ GrthencE
va(x, 9, 1) = —2k“k‘m —1-2kEkSA[-2 + mﬁrﬁ] (26)

ColM'(1+ar) 2
— 2k K [=5 + Grtran e
where & = kix + koy + ct + &.

Remark 5 The established solutions in Egs. (24)-(26) are new exact solutions for the

space-time fractional (2 + 1)-dimensional dispersive long wave equations.

4.3 Space-time fractional fifth-order Sawada-Kotera equation
We consider the space-time fractional fifth-order Sawada-Kotera equation

DYy + DY u + 45u”D¥u +15(D¢uD2¥u + uD*u) =0, O<a <1, (27)
which is the variation of the fifth-order Sawada-Kotera equation [54]

Up + U + A501t> + 15(Ulhy + Ulhyy) = O. (28)
Now we apply the proposed method to Eq. (27). To begin with, we suppose u(x, £) = U(§),
where & = kx + ct + &, k, ¢, & are all constants with k,c # 0. Then, by use of the second
equality in Eq. (4), Eq. (27) can be turned into

DU + kDU + 45k* UDE U +15k> (D UD* U + UD U) = 0. (29)

Suppose that the solution of Eq. (29) can be expressed by

m Dot
ue) = Zal( ) (30)

i=0
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Balancing the order of U® and UD;"‘U in Eq. (30), we have m = 2. So,

_ DeG DEGY?
UE)=ag+a; G +an c . (31)

Subst1tutmg (31) into (29), using Eq. (1) and collecting all the terms with the same power

of ( ) together, equating each coefficient to zero, yield a set of algebraic equations. Solv-
ing these equations yields

40K 11 + 53 1% 4 \/80Kk6 2 — 40k6* A2 + 5k6«p % — 20k* c*
30k

ag = —

’

a; = —2k>\, ay = -2k,

Substituting the result above into Eq. (31) and combining with (7), we can obtain corre-
sponding exact solutions to Eq. (27).
When A% —4u > 0,

40Kk3 11 + 5k3 1% 4 \/80Kk6 112 — 40K 422 + 5k6e )% — 20k*
30k«

/32 _ <C1 sinh 2Vr 1);”’;‘“ + C, cosh 2‘FA1+§;L“§“>]
2 Cycosh <Y 4“!;“" + Cysinh 22 4”5“

2I'(1+a) 2I'(1+a)
C; sinh ¥ 2 4“5“’ + Cycosh Y=— 12y

A% =4 2T (T+a) T
- 2](20[ [—— + < ’ (32)
2 2 Cy cosh ¥z A 4”5“ + Cysinh Y24 e

2T (1+a)

ul(x’ t) ==

A
) [— — +
2

where & = kx + ct + &.
When A% — 4 <0,

40K3 1 + 5k302 £ /80k6 2 — 40kS* A2 + 5k6% )4 — 20k ¢
30k

Uy (x,t) = —

M - o &%+ Cacos 2r4};+: )]

/4 EY + Cysin V/ 422

2 (1+a) 2I°( 1+a)

. Nau-a? Nan-22 o
2k2a|: & 4M_)‘2(_C181n 2Fll+oz 5 +CZCOS 2F/1L+oz S >:| (33)

2 2 ClcosVzmké‘)‘+CzsmV4”A

2T (1+a) 2T (1+a)

2

2

Cjcos

where & = kx + ct + &.
When A% —4u =0,

40K% 1 + 5k3 02 £ /80k6 2 — 40kS* A2 + 5k6 )4 — 20k ¢
30k

A CI'(l+a)

2 Cr(+a)+ czga}

ug(x, t) = -

— 2k ), [—

A ra 2
_gpe|_t, _ GIAre) (34)
2 CII‘(1+a)+C2§“

where & = kx + ct + &.
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Remark 6 The established solutions in Egs. (32)-(34) are new exact solutions for the

space-time fractional fifth-order Sawada-Kotera equation.

5 Conclusions

We have proposed a new fractional sub-equation method for solving FPDEs success-

fully, which is the fractional version of the known (G’/G) method. As one can see, the

two nonlinear fractional complex transformations for & and 1 used here are very impor-

tant. The first transformation ensures that a certain fractional partial differential equa-

tion can be turned into another fractional ordinary differential equation, the solutions

o

of which can be expressed by a polynomial in (DEGG), where G satisfies the fractional ODE

o

Dg" G(&) +ADg G(§) + uG(§) = 0. The general expression for (DS G) related to this fractional

G

ODE can be obtained due to the second fractional complex transformations for 7. Finally,

we note that with this kind of nonlinear fractional complex transformations, it is worth

to investigate the applications of other algebraic methods to fractional partial differential

equations such as the Exp-function method, F-expansion method, Jacobi elliptic function

method and so on.
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